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KEY CONCEPTS
GENERAL DEFINITION(S)

.1. sin-I X, COS-IX, tan-Ix etc. denote angles or real numbers whose ·sine is x, whose
cosine is x and whose tangent is x, provided that the answers given are
numerically smallest available. These are also written as arc sinx, arc cosx etc.

If there are two aniles one positive & the other negative having same numerical
value, then positivej3.ngle should be taken .

2. PRINCIPAL VALUES AND DOMAINS OF INVERSE CIRCULAR FUNCTIONS :

1t 1t
where x E R ; -- < x < - and tan y = x .2 2

(i)

(ii)

(iii)

y = sin-I x where -1 ~ x ~ 1

Y = cos-I x where -1 ~ x ~ 1

y = tan-Ix

:n; :n; d'-- ::; y ::; - an SIn y = x2 2

o ~ Y ~ 1t and cos y = x

(iv)
. 1t 1t

Y = cosec-Ix where x:;:;-·1 or x ~ 1 , --::; y ::; ~ , y.=/:- 0 and cosec y = x2 2 .

1t

(v) Y = sec-I x where x ~ -1 or x ~ 1 ; 0 ~ y ~ 1t ; Y-r iand sec y = x .

(vi) Y = coel x where x E R, 0 < y < 1t and cot y = x .

NOTE THAT: (a) .' 1st quadrant is common to all the inverse functioqs:
(b) 3rd quadrant is not used. in inverse functions ..

(c) 4th quadrant is used in the CLOCKWISE DIRECTION i.e. -%:$; Y :$;0 .
J

3. PROPERTIES OF INVERSE CIRCULAR FUNCTIONS :

P-i (i) sin (sin-I x) = x , -1.::; x.~ 1

(Hi) tan (tan-I x) = x , X E R

(ii) cos (cos-I x) = X , -1:;:; x ~ 1

(.) • -I (') 1t :n;IV SIn SIn x = x , --::; x ::;-
. 2 2

(vi) tan-I (tan x) = x ; _2: < x < 2:
. 2 2

{

I

P-4 (i) sin-I x + cos-I x = 2:2 '(ii) tan-I x + cot-I x'= 2:
. 2

xER

(Hi) cosec-I x + sec-I x = 2: Ix I .~1
. 2'



p-5
·x+y

tan-Ix + tan-Iy = tan-I.-- where x> 0 , y > 0 & xy < 11- xy

. x+y
= 1t + tan-I.-- where x > 0 , y > 0 & xy > 11- xy

•

p-6 _ (i)

x-y
tan-I x - tan-Iy = tan-I -- where x > 0 , y > 0

1 + xy ..

sin-I x + sin-I y = sin-{ x F1 + y ~]

x ~ 0, y ~ 0 & (x2 + y2) ~ 1

where

n

Note that: x2 + y2 ~ 1 ~ 0 ~ sin-I x + sin-I y ~ 2

(ii) sin-I x + sin-Iy = 1t - sin-I [x F1 + y~]
X~ 0, y ~.O & x2+ y2 > 1

where

n
Note that: x2 + y2 >1 ~ '2 < sin-I x + sin-I y < 1t

(iii) sin-Ix - sin-Iy = sin-llx~l- y2 - y~l- x2 J where x ~ 0 , y ~ 0

(iv) where x ~ 0, y ~ 0

1t then x + y + z = xyz

P-7
[x+y+z-xyz]If tan-I x + tan-I y + tan-I z = tan-1 1· . if,. -xy-yz-zx

x > 0, y > 0, z > 0 & xy + yz + zx < 1
Note : (i) If tan-I x + tan-I y + tan-I z =

(ii) If tan-I x + tan-I y + tan-I z = ~ then xy + yz + zx = 12

P-8
. 2x 1- x2 . 2x

2 tan-I x = S111-I-- = cos-I-- = tan-I--
I + x2 1 + x2 1 _ x2

Note very carefully that:

l2tan-"

ifIxl ~ 1
. I 2x

n"':'2tan-Ixifx>lS111- -- =
1+ x2

-(1t+2tan~1 x)

ifx <-1

1

tan-I~1- x2 =

REMEMBER THAT :

