
†­Öã¤êü¿Ö.—(1) ˆ´´Öß¤ü¾ÖÖ ü̧ ×�úÃÖß �ÖÓ›ü ´Öë ÃÖê ¤üÖê ÃÖê •µÖÖ¤üÖ ¯ÖÏ¿­ÖÖë �úÖ “Öã­ÖÖ¾Ö ­Ö �ú ü̧ŸÖê Æãü‹ ×�ú­Æüà ¯ÖÖÑ“Ö ¯ÖÏ¿­ÖÖë �êú ˆ¢Ö ü̧
¤êü ÃÖ�úŸÖê Æïü… µÖ×¤ü ˆ´´Öß¤ü¾ÖÖ ü̧ ­Öê ¯ÖÖÑ“Ö ÃÖê •µÖÖ¤üÖ ¯ÖÏ¿­ÖÖë �êú ˆ¢Ö ü̧ ×¤ü‹ Æïü ŸÖÖê ˆ¢Ö ü̧ ×¤ü‹ �Ö‹ ¯ÖÏ¿­ÖÖë
�êú �Îú´ÖÖ­ÖãÃÖÖ ü̧ �êú¾Ö»Ö ¯ÖÆü»Öê ¯ÖÖÑ“Ö ¯ÖÏ¿­ÖÖë �úÖ ´Öæ»µÖÖÓ�ú­Ö ×�úµÖÖ •ÖÖ‹�ÖÖ ŸÖ£ÖÖ ¿ÖêÂÖ ˆ¢Ö ü̧Öë �úÖê †­Ö¤êü�ÖÖ
�ú ü̧ ×¤üµÖÖ •ÖÖ‹�ÖÖ…

(2) ¯ÖÏŸµÖê�ú ¯ÖÏ¿­Ö �êú 20 †Ó�ú Æïü…

(3) ˆ¢Ö ü̧ ×Æü­¤üß †£Ö¾ÖÖ †Ó�ÖÏê•Öß ´Öë Æüß ×»Ö�Öë…

(4) ¯ÖÏŸµÖê�ú �ÖÓ›ü �êú ¯ÖÏ¿­ÖÖë �êú ˆ¢Ö ü̧ †»Ö�Ö ˆ¢Ö ǖ̧ ÖãÛÃŸÖ�úÖ†Öë/ †­Öã¯Öæ ü̧�úÖë (ÃÖ¯»Öß́ Öë™ËüÃÖ) ¯Ö ü̧ ×¤ü‹ •ÖÖ­Öê “ÖÖ×Æü‹…

(5) ¯ÖÏŸµÖê�ú ¯ÖÏ¿­Ö �úÖ ˆ¢Ö ü̧ ­ÖµÖê ¯ÖéÂšü ÃÖê ¿Öãºþ �ú ȩ̈ü †Öî̧ ü ÃÖ²ÖÃÖê ‰ú¯Ö ü̧ ¯ÖÏ¿­Ö ÃÖÓ�µÖÖ †¾Ö¿µÖ ×»Ö�Öë…

(6) ˆ¢Ö ü̧¯ÖãÛÃŸÖ�úÖ ¯Ö ü̧ ­ÖÖ´Ö, †­Öã�Îú´ÖÖÓ�ú †Ö×¤ü ˆ­Ö�êú ×»Ö‹ ×­Ö¬ÖÖÔ× ü̧ŸÖ Ã£ÖÖ­Ö ¯Ö ü̧ ×»Ö�Öê •ÖÖ‹Ñ… †­Öã̄ Öæ̧ ü�úÖë
(ÃÖ¯»Öß´Öë™ËüÃÖ) ¯Ö ü̧ ­ÖÖ´Ö †£Ö¾ÖÖ †­Öã�Îú´ÖÖÓ�ú ­ÖÆüà ×»Ö�Öê •ÖÖ­Öê “ÖÖ×Æü‹…

(7) ˆ´´Öß¤ü¾ÖÖ ü̧Öë �úÖê †¯Ö­Öê Æüß ¯Öê­Ö, ¯Öë×ÃÖ»Ö, ‡ ȩ̂ü•Ö ü̧, ¯Öë×ÃÖ»Ö-¿ÖÖ¯ÖÔ­Ö ü̧ †Öî̧ ü ±ãú™üºþ»Ö ‡ÃŸÖêÖ́Ö»Ö �ú ü̧­Öê “ÖÖ×Æü‹…

