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FIITJEE Solutions to IITJEE-2005 Mains Paper

Mathematics

Time: 2 hours

Note: Question number 1 to 8 carries 2 marks each, 9 to 16 carries 4 marks each and 17 to 18 carries
6 marks each.

Q1. A person goes to office either by car, scooter, bus or train probability of which being

1

7
4
9

and % respectively. Given that he reached office in time, then what is the probability that he travelled

by a car.
Sol. LetC, S, B, T be the events of the person going by car, scooter, bus or train respectively.
. 1 3 2 1
Giventhat P(C) ==, P(S)==,PB)==,P(T)= =
(€)==, P(S)=2 PB)=Z,P(T)= -

Let L be the event of the person reaching the office in time.

B HEECEROR

L
P| = |P(C 7
N P(g)_ (CJ ( )_ 779 Al
)" pL) 1,7,3.8,25 81 7
7 9.7 9. 7 9,9 7

2
Q2. Find the range of values of t for which 2 sin t = ﬂ te {—E, E} .
3x% —2x -1 2 2

Sol. Lety=2sint
_ 1-2x + 5x2
3x%2 = 2x -1
= By -5)x*-2x(y—1)—(y+1)=0

since x e R— {1, —%},SODZO

so, Yy

:>y2—y—120

1+/5 1-5
2 andy < 2

1+/5 1-/5
4 4

ory>

orsint> and sint<

. b T 3n =«
Hence range of tis | ——, —— |u|—, —=|.
2 10 10 2

Q3. Circles with radii 3, 4 and 5 touch each other externally if P is the point of intersection of tangents to
these circles at their points of contact. Find the distance of P from the points of contact.
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Sol. Let A, B, C be the centre of the three circles.
Clearly the point P is the in—centre of the AABC, and
hence
r= A \/S(s—a)(s—b)(s—c) _ \/(S—a)(s—b)(s—c)
s s S

Now 2s=7+8+9=24 =s=12.

Hence r=4/5'1;‘;3 =+5.

Q4. Find the equation of the plane containing the line 2x—y +z—-3=0, 3x +y + z =5 and at a distance of
1
— from the point (2, 1, — 1).
J6

Sol. Let the equation of plane be (3L +2)x+ (A - 1)y+ (A +1)z-5L-3=0
|6k+4+k—1 A—1-5\— 3|
‘\/3x+2) O =12 + (1 + 172 ‘ JE

= B(L—12=1122+ 120, +6 = L =0, —%

= The planes are 2x —y+z—-3=0and 62x + 29y + 19z — 105 = 0.

Q5. If |f(x1) — f(x2)| < (X1 — X2)°, for all x4, o eR. Find the equation of tangent to the curve y = f(x) at the
point (1, 2).
Sol. I (x¢) = f (x2)] < (X1 — X2)°

f(xq) —f(x;)
X1 =X

= lim
Xy =X,

< lim [xy =X |=|f(X)|<d=f(x)=0
X{—>Xp

Hence f (x) is a constant function and P (1, 2) lies on the curve.
= f(x) = 2 is the curve.
Hence the equation of tangentis y— 2 = 0.

Q6. If total number of runs scored in n matches is [ni 1) (2n+1 n — 2) where n > 1, and the runs scored

n+1-k

in the k™ match are given by k. 2 , Where 1 <k <n. Find n.

n . n . 1 n
Sol. Let §,= Y k.2MHK =M1 ) 2k = o0 -2[1‘27‘ 2“*1} (sum of the A.G.P.)
k=1 k=1
=2[2"™" —2—n]
= n_+1 =2 =>n=T.
4
Q7. The area of the triangle formed by the mtersectlon of a line parallel to x-axis and passing through
P (h, k) with the linesy=xand x+y=2is 4h?. Find the locus of the point P.
Sol.  Area of triangle =% .AB. AC = 4h? N y=x
and AB = 2 |k—1|=AC A(1,1)
1
= 4h? =52 (k- 1y B(k, C2-kk) y=k
P(h,k)
=>k-1=+2h. / ’ X
=locusisy=2x+1,y=-2x+1. 0 >
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Q8.

Sol.

Q9.

Sol.
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Evaluate Ie'°°sx' [2 sin (% cos xj +3cos (% cos XD sin x dx.
0

| = Ie""’sx' 23in(lcost+3cos(lcosx) sin x dx
5 2 2
. 1 ” 0, if f(2a - x) = —f(x)
=6 | e**sinxcos| —cosx |d | f(x)dx =14 %
£ nx (2 Xj X l (x)dx 2[f(x)dx, if f(2a-x) = f(x)
0
Letcosx =t

1

| = 6J-et cos(%jdt

0
24 1 e . (1
= —|ecos|—=|+—=sin|—=|-1].
5 2) 2 2

Incident ray is along the unit vector v and the reflected ray is . a N
N . . ~ v t
along the unit vectorw . The normal is along unit vector a /

outwards. Express W in terms of 4 and V.

vV is unit vector along the incident ray and w
is the unit vector along the reflected ray. . A
Hence a is a unit vector along the external \KQQE

bisector of v and w . Hence 1Y
W -V =24

=1+1- W V=22

or 2 —2cos 20 = )°

orA=2sin0

where 20 is the angle between v and W .