Ixl<l
x<-l
x>l

[2tan-1 x if x 2': 0-2tan-1 x if x < 0

(i)

(ii)

(ill)

• 1 • 1 • ( 3n
S111- x + S111- y + S111- z = -2

COS-IX + cos-I y + cos-Iz = 31t

tan-I 1 + tan-I 2 + tan-f 3 = 1t and

x=y=z=l

x=y=z=-l

tan-I 1 + tan-I !+ tan-I t = 2



INVERSE TRIGONOMETRIC FUNCTIONS

SOME USEFUL GRAPHS

1.
y = sin -I x, I x I $1, Y E [-~, ~J. 2 2

x;ri
,
,
,

y = cosx·
-1

y

y = ar~<:o!~ _ t.

y=

x

y

nl2~ _)'_: _a.~:s!nx

,inl2
Y = arcsinx. ,.

-1-nl2

3. -1 R ( 1t 1t)Y = tan X, x E ,y E --,-·22
4. y=eot-1x,XE R,y E (0,1')

-nl2

I JZ!2I
I
I
I
I
1

I
I
I
I

x
y = arccotx-

x

x1

y

1t

2

o

6.

x

00
2

1t

o-1

y = see -1 x, Ix I ~ 1, Y El~,~)U (~, 1tJ

y

5.

1t

2·



-------------------------------- ..__ ._-_ ..--_ .._----~

j-D 7. (a) y=sin-1(sinx),XER, YE[-~.~], Periodic with period 211
Y

x

00

~
x

7.(b)

8. (a)

8. (b)

7t

2

y=sin(sin-1x), XE [-1,1], YE [-1,1] , Y is aperiodic
=x

Y

y = cos-1 (cosx), X E R, Y E [0,11] , periodic with period 211
=x

y=cos(cos-1x), XE[-: .1], YE[-l,l], Y is aperiodic
=x

Y

-1

x

x

x



9. (a)

9. (b)

y = tan, (tan -I x) , X E R, )l E R , y is aperiodic
=x

y

y = tan-1 (tan x), x E R-{C2n -l)~ ~ El} Ye(-2;,~)2, .. 2 2n . ,
= x' + y

7t

x

, periodic with period

11.

7t

2

x

~u.\,a)

10. (b)

Y= l;ut -I (cot x) , x E R - {nn} , y E (0, n) , periodic with n
=x

y = cot (cot-1 x), X E R , Y E R , y is aperiodic!
=x

x

12.

12. (



J

11. (a) y = cosec' (cosecx) ,
=x X E R - { fin , fi E I} Y E [ -% . 0) u (0. %]

y y is periodic with period 2rc

x

It

2

11. (b) y= cosec (cosec-Ix), Ixl ~ 1, \yl ~1,
= x y is aperiodic

y

-1
I

o x

-1

x31t

2

It

2
oIt

2
-7t- 27t 31t

2

y = sec-I (secx), y ~s peri?dic ; x E R - {(2n -1)% n E I}' Y E [0 . ~ U ( ~ . It~J= x WIth penod 2rc 2 2
Y

12. (a)

12. (b) y=sec(sec-Ix), Ix\ ~ 1 ;,\y.1~1]
= x y is aperiodic

1

-1
I

o 1 x

-1



Q 1. Find the following :

[ 11 1(-1)](i) tan cas- "2 + tan- .J3_

Q 2. Find the following

(i) sin [; - ,in{f3)]

EXERCISE I

[rc . -I (-1)](ii) sin 3"- SIn 2

(ii) cos[o"'{f) + ~]

. (v) sin[cas-I~]

(~') (7 rc)111 COS-I cas (;

'/fD-' t -I[ 3sin2a ] t _I[tana]
\ VI - an ----- + an ---
\. 5+3cos2a 4

Q 3. Prove that:

where -~ <a< ~
2 2

3 -16 1 - 7

(a) 2 cos-I r;;:; + coCI- + - cos-I- = 1t,,13 63 2 25

(c) cot-19 + cosec-I.J4i _ rc4 -"4 - ~ ../6+1 rc(d) arc cos - -arc cos ~=---'::> . 3 2,,3 6

f1 Q 4. Find the solution set of the equation, 3 cos -I x =: sin -1 (~l- x2 (4x2 - 1)) .