(8) ˆ´´Öß¤ü¾ÖÖ ü̧Öë �úÖê �úÖê‡Ô ³Öß ÃÖÓ¤ü³ÖÔ ¯Öã×ÃŸÖ�úÖ‹Ñ, ¯ÖÖšü¶¯ÖãÃŸÖ�ëú, �Ö×�ÖŸÖßµÖ ™êü²Ö»Ö, ‡Ó•Öß×­ÖµÖØ ü̧�Ö ™êü²Ö»Ö,
†£Ö¾ÖÖ †­µÖ ˆ¯Ö�ú ü̧�Ö ­ÖÆüà ×¤üµÖê •ÖÖ‹Ñ�Öê †Öî ü̧ ­Ö Æüß ˆ­Æëü ˆ­Ö�êú ‡ÃŸÖê´ÖÖ»Ö �úß †­Öã´Ö×ŸÖ ¤üß •ÖÖ‹�Öß,
µÖÆüÖÑ ŸÖ�ú ×�ú ¾Öê ˆ­Æëü †¯Ö­Öê ¯ÖÖÃÖ ü̧�Ö ³Öß ­ÖÆüà ÃÖ�ëú�Öê… ‡ÃÖ ×­ÖµÖ´Ö �úÖ ˆ»»ÖÓ‘Ö­Ö �ú̧ ü­Öê ¯Ö ü̧ ¤Óü›ü
×¤üµÖÖ •ÖÖ ÃÖ�úŸÖÖ Æîü… ­ÖÖò­Ȫ ÖÏÖê�ÖÏÖ Ö́ê²Ö»Ö ‡»ÖêŒ™ÒüÖò×­Ö�ú �òú»ÖŒµÖã»Öê™ü̧ ü �êú ¯ÖÏµÖÖê�Ö �úß †­Öã Ö́×ŸÖ Æî ü…

(9) ÃÖ´ÖÃŸÖ �ú““ÖÖ �úÖµÖÔ ( ü̧±ú ¾Ö�Ôú) ̂ ¢Ö ǖ̧ ÖãÛÃŸÖ�úÖ �êú †Ó×ŸÖ´Ö ŸÖß­Ö †£Ö¾ÖÖ “ÖÖ ü̧ ¯ÖéÂšüÖë ´Öë ×�úµÖÖ •ÖÖ‹Ñ ; ´ÖÖÑ�Ö­Öê
¯Ö ü̧ †×ŸÖ× ü̧ŒŸÖ ¯ÖãÛÃŸÖ�úÖ‹Ñ ¤üß •ÖÖ‹Ñ�Öß, ×•Ö­Æëü »ÖÖî™üÖ­Öê ÃÖê ¯Öæ¾ÖÔ ̂ ¢Ö ǖ̧ ÖãÛÃŸÖ�úÖ �êú ÃÖÖ£Ö ÃÖÓ»Ö�­Ö ×�úµÖÖ
•ÖÖ­ÖÖ “ÖÖ×Æü‹…
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¯ÖÏ¿­Ö¯Ö¡Ö 2 (¾Ö�ÖÔ­ÖÖŸ´Ö�ú Ã¾Öºþ¯Ö)

�ÖÓ› ü A : Probability †Öî̧ ü Sampling

1. (†) ²Öã×­ÖµÖÖ¤üß †ÃÖ´ÖÖ­ÖŸÖÖ ×»Ö�Ö�ú ü̧ ×ÃÖ¨ü �úß×•Ö‹ …

(²Ö) ¤ü¿ÖÖÔµÖê �úß 3
2

6)(0 P  †�Ö ü̧ x �úÖ 0,
2

e
 )( pdf

2-

 x
x

x
x

f  †Öî̧  = 0ü, †­µÖ£ÖÖ Æîü…

2. (†) ȩ̂ü×�Ö�úÖ µÖÖê•Ö­ÖÖ²Ö¨ü ­Ö´Öæ­ÖÖ “ÖµÖ­Ö �úÖ ¾Ö�ÖÔ­Ö �ú ȩ̈ü †�Ö ü̧ N = nk †Öî̧ ü Yi = i, i = 1, 2, ....., N �êú ×»Ö‹

Y sys �úÖ ¯ÖÏÃÖ ü̧�Ö ×­Ö¬ÖÖÔ× ü̧ŸÖ �úß×•Ö‹…

¤ü¿ÖÖÔµÖê �úß ‡ÃÖü ÛÃ£ÖŸÖß ´Öë µÖÖê•Ö­ÖÖ²Ö¨ü ­Ö´Öæ­ÖÖ “ÖµÖ­Ö •ÖÖ¤üÖ ÃÖÖ™üß�ú (Precise) Æîü ÃÖ ü̧»Ö ­Ö´Öæ­ÖÖ “ÖµÖ­Ö �êú ´Öã�úÖ²Ö»Öê…