Hence W —V = 2sin0a = 2cos(90° — 0)a = —(2a-V)a

mirror

— W= V-2 0).

2 y2

Q10. Tangents are drawn from any point on the hyperbola % -7 =1 to the circle x* + y2 = 9. Find the

Sol.

locus of mid—point of the chord of contact.

2 2
Any point on the hyperbola % - yT =1 is (3 sech, 2 tano).

Chord of contact of the circle x* + y2 = 9 with respect to the point (3 sec 6, 2tan 0) is
3 secO.x +2tanb.y =9 (1)

Let (x4, y1) be the mid—point of the chord of contact.

= equation of chord in mid—point form is xx; + yy; = X% + y12 ....(2)

Since (1) and (2) represent the same line,

3sec6 2tan6 9

X4 Y1 X12 + Y12
x4 - 9y,
3(x12 + y12) - fan 2(x12 + y12)
81x” 81y
9(x12 +yP )2 4(x12 +y )2

2 2 2,22
= the required locus is X Y | X*y .
9 4 9

= sech =

Hence =1
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Q11. Find the equation of the common tangent in 1% quadrant to the circle X2 + y2 = 16 and the ellipse

2 2
)2(—5 + yT =1. Also find the length of the intercept of the tangent between the coordinate axes.
Sol. Let the equations of tangents to the given circle and the ellipse respectively be

y=mx + 4y1+m?
and y =mx + v/25m? + 4

Since both of these represent the same common tangent,

41+ m? =25m? + 4
— 16(1 + m?) = 25m? + 4

2
=>m=+ —
V3

The tangent is at a point in the first quadrant = m < 0.

=>m-= —% , so that the equation of the common tangent is
2 7

y= —x+4,/-.
NG 3

It meets the coordinate axes at A(2\/7, 0) and B[O, 4@}

:>AB=£.

V3

Q12. If length of tangent at any point on the curve y = f(x) intercepted between the point and the x—axis is of
length 1. Find the equation of the curve.

d . dx 2
Sol. Length of tangent = |y, [1+ Xl == 921+ 22
dy dy

:ﬂ:i y :I“1_y2dy=ix+c.
J1-y? y

dx
Writing y = sin 0, dy = cos 6 d6 and integrating, we get the equation of the curve as

J1-y2 +1n s “:,_yz

=1X 1 0.

Q13. Find the area bounded by the curves x* =y, x¥* = —y and y* = 4x — 3.

Sol.  The region bounded by the given curves
x2=y, x2=—yandy2=4x—3is
symmetrical about the x—axis. The parabolas X2 = y
and y? = 4x — 3 touch at the point (1, 1).
Moreover the vertex of the curve

y’ =4x-3is at (E, oj.
4
Hence the area of the region

= Z_szdx— j- de]

3/4

Lo
| x3 1 1 372\ 1 1 1

=2/ 2- __((4)(_3) ) = 2{———}=—. sq. units.
3 b 6 3/4 3 6 3

X =y
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Q14. If one of the vertices of the square circumscribing the circle |z — 1| = V2 is 2 ++/3 i. Find the other

Sol.

vertices of square.

Since centre of circle i.e. (1, 0) is also the

v @, 3)
Z1(4,
mid—point of diagonals of square 1
z,+2, _ z
= =2, >2, = —J3i
2

20(1,0) R

and z3 -1 _ gtin/2 0 '
zy -1

— other vertices are &
z3,24= (1-+/3)+iand (1+/3)-i. 22

Q15. Iff(x—y)=f(x).g(y)—f(y).-g(x)and g (x—y) =g (x). g (y) +f(x). f(y)for all x, y € R. If right hand

Sol.

derivative at x = 0 exists for f (x). Find derivative of g (x) at x =0

fix=y)=f(x) g (y)-f(y) g (x) - (1)
Putx=yin (1), we get
f(0)=0
puty =0in (1), we get
g (0)=1.
Now, ' (0) = h""OL f(O+ hrz—f(O) _ h"n(} f(O)g(—h)—g:wO)f(—h)—f(O)
= lim f=h) (~~-f(0)=0)
h—0* —h
- lim f(0—h)-1f(0)
h—0* -h
=f (0).

Hence f (x) is differentiable at x = 0.

Puty =xing (x—y) =g (x). g (y) + f(x). f(y).
Also f* (x) + g° (x) = 1

=g°(x)=1-F(x)

= 29’ (0)g (0)=—-2f(0)f (0)=0= g (0)=0.

Q16. If p(x) be a polynomial of degree 3 satisfying p(-1) = 10, p(1) = -6 and p(x) has maximum at x = —1

Sol.

and p’(x) has minima at x = 1. Find the distance between the local maximum and local minimum of the
curve.

