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KEY CONCEPTS

GENERAL DEFINITION(S) @

1.

sin"!'x , cos™'x, tan™' x etc. denote angles or real numbers whose -sine is x, whose

cosine is x and whose tangent is X,

provided that the answers given are

numerically smallest available . These are also written as arc sinx, arc cosx etc.

If there are two angles one positive & the other negative having same numerical
value, then positive angle should be taken .

PRINCIPAL VALUES AND DOMAINS OF INVERSE CIRCULAR FuncTIONS @

®

(i)

(i)
(iv)

)
(vi)

y =sin'x where- -1<x<1 §Sys—§~ and siny=x .
y=cos'x where —-1<x<1 ; 0Sy<m and cosy=x .-

y=tan'x where xR ; :——1-2t—<x<§ and tany =x .

y =cosec'x where x<—1 or x>1 ; -

y:Séc—lx Where x<-lor x>1; Osys'n ;Ay:;_t g— and secy =X .

y=cot'x where x e R, O0<y<7 and coty=x .

Note THAT : (a) - 1lst quadrant is common to all the inverse functions: .

T
-
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(b)  3rd quadrant is not used in inverse functions .

- (o) 4th quadrant is used in the’ CLOCKWISE DIRECTION i.c. ——;—Sy <0.

PropPERrTIES OF INVERSE CircurLar FuNCTIONS :

(i) sin (sin7'x)= x , —1 :Sxis 1 (ii) cos(cos'x)=x , -1<x<1
(iii) tan (tan'x)=x , x € R (iv) sin'(sinx)=x , _12‘. <x<X
. ’ 2

(v) cos(cosx)=x ; 0<x<n (vi): tan!(tan X) =X ; —1;— <x< %

A Ay _ it L . ;

(i) cosec'x =sin < x<-1,x21

i -1 a
(ii) sec'x =cos < ;o x<-1,x21

. 4 1 .
(iii) cot'x =tan < ; x>0

._1 1
=m+tan’ — § X< 0

@  sin'(—x)=-sin?x , -1<x<1
() tan'(-x)=-tan'x , XxeR
(iii) cos'(—x)=m-coslx , -1<x<1
@iv) cot’(-x)=m-cot?’x , xe€R
(i) sin'x+cos'x = % ~1<x<1 i (i) tan~'X + cot™' x'= 1;— xeR

(iif) cosec!x +sec™'x = g x| >1-

) y':¢‘0 and cosecy=x .
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If tan"!x +tan'y + tan"'z = tan‘{

tan' x + tan”'y = tan"". lx—+ Y where x>0, y>0 & xy<l1
:n+taﬁ-‘llx_+y where x>0, y>0 & xy>1
1y _ -1y — 1 XY
tan™' X — tan™'y = tan T+ xy where x>0 , y>Q
(i): sin"'x + sin"'y = sin™! [X \/1 -y +y \/1 - Xz] where
x20,y20 & (x2+y)<1
. T
Note that : x>+y?<1 = O<sin'x+sin'y< 3
) simtx+sinty=n—sini[x iy 1y T-x ] where
x>0, y20 & x*+y2>1
Note that : x> +y*>1 = % <sin'x +sin”'y <m
(iii) sin”!x — sin"'y = sin™ [x\/l—yz _le_xz J
(iv) cos'x+cos'y=cos™ lxy F 1-x2 1/1—y:’-J

X+y+z-xyz |
if,
1-xy-yz—-2zx

x>0,y>0,z2>0 & xy+yz+zx<1

Note :

(@) If tan'x+tanly + tanlz = %
2
. - -2
2 tan™'x = sin™ > =cos™ ! X =tan1 =2 >
+X 1+x 1-x

Note very carefully that :

2tan”' x if lxl <1

. 2% : -1 . a1-%
sin > = |m-—2tan X if x>1 cos > =
1+x " . : 1+x°
—(‘n:+2tan x) if x<-1
2tan'x if ‘xl <1
-2 : - .
tan"'—"= = | me2tan'x  if x<-1
- X