Q 5. Prove that :
1t

(a) sin-I cas (sin-I x) + cos-I sin (cos-I x) = 2"' I x I :::;1

(b) 2 tan-I (cosec tan-Ix - tan cot-IX) = tan-Ix (X:f:. 0)

( 2mn ) ( 2PQ) .. ' ( 2MN ) -'(c) tan-I m2 _ n2 + tan-I p2 _ Q2 = tan-I M2 _N2 . where M = mp - nq, N = np+mq,

(

~Q6.?
Q7.

Q 8.

Q9.

J1

1:1<1;I:dandl~I<l
(d) tan (tan-I x + tan-I y + tan-I z) = cot (cocI x + cot-I y + cot-I z);;,

Find the simplest value of, arc cos x +arc cas (~+~~3- 3X2) , x e G, 1)
•. 2 i'

If cos-I ~ +,cos-I r. :;= a then prove' that ;- - 2. xy casa + :y 2 ;= sin2 a .a " b a ab b

If arc sinx +"'e.rc ~iriy + arc sinz = 1t then prove that: (x, y, z,> 0)

(a) x~l-:- x2 + 'y~l- y2 + z~l- Z2= 2xyz

(b) x4+ y4+ z4+4 x2y2z2 = 2 (X2y2+ y2Z2+ Z2X2)

Find the greatest and the least values of the function, f(x) = (sin-Ix)3 + (cOS-IX)3.

Q

Q



a>O, b>O.

Q 10. Solve the following equations / system of equations
() . -' . -12 rca sr.' X + SIll X = -

3

. 1 I 1 1 2(b) tan-'-- + tan- -- = tan- 2""1+2x 1+4x x

. (c) tan-lex-I) + tan-I(x) + tan-l(x+I) = tan-I(3x),J
, 1 rc

(d) sin-l.J5 + cas-Ix = '4

x2 -1 2
~e) cos-I-- + tan-I--x- _ 2rc2 1 2--X + x -1 3

v (f) sin~lx + sin-Iy = 2rc & cas-Ix - cos-1y = ..::.
3 3

" l-a2 I-b2
J (g) 2 tan-Ix::: cas-II + a2 - cas-II + b2

Q 11. If tan-Ix, tan-Iy, tan-1z are in A.P. , then prove that, y2 (x + z) + 2y (1- xz) = x + z
where y E (.:...(), 1) ; x z < 1 & x> 0, z > a .

QI2. Find the value of sin-I (sinS) + cos-l(cos1O) + tan-1[tan (-6)] + cot-I[eot (-10)]

Q13. Show that

. -I (. 331t) -I (4611:) -I ( 131t) _I ( (191t)J ,l31tsm sm-7- + cos ' cos-7- + tan -tan-s- + cot, cot --s- =7
. ' b c 1t

QI4. In a.1 ABC If LA = 90°, then prove that tan-I -- + tan-I __ = _
, c+a a+b 4

Q15. Prove that: sin cot-I tan eo:;-I x = sin cosec-I cot tan-Ix = x

EXERCISE II
Q 1. Prove that :

[1t 1 1 aJ [rc 1 1 aJ 2 b
(a) tan - + -COS-- + tan - - -COS-_ =_

. 42 'b 42 b a

where x E (0,1)

(b) COS-I_C_O_sx_+_c_o_sy_=2tan-l(tan~. tan!)1+ cosx cosy 2 2
[ ~ tanx] _I[b + acosx 1(c) 2 tan-I V;-+b' 2" =C05 a + bcosxJ

Q2 .