(²Ö) ­ÖÃÖÔ̧ üß ´Öëê ¯ÖÖî¬Öê ×¾Ö�Îúß �êú ×»Ö‹ ˆ�ÖÖµÖê •ÖÖŸÖê Æïüîü… ÃÖ»ÖÖÆü ¤üß •ÖÖŸÖß Æîü, ¾ÖÃÖÓŸÖ �êú ¯Öæ¾ÖÔ ×�úŸÖ­Öê Ã¾ÖÃ£Ö ¯ÖÖî¬Öê ŸÖîµÖÖ ü̧ ü̧Æëüü
‡ÃÖ�úÖ †Ö�ú»Ö­Ö ÆüÖê ­Ö´Öæ­ÖÖ “Öã­Ö­ÖÖ ¯Ö¨üŸÖß �êú †¬µÖµÖ­Ö ÃÖê �ãú»Ö †Ó�ãú ü̧ ×�úµÖÖ 1 ±úß™ü “ÖÖî›Íüß †Öî ü̧ 400 ±úß™ü
»ÖÓ²Öê bed of silver maple seedlings ÃÖê ×¾Ö¾Ö ü̧�Ö ¯ÖÏÖ¯ŸÖ ×�úµÖÖ ­Ö´Öæ­ÖÖ “ÖµÖ­Ö �êú “Ö™üÖ‡Ô �Öê¡Ö �úß »ÖÓ²ÖÖ‡Ô

‹�ú ±úß™ü £Öß, ŸÖÖ×�ú N = 400 ÃÖÓ̄ Öæ�ÖÔ �Ö�Ö­ÖÖ ´Öë “Ö™üÖ‡Ô �Öê¡Ö �úß †ÖîÃÖŸÖ Y  = 1.96, S2 = 80,ÃÖê ÃÖ×­ÖÂ™ü

�úß ÃÖÆüß ´Öæ»µÖ (Value) Æî… ÃÖ ü̧»Ö µÖÖ¥üÛ“”û�ú ­Ö´Öæ­ÖÖ “ÖµÖ­Ö ÃÖê ×�úŸÖ­Öê ‡�úÖ‡µÖÖë »Öê­ÖÖ •Öºþ ü̧ß Æîü Y  †Ö�ú»Ö­Ö
�êú ×»Ö‹ ÃÖÆüß ´Öæ»µÖ �êú 10% ³ÖßŸÖ ü̧ ÃÖÖ£Ö ´Öë 95% �Öã�ÖÖÓ�ú ÃÖÆü�Öã­Ö�ú (confidence coefficient)
(Zα  = 1.96)…

3. (†) †­Öã̄ ÖÖŸÖ †Ö�ú»Ö­Ö �úß ¾µÖÖ�µÖÖ ¤üß×•ÖµÖê… ¤ü¿ÖÖÔµÖë ×�ú —Öã�úÖ­Öü (biased) Æîü… Unbiased ratio ¯ÖÏ�úÖ ü̧ �êú
†Ö�ú»Ö­Ö –ÖÖŸÖ ¯Ö ü̈ŸÖß ²ÖŸÖÖ‡ÔµÖê…

(²Ö) ‹�ú ÃÖ×´ÖÂ™ü (population) ´Öë 5 ‡�úÖ‡µÖÖë (units) Æïüü ÃÖÖ£Ö ´Öë Y ¾ÖÃŸÖã̧ ü“Ö­Öê  (2,3,5,6,8) ÃÖÓ�µÖÖ �ÖÖ�Ö �úß
†Öî ü̧ ÃÖÆüÖµÖ�ú (auxiliary) ¾ÖÃŸÖã“Ö ü̧ X ­Öê  (1,2,3,4,5) ÃÖÓ ü̧“Ö­ÖÖ �ÖÖ�Ö �úß Æîü… 3 ¯Ö× ü̧´ÖÖ�Ö �Îú´Ö ü̧×ÆüŸÖ ­Ö´Öæ­ÖÖ

¯ÖÏ×ŸÖÃ£ÖÖ¯Ö­Ö �êú ×²Ö­ÖÖ ×¾Ö“ÖÖ ü̧ �ú ȩ̈ü †Öî̧ ü —Öã�úÖ­Ö (bias) Ŷ R ¯ÖÏÖ¯ŸÖ �ú ȩ̂ü [ Ŷ R  ¤ü¿ÖÖÔŸÖÖ Æîü ÃÖ×´ÖÂ™ü †ÖîÃÖŸÖ
�úÖ ratio †Ö�ú»Ö�ú ]