An-2tanx) if x>
RemEMBER THAT :
. . _ Y In
@) sin”'x + sin”'y + sin -z=—2— x=y=z=1
() cos'x+cos'y+costz=3n = x=y=z=-1
(iii) tan'l+tan?'2+tanl3 =7 and tan~! 1 + tan™ % + tan™! %

@) If tan"'x +tan"!y +tan"'z= m then X +y +z=xyz
y y y

wherex >0,y>0

then xy + yz+zx =1

where x 20, y20

if x=0
if x<0



INVERSE TRIGONOMETRIC FUNCTIONS |

SoME USkruL. GRAPHS

. : L .
1. y=sin"x, fxl Sl,> }’E{-;,;J -2, y=cos"x,|x|£1,ye[0,n]
y :
4 A
= i y = arccosx |
7[/2_“3_1___(3?_‘5‘_171,: y=x z
. 1 y=x
' i .
J § :---- ey = sinx E 72
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: t y: )’—COS
y = sinx --: ———————— 1-1
=X {
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y:arcsmx_
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3, y=tan'x,xeR, y6(~;,—2-) 4. y=cotlx,xeR,ye (0,n)
, , .
} .
. y=tan.x; y
1
: : y=x [
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| L : yzam .
I LT - 2 i
: y = arc tanx :
i . 1
J. . ) . Yy = arccotx
—;(—/2: 0 .‘71/2 - X : : 0 % - X
y = arc tanx : :
_______ -2 |2 :
: N . ;
1 1
- = cotx
S A e
. s .
1 : :
'y = tanx
s. y=seclx, lx‘zl, YE‘:O’EJ U (gni} 6. y=<;Osec"‘x, ]xl >1, ye[—%,oju(o,%]
Ya - : Ay
K X
T 2
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0
0
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=X

=1 -

7.(a) y=sin"' (sinx) ,xeR, ¥y E{—-nz—, ﬂ , Periodic with period 2 7
ALY
I
2 £
S | S,
_x o E 3n
2 45° 1 2 N
i 3= - | 0 x T l x
2 | 2 l
l I
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‘7.(b) y=sin(sin"'x), xe[-1,1], ye [-1,1], y is éperiodic
=X Ay
1 e e mme e
4 |
7
3 l
I
A45° I
11 O +1
l
l .
I
—_—— e} 1
8. (a) y=cos™ (cosx), xe€R, y €[0,n] , periodic with period 27t
n
& I J'\\ P +
&xq’ | > T2 ﬁ//
o’
3 |
I
-2n - _x O il
2 2 i
8. (b) y=cos(cos'x), xe [~ .1], ye [-1,1], y is aperiodic



9. (a) y=tan(tan'x), x € R, y e R, y is aperiodic %
=X ‘ H
' AY i
—»
x
9. (b) y=tan"'(tanx), x € R —{(Zn - 1)% n el} y e(—%, %} , periodic with period
= Xx.- . )ky 11-
| C
5 |-
P | 4
N l A
| . 2n -
-2 ) = 4
. .2 I x
b
& & —
2
10. (a) y=coi{cotx), x€e R~ {nmn}, y € (0,7) , periodic with = 12.
, = | |
T y
k%
>
X
10. (b) y=cot(cot?'x), xe R,y € R' ,.yis aperiodic.
= X . : o
ﬁ'}’ .
12. (
5
0o >




11. (a) y=cosec™ (cosecx) , XER -~ {mt ,negl} ye[—%,o) U (0%}

=X ’ ALY y is periodic with period 2=

T
;\Jf\\\ 2 //.&‘ [ Ja\\/}
[ C}x T l o 3n
| > 2 45 | 5
3w -m | 0 n m T
2 I d |
| |