Q3.

If y = tan-I [.jl;;J - ~].jl;;J + ~ prove that x2 = sin 2y .

If u = cot-I .Jcos28 - tan-I .Jeos28 then prove that sin u = tan28 .

/

Q4.

Q5.

(1 + x) ,. (1 _ x2)If a = 2 arc tan -- & P = arc sm '--2 for a < x < 1 , then prove that a+ P = n,I-x l+x

what the value of a +P will be if x > 1 .

If x E [-1:=~] then express the func1jon f (x) ~ sin-1 (3 x - 4x') + OOS-I (4 x' _ 3x) in the fonn

of a C08-1x + bn , where a and b are rational numbers.



Q6 . Find

(a)

the sum of the series

. -I 1 . -I fi -1 . -1-J;; - ~
sm . r;; + sm ~ + ..... + sm ~",,2",,6 n(n + 1)

+ 00

(b)

(c)

(d)

(e)

1 2 20-1

tan-l 3"+ tan-l 9" + .....+ tan-II + 220-1+ 00

coel7 +corI13+cot-121 +cot-131 + to n terms.

tan-l 1 + tan-l 1 + tan-l 2 1 . + tan-l to n terms.
x2+x+l x2+3x+3 x +Sx+7' x2+7x+13

11 1· 1
tan-l- + tan-l- + tan-I- + tan-l- + ..... 00

2 8 18 32

Q9.

Q 8.

Q 7. Solve the following :
(a) cot-Ix + cot-l (n2 - x + 1) = cot-l (n - 1)

XX"

(b) sec-l-, - sec-1- =sec-1b - sec-Ia a,~.1; b ~ 1 , a:;t:b .a b" ..

x-l'2x - 1 23
(c) tan-l--· +tan-l--- = tan-l-x + 1 .. 2x + 1 . 36

Express ~ c~sec2[-21tan-I!] + ~ sec2[~ tan-I!!:..] as an integral polynomial in a. ~ ~ .2 . a 2 2 ~ , 0<)0 ~)'D
, )

Find the integral values of K for which the system of equations ;

[ , . 2

( .. )2' K1tarccosx + arcsmy . = -- .
. . 44 possesses solutions & ,find those solutions .

. 1t
(arcsiny)2 . (arccosx) = ­

. 16

Q 10.

Ql1.

Q 12.

Q 14.

Q 15.

Q 13.

r] ~

y 3 - 4x2 .' . 3 - 4x2

Express the equation cot-ll~ 2. 2 = 2 tan-l ~4 2 -.: tan-I 2 as a rationalI-x -y V4T x

integral equation IS x & Y .

If X = cosec. tan-I. coso corl. sec. sin-I.a & Y;:: see cot-l sin tan-l cosec cos-l a

where 0::;;a::;; 1 . Find the relation between X & Y . Express them in terms of 'a' .

1 1(1) 1 l(1) 1 _1(1)If A ="1~oC "1 +'2coC '2, + '3 cot 3' ; B = 1 cot-I(1) + 2cot-I(2)+ 3coel(3), then
find the value of (A2 + B2 - 2 AB)1I2 ...

Prove that the equation ,(sin-Ix)'3 + (cOS-IX)3=a. n3 has no roots for a. <~ anda. > 7..-" . n 8

Solve the following inequalities: I,

(a) arc CO~2X- 5 arc :cotx + 6 > 0 (b)aFc si'nx > ,:rc cas x (~tan2(arc sinx) > 1
Solve the follo~ing system ofinequati()J;ls

4 arc tan2x - '8afe tanx + 3 <b & ·4 arc cotx- arc cot2x - 3 > 0
~. -

blf) ~ @J®



EXERCISE III

Q1.
Find all the positive integral solutions of, tan-Ix + cos-I ~ = sin-I b .I +y2 viO

[REE '93,6]