�ÖÓ›ü B : ¸êü�ÖßµÖ ¯ÖÏ×ŸÖºþ¯Ö †Öî̧ ü †£ÖÔ ÃÖÖÓÛ�µÖ�úß

4. (†) ÃÖÖ´ÖÖ­µÖ ¯ÖÏ×ŸÖºþ¯Ö eXY  β  •ÖÆüÖÑ  nINe 2σ,0~ … ´ÖÖ­Ö»ÖÖê X Æîüê ü n × p �úÖ ÃÖÖÓ“ÖÖ (Matrix) ×•ÖÃÖ�úÖ

rank p †Öî ü̧ ´ÖÖ­ÖÖê A Æîü p × k �úÖ ÃÖÖÓ“ÖÖ (Matrix) ×•ÖÃÖ�úÖ rank k 0 ββA  µÖ£ÖÖê×“ÖŸÖ  ÃÖÖÓÛ�µÖ�úß

¯Ö× ü̧�Ö�Ö �ú ü̧­Öê �êú ×»Ö‹ ¯Ö× ü̧�Ö�Ö ×­Ö¬ÖÖÔ× ü̧ŸÖ �úß •ÖÖ‹… ÃÖÖ£Ö Æüß ‡ÃÖ�úÖ ÃÖÓ×¾ÖŸÖ ü̧�Ö �ÖÖê•Öë… case k = 1 ¯Ö ü̧
×™ü¯¯Ö�Öß �ú ȩ̈ü…

(²Ö) ´ÖÖ­ÖÖê y1 = ß1 – ß2 + e1, y2 = ß3 + e2 †Öî̧ ü y3 = ß1 + ß2 + e3 •ÖÆüÖÑ  e1, e2 †Öî̧  e3 Æîü IN(0, σ 2)

2ß1 – ß2 = 0 �êú ¯Ö× ü̧�Ö�Ö �êú ×»Ö‹ ¯Ö× ü̧�Ö�Ö ×­Ö¬ÖÖÔ× ü̧ŸÖ �ú ȩ̈ü…

5. (†) ¤ãüŸÖ±úÖÔ ¾Ö�Öá�ú ü̧�Ö ¯ÖÏ×ŸÖºþ¯Ö ×¾Ö“ÖÖ ü̧ �ú ȩ̈ü…

yij = µ + α i + ßj + eij  i = 1, 2, ......p, j = 1, 2, ....., q

×¾Ö¿»ÖêÂÖ�Ö �êú ×»Ö‹ •Öºþ ü̧ß ´ÖÖ­µÖŸÖÖ ×»Ö�Öë †Öî  ̧H :α 1 = α 2 = ...... = α p †Öî¸ H : ß1 = ß2 = ...... = ßq

hypotheses ¯Ö× ü̧�Ö�Ö ×­Ö¬ÖÖÔ× ü̧ŸÖ �úß×•Ö‹…

CON 159 2
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(²Ö) ´ÖÖ­ÖÖê ŸÖß­Ö †Öê¾Ö­Ö ¯Öê ¯ÖÏµÖÖê�Ö ×�úµÖÖ Æîü, †Ó×ŸÖ´Ö ˆŸ¯ÖÖ¤ü �úß ´Ö•Ö²ÖæŸÖß ¯ÖŸÖÖ »Ö�ÖÖ­Öê �êú ×»Ö‹ ¯ÖÏŸµÖê�ú �úÖê “ÖÖ ü̧
†»Ö�Ö-†»Ö�Ö ŸÖÖ¯Ö´ÖÖ­Ö ¯Ö ü̧ ü̧�ÖÖ… †¾Ö»ÖÖê�ú­Ö �úÖê ×­Ö´­Ö ŸÖÖ×»Ö�úÖ ´Öë ×¤ü‹ �Ö‹ Æï…ü ANOVA ¯ÖÏÖ¯ŸÖ �ú ȩ̈ü †Öî ü̧