11. (b) y = cosec (coéec“x), Ix! 21, Iyl >1, AY
=X y is aperiodic
1}— —
- - }
-1l o x
I
—_ 1
4
Y
12.(a) y =sec™! (secx), y is periodic ; x€ R- {(Zn—I)% n el} .y E[O ,E) v (1 , n}
=x with period 2n : 2 2
y A
s
& ' ‘z‘\\ T I J\
Y 1r 2
4" ! 3 7 O | Va
'i/ i I i 1 ' i el
S ] ] 1 {
i T 1A l ! | l 9 )
~2n X = -3 0 z b I 2nm .
2 2 . 2 =z
Ay 5
Vi
ﬁ
12.(b) y=sec(secn), x| 21; 1yl 211 v T 45°
=x y is aperiodic ]
l >
1 X




EXERCISET -

Q1. Find the following :

(i) tan {cos‘1 —12— +.tan'1 (%H (ii) sin E ~ sin™ (”_'21” (iii) cos™ (cos —762)

(iv) tan™ (tan 2—;—) _ v) cosi(tan" %] | (vi) tan {sin“-z— + cot™! —ﬂ
Q2. Find the following : | |
- | A =43 o
) sin[g - sin™ (—2@)} -(ii) cqs [cos (——;/;J + —g—} (iii) tan—t[_tan?f—}
@iv) cos“[cos-gi} : (vj sin{COS‘1 ﬂ

T in2 ta
{ (vi) tan™! B [—n—a—] where - X <a< X
~ 5 + 3cos2a 4 2 2

Q3. Prove that :

3 16 , 1 (7 3n
2 cost—— + cot'122 4+ 1 cos! =7 b) tan!'2 + tan"'3 = —
(a) 2 cos J13 63 2 25 () 4
Ja1 V6 +1

. b1 ’ 2 ‘T
¢) cot™'9 +cosec! — = — d) arc cos ./~ —arc cos ==
© 4 4 @ 3 2436

=7 Q 4. Find the solution set of the equation, 3 cos™ x = sin ™! (‘/,1:— x? (4x? - 1)) .

Q5. Prove that :

A . . i
(a) sin™ cos (sin”'x) + cos™! sin (cos™'x) = 5 Ixl <1

(b) 2 tan~!(cosec tan~ix — tan cot™!x) = tan"'x  (x % 0)

2 . _{ 2MN . :
(c) tan“‘[mzrinn J +1 n"(p pqq2)'=tan“1(M2th2) where M =mp —nq, N=np+mgq,

2 ;‘9—'<'1 -andy—<l
m| p

z(d) tan (tan™'x + tari_‘l y +tan'z) = cot (cot™ x + cot™!y + cot™' z)

7 Q 6. Find the sirripvlest value of, arc cosx +arc cos (% + % - 3x2) , X € E 1)
P :

_ . 2 3
Q7. If COS'I + cos‘1 ‘y) =a then prove that 5— - 23’—22 coso + %: sina .

Q8. If arcsinx + arc Smy +arcsinz =7 then prove that : X,y,2 > 0)

(a) x\/l—x +y\/1-y +z41-2 —2xyz

) x*+y* + zt+ 4 X%y%2? = 2 (x2y* + y 2% + 27X?)
Q9. Find the greatest and the least values of the function, f(x) = (siﬁ‘1 x):3 + (cos™'x)3.
Q)'- \O ¢y @3{"3-% s\

o b




Q 10. Solve the following equations / system of equations :
. . T
@) sinTx +sin7!12x = 3

. 1 2
(b) tan™* ! + tan™! =tan'—
1+2x 1+4x X

_ (c) tan™'(x—1) + tan"!(x) + tan~(x+1) = tan~'(3x)

1 n
S -—l‘ - =
(d) sin™t 5 +cosTX 2

L | - 2x 2n
A0 ptapi X - 2T
Ae) cos a1 21 3

: . 2n _ - T
in!x +sin7'y= =% & cos 'x —cos~ly= F
o sinx +sinly = 2 y=3

: 2 2
) 2 tan"'x = cos™! e cos“l‘*“b?
WAL AE 1+a’ 1+b

a>0, b>0.