Q 2. If cos-I x + cos-l y + cos-I Z = 1t , then find the value of x2 + y2 + Z2+ 2 xyz .
[REE '94,6]

Q3. Convert the trigonometric function sin (2 cos-l(cot (2tan-1x») into an algebraic function f(x).
Then from the algebraic function, find all the values of x for which f(x) is zero. Express the

values of x in the form a ± Jb where a & b are rational numbers. [REE '95 , 6]

Q4.
If 8 = tan-I(2 tan28) - .!sin-I(_3_si_n_28_) then find the general value of8. [REE'97, 6]2 5+4cos28

(D) infinite(C) two(B) one(A) zero

The number of real solutions of tan-l~x (x+ 1) + sin-I ~X2 + x+ 1 = ~ IS:

[JEE'99,2(outof200)]

Q5.

Q 6. Using the principal values, express the following as a single angle:

(1) . (1) . 1423 tan-I ~ + 2 tan-I - + sm-I --r:: .". 2 . 5 65,,5
\.

[REE '99,6 ]

Q7. Solve, • 1 ax . I bi . Ism- - + sm- - = sm-· x
C c

[REE 2000 (Mains) , 3 out of 100]

Q 8. Solve the equation:

cos-1( .J6x) + cos-1(3.J3x2) = ~ [REE 2001 (Mains) , 3 out of 100]

n
(23 ) (' 46 )

X x} . 2X X 1t

Q9. If sin-I x-2+4-······.. + cos-I x -2+4- ="2 for 0 < I x I < fi then x

equals to [JEE 2001 (screening)]
(A) 1/2 (B) 1 (C) - 1/2 (D) - 1

Q10.
. g§f2+1Prove that cos tan-I sin cot -1 x = -2--

X +2 [lEE 2002 (mains) 5]

-"------
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ANSWER SHEET
EXERCISE I

Q1. (i) _1 C:') 51t(iv) -~
4

( ') 17(ii) 1
III - (V) -VI -

13
6356

Q2,

(i) ~(ii) -1C') 1t (' ) 21t ( ) 4 ( ')
III -- IV - V - VI a2

4 3. 5

Q 4. [ 1,1]

71J't3 .' n3: 1

Q 9, -' - when x =-1 & - when x = r;::8 32 ,. -v2

1 ~ ' 1 IQ 10, (a) x = - - (b) x = 3 (c) x = 0, - , - -2 7' 2 2
, I . a - b
(0 X = -, y = 1 (g) X = --

2 I+ab

Q 12, 8n - 21

EXERCISE II

Q 6. -7t3

'3"

(d) x = r.;; (e) x = 2-13 or 13. vIO

\

I

Q 4. -n
. - 9n 9
Q5 6 cos2x - - so a = 6 b = - ­

. 2 ' , 2

Q 6.

Q7,

1t 1t '[2n + 5] . 1t
(a) - (b) - (c) arc cot -- (d) arc tan (x + n) - arc tan x (e)-·

2 4 n' 4

4
(a) x = n2 - n + 1 or x = n (b) x = ab (c) x = -

, 3

Q 8, (a2 + W) (a + B)

2 . 21t 1t
Q 9. K = 2; cas - , 1 & cas - , -14 . 4 -

x2 :

Q 10. y2 = - (9 - 8X2)2 Q 11. 'x = y=~TI , "

51t 5 -1

Q 12. -+ -cot (3), '" ~/

24 6 /I

Q 14. (a) (coI2, 00) u (~oo, CO;3)/') ('7 ,1}C) (~, lJ uJ -1.,- ~J
Q15. (tan.!., cot 1] /2 : /

/ EXERCISE III

Q 1. x = 1 ; Y = 2 & x = 2: ; y = 7

Q 3. x = 0 ± ..Jl ; x = 1 ± .Ji.; x = - 1 ± .Ji

Q 4. 0, n/4 and tan{2)

Q7. x E {-l,O, 1}

Q 2. 1

Q 5. C

1
Q8. x = "3

Q 6. n

Q9. B