†Ö¯Ö�êú ×­ÖÂ�úÂÖÔ ×»Ö�Öë :----

Oven 1 2 3

Temperature

1 3 4 3

2 6 6 8

3 3 3 5

4 4 3 7

Fα  (3, 6) = 4.76  Fα  (2, 6) = 5.14 and α  = 0.05 …

6. (†) ×­Ö¾ÖÖÔÆü ¾µÖµÖ ÃÖæ“Ö�úÖÓ�ú ²Ö­ÖÖ­Öê ´Öë †Ö­Öê¾ÖÖ»Öß ×­Ö×ÆüŸÖ �ú×šü­ÖÖ‡ÔµÖÖë �úß “Ö“ÖÖÔ �ú ȩ̈ü…
×­Ö¾ÖÖÔÆü ¾µÖµÖ ÃÖæ“Ö�úÖÓ�ú �êú ×»Ö‹ ×±ú¿Ö ü̧ �úÖ ÃÖæ¡Ö ×­Ö¬ÖÖÔ× ü̧ŸÖ �úß×•Ö‹…

¯Ö× ü̧¯Öæ�ÖÔŸÖÖ ¤ü¿ÖÖÔµÖê ×�ú  (1) Time reversal test and (2) Factor reversal test.

(²Ö) ×­Ö´­Ö×»Ö×�ÖŸÖ ×¾Ö¾Ö ü̧�Ö �êú ˆ¯ÖµÖÖê�Ö ÃÖê ×±ú¿Ö ü̧ �êú ´Öæ»µÖ ÃÖæ“Ö�úÖÓ�ú ¯ÖŸÖÖ »Ö�ÖÖ‡µÖê †Öî̧ ü ¤ü¿ÖÖÔµÖë ×� µÖÆüú Time

reversal test ¯Ö× ü̧¯Öæ�ÖÔ �ú ü̧ŸÖÖ Æî ü----

Commodity 1999 2002

Quantity Price Quantity Price

Rice 50 32 50 30

Barley 35 30 40 25

Maize 55 16 50 18

�ÖÓ›ü C : ÃÖÖÓÛ�µÖ�úß ×­ÖÂ�úÂÖÔ

7. (†) ´ÖÖ­ÖÖê   12
1

n
iY  Ã¾ÖŸÖÓ¡Ö †Öî ü̧ ÃÖ´ÖÖ­Ö ¹ý¯Ö ÃÖê ÃÖÓ×¾ÖŸÖ× ü̧ŸÖ µÖ¥üÛ“”û�ú “Ö¸ ü¾ÖÃŸÖãµÖë uniform ( µ – 1, µ +1) Æîü…

¤ü¿ÖÖÔµÖë ×�ú ­Ö́ Öæ­ÖÖ ´Ö¬µÖ Y(n+1) †Öî ü̧ Y 2n+1  = )12(
12

1






nY
n

i
i , ­Ö́ Öæ­ÖÖ †ÖîÃÖŸÖ (consistent estimators)

ŸÖ�ÔúµÖãŒŸÖ †Ö�ú»Ö­Ö Æîü… �úÖî­ÖÃÖÖ †Ö�ú»Ö­Ö †Ö¯Ö prefer �ú ȩ̈ü�Öê ? ŒµÖÖë ?

(²Ö) ´ÖÖ­ÖÖê X1 , X2 , ......, Xn Ã¾ÖŸÖÓ¡Ö †Öî ü̧ ÃÖ´ÖÖ­Ö ºþ¯Ö ÃÖê ÃÖÓ×¾ÖŸÖ× ü̧ŸÖ µÖ¥üÛ“”û�ú “Ö ü̧ ¾ÖÃŸÖãµÖë Æïüî ü ×•ÖÃÖ�úÖ exponential

ÃÖÓ×¾ÖŸÖ ü̧�Ö Æîü  ƒ (x, θ) •ÖÆüÖÑò ƒ (x, θ) = θ/  
1 xe
θ

 ; x > 0, θ > 0.

×ÃÖ¨ü �úß×•Ö‹ ƒ (x, θ) �úÖ UMVUE µÖÆü h ( tx   ) Æîü…

X1 �úÖ conditional pdf •ÖÆüÖÑ T = t, •Ö²Ö×�ú T = 


n

i
iX

1

tx
t

xtn
t  xh

n

n









  ;
)1)((

)( 
1

2

    = 0      ; x > t.
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8. (†) ¯Ö× ü̧³ÖÖÂÖÖ �úß×•Ö‹ (i) Similar Test (ii) Neyman Structure Test.

×ÃÖ̈ ü �úß×•Ö‹ )( X  �úÖ ¯ÖÏŸµÖê�ú ¯Ö× ü̧�Ö�Ö ×•ÖÃÖ�úß Neyman ÃÖÓ ü̧“Ö­ÖÖ Æî  θ  �êú ×»Ö‹ similar test Æî…ü

•ÖÆüÖÑ    : 0 θH ×¾Öºþ¨ü    : 01 θH  �êú ¯Ö× ü̧�Ö�Ö ´