Q 11. If tan™'x, tan"'y, tan"'z are in A.P., then prove that, y2 (x +z) +2y (1 -xz) = x + z
where v € (=0, 1) ; xz<1&x>0 z>0

Q12. Fmd the value of sin™(sin5) + cos™!(cos10) + tan™! [tan (-=6)] + cot![cot (-10)] .

"Q13. Show that

. . ot | 13=n
sin”! (Sing?’l) +cos™t (cosﬂ) + tan™ (—tanl—zzt.) + cot™ (cot(_lgi)) =
| T 7 8 8 )" 7

T

. | | .
Ql4. Ina A ABCif ZA =90°, then prove that tan! —— + tan-!
: c+a a+b 4

O15. Prove that : sin cot™ tan cos™ X =sin cosec” cot tan~'x =x  where x (0,1

EXERCISE II
QL. Prove that : |
. (a) tan ':% + %COS‘I %J + tan!:% _ %COS_I %:! - z;l
b

X a-— X
(b) cost Z2T 0L = g gy (ta“"tanz) (©) 2tan!| [ . tanX | = cog-1| D 2c08X]
1+ cosx cosy 2 2 a+b 2 a+bcost

Q2. If y—tan~l 1+ x _“l—x prove that x2=sin 2y . '
\/1+x +,/ %

Q3. Ifu=cot! 1/cosZ(—) —tan™ y/cos20 then prove that sin u = tan?6 .

_ | . _
Q4. If oc=2arctan(if§) & B:arc'sincﬂ’zz) for 0<x <1, then prove that a+B=m,

what the value of a + Bwillbeif x>1.

1
Q5. Ifxe [ 2] then express the function (x)=sin (3x — 4x%) + cos! (4x*-3x) in the form

vof acos'x+bn s Where a and b are rational numbers.



Q6.

Q.

Q8.
Qo9.

Q 10.

Q11

Q 12.

Q 13.
Q 14.

Q 15.

Find the sum of the series :

T T . An-yn-1
(a) sin"!— + sin™ 2 + e+ sin! + . ©

2 J6 © Jn+1)

n-1
(b)  tan™ L4 tan 2 + ... +tan™! S - ZoT F eeee O
| 2 g F Te o+
()  cot'7 +cot13 + cot'21 + cot31 + ..., to n terms .
o 5 1 1 :
g 1 ttan!————— +tan"! 5———— to n terms.

(d). tan xz+x+1+tan 243x+3 x> +5x+7 - x* +7x+13

1 1 1 1
(e) tan“~2— +tanl— +tan'— +tant = +..... 0

8 18 32

Solve the following : |
(a) cotx +cot(n2—x+1)=cot’(n-1)

X Cx _
(b) sec“; - secf‘—g =sec'b-sec’la ax1l;bz21,a=#b.

2x-1 23
a1 =@

-1 ]
(c) tan™'— +tan™!

3

B cosec? 'B] L™
Express 2 cosec [ 5 5 — sec? o tan 5 as an integral polynomlal n a&}B
Find the 1ntegral values of K for which the system of equations ;

Kn

arccosx + (arcsmy) . .
4 possesses solutions & . find those solutions .

(arcsiny)z . (arccos ;_() = 11%

-
-4x* 0 3-4x?
;— —tan™

' y 3
1 = ——_—— -1
Express the equation cot [ s v o }— 2 tan i

integral equation is x &y.

as arational

If X =cosec.tan™. cos. cot™l. sec.sin*a & Y =sec cot™ sin tan™! cosec cos™'a ;
where 0 £a < 1.Find the relation between X & Y . Express them in terms of ‘a’

1 (1) 1 (1) 1 (1
If A =_-1-§ot 1({) +5cot 1(;) +—3—cot 1(5) ; B=1cot'(1) + 2cot™(2) + 3cot!(3), then
find the value of (A + B? —2AB)” . ' -

Prove that the equation (sm“x)3 + (cos“x)3 o 7® has no roots fora <—31—2— anda>z—
Solve the following inequalities : |

(a) arc cotzx Sarc cotx +6>0 (b)arc sinx > arc cos X (c) tan?(arc sinx) > 1

Solve the following system of 1nequat10ns _ L |
» 4}rctan2x 8arctanx+3<0 &  -4arccotx—arccot?’x -3 >0

coy® B@ o
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Q2.