Let the polynomial be P (x) = ax® + bx* + cx + d

According to given conditions

P(-1)=—a+b-c+d=10

P(1)=a+b+c+d=-6

AlsoP’' (-1)=3a—-2b+c=0
andP”"(1)=6a+2b=0=3a+b=0

Solving for a, b, ¢, d we get

PX)=x*-3x°-9x+5

= P (x) =3x°—6x—9=3(x + 1)(x— 3)

= x = —1 is the point of maximum and x = 3 is the point of minimum.
Hence distance between (=1, 10) and (3, —22) is 4+/65 units.

Q17. f(x) is a differentiable function and g (x) is a double differentiable function such that |f (x)] < 1 and

Sol.

f'(x) =g (x). If (0) + 92 (0) = 9. Prove that there exists some ¢ € (— 3, 3) such that g (c). g”(c)< 0.

Let us suppose that both g (x) and g” (x) are positive for all x € (-3, 3).
Since £ (0) + g% (0)=9and -1 <f(x)<1,2~/2 <g(0)<3.
From f' (x) = g (x), we get

f(x)= | g(x)dx +f(-3).

— X~

w
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Moreover, g” (x) is assumed to be positive
= the curve y = g (x) is open upwards.

X
If g (x) is decreasing, then for some value of x J. g(x)dx > area of the rectangle (0 — (-3))2~/2
-3

=f(x)> 242 x3-1ie. f (x) > 1 which is a contradiction.

X
If g (x) is increasing, for some value of x I g(x)dx > area of the rectangle (3 — 0))2+/2
-3

=fx)> 242 x3-1ie. f (x) > 1 which is a contradiction.

X
If g(x) is minimum at x = 0, then I g(x)dx > area of the rectangle (3 — 0)2 NG

-3
=f(x)> 2J2 x6-1ie. f (x) > 1 which is a contradiction.
Hence g (x) and g” (x) cannot be both positive throughout the interval (-3, 3).
Similarly we can prove that g(x) and g”(x) cannot be both negative throughout the interval (-3, 3).
Hence there is atleast one value of ¢ € (-3, 3) where g (x) and g” (x) are of opposite sign
=g(c).g"(c)<0.

Alternate:

3 3
jg(x)dx - jf’(x)dx =f(3)—f(0)
0 0

which is a contradiction from equation (3).
. g (x) will be concave downward for some ¢ (-3, 0)
e (-3,3)ie.g"(c)<0 ...... (6)

also at that point c

g (c) will be greater than 22

=>g(c)>0 . (7)

From equation (6) and (7)

g (c).g" (c) <0 forsomec e (-3, 3).

= jg(x)dx <2 . (&0

0
In the same way _T g(xdx| <2 ...... (2)

3 0 K
- J‘g(x)dx + jg(x)dx s (3)

0 -3
From (f(0))* + (g (0))* =9
we get
2V2 <g@=34 7 .. (4)
or-3<g(0)<=2+2 ... (5)
Casel:2\/§<g(0)<3 (0.3
Let g (x) is concave upward V x (-3, 3) then ‘(\ %)
the area .
_Tg(x)dx + jig(x)dx > 642
-3 0

.
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Q18. If [4b? 4b 1

Sol.
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Case Il: =3 < g (0) < -2+2
Let g (x) is concave downward V x (-3
then the area
0 3
[ gtxix
0

I g(x)dx > 62

-3
which is a contradiction from equation (3).

+

.. g (x) will be concave upward for some

ce(-3,3)ie.g"(c)>0 ... (8)
also at that point ¢

g (c) will be less than 22

=g(c)y<0 . (9)
From equation (8) and (9)

g (c).g" (c) <0 for some c e (-3, 3).

f(1) [=|3b% +3b |, f(x)

4a% 4a 1 {f(q 3a’ +3a
f(2) 3c? +3c

4c® 4c 1

,3) (3.0) (3,0)

is a quadratic function and its maximum value occurs at a

point V. A is a point of intersection of y = f (x) with x-axis and point B is such that chord AB subtends a
right angle at V. Find the area enclosed by f (x) and chord AB.

Let we have
42> f(-1) +4af(1)+f(2)=3a°+3a

. (1)

4b°f (1) +4bf (1) +f(2)=3b*+ 3b L (2)
Acf(-1) +4cf (1) +f(2)=3c” + 3¢ B
Consider a quadratic equation
4x2f(—1)+4xf£1)+f(2)=3x2+3x

or [4f (—1) = 3] X* + [4f (1) = 3] x + f(2) = 0 .. (4)

As equation (4) has three roots i.e. x = a,

:>f(—1)=%,f(1)= % and f (2) = 0

Now as AB subtends a right angle at the vertex V(0,1)

b, c. It is an identity.

... (5)

-2, %Zggg/y//?/// (2,0)

o
_
3x+2y+6=0 ////////

sq. units.

2
—fx)= @) 4")
Let point A be (-2, 0) and B be (2t, — t? + 1)
V (0, 1)
2
1.0 e bl
2 2t
= B=(8,-15)
8 2
.'.Area=-[ 4—x +3x+6 « _ 125
A 4 2 3
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