Q3.

Q4.

Q5.

Q6.

Q7.

Qs.

Q9.

Q10.

EXERCISE III -

. e . . 3
Find all the positive integral solutions of, tan™'x + cos™! ——— = sin™! —=— .
: [1+y? J10

[REE’93,6]

If cos'x +cos'y+cos'z=mn , then find the value of X2+y2+2z2+2xyz .
[REE’94,6]

Convert the trigonometric function sin (2 cos™(cot (2tan™'x))) into an algebraic function f(x).
Then from the algebraic function, find all the values of x for which f(x) is zero. Express the

values of x in the forma+ b where a & b are rational numbers. [REE ’95, 6]

If 6 =tan"'(2 tan’0) — %sin"( 3sin20 ) then find the general value of 6. [REE’97, 6] ,

5+4cos20

- o - _ T
The number of real solutions of tan™ /x (x+1) +sin™ x>+ x +1 = 5 st

(A) zero - (B) one (C) two (D) infinite [ JEE '99, 2 (out of 200)]

Using the principal values, express the following as a single angle :

1 (1 142 | R
3 tan™ (—) + 2 tan™! (—) + sin™! . REE 99,61
. 2 - \5 6545 . [ I
b
Solve ,- sin’! ECJ-(— + sin™! 22 sin™t x where a*+b?=c¢?, c = 0.

C
[ REE 2000 (Mains), 3 out of 100 ]
Solve the equation:

cos'l(ng) + cos"(3J§x2) =

[ REE 2001 (Mains) , 3 out of 100]

2 3 4 6
. X , o2 X T
If sin™ (x—?+7—-........) + cos™! (x —‘2_+7*] =3 forO<Ixt< /2 thenx

equals to [JEE 2001 (screening)]
(A) 172 B)1 : C)-12 D)-1

x? +1

Prove that cos tan™! sin cot 'x = 5
X +2

[JEE 2002 (mains) 5]



ANSWER SHEET | |
EXERCISE I

QL @ = @)1 @) F -5 M5 )

Q2. (i)% (i) -1 (iii) —g—,(i‘}) 2?" ® 4 i)

5
J3 P
Q4. l'—;,l . Q6'_3_
T S o n’ 1 ' }
Q9. —E—when x=-_—1&§5 When x=7 o
_L By x= _o L _1 -3 -
Q 10. (a)x—z\/; (b) x=3 (©x=0, -, 5 (d) x= = () x=2-43 or 3
; 1 . _a-—b
® x=7,y=1 (@ x=—
Q12.81 - 21
EXERCISEII
Q4. -x | QS Gcoszx;%—, soa=6, B=—-9—-
. ‘ 2 2
Q6. (a) % (b)% (c).arc'cot{znxj 5] (d)j arc tan (i-i-n)——arc tanx (e) g—
Q7. (@) x=n2-n+1 or X=1n (bj_x=ab (c)x:%l |
Q8. (a2 +B?) (a+P) |
2oL & cosT -
Q9.K—2,cos4,1‘&co_s4, 1 4
Q 10. y%% (9—8x2)'2_ Q1L X=Y=3-2’
SELS , |
QIZ. 24+6C0t 3). ///
_ | y
Q14. (a) (cot2,) U (~w, cot3) (b) (*z—sl (c) (—‘/5—2—1) U (—1‘, ——‘/2—5] ‘23
Q1s. (tan%c:otl] : //
” EXERCISE I
QL x=1;y=2 &x=2;y=T7 Q21
Q3.x=0% 1 ;x=1x Jo;x=-1=% 3 |
Q4. 0, n/4 and tantd) | ' | Q5. C Q6. =
: 1
Q7. xe {-1,0,1} , » Qs. x=§ Q9. B

e R e e e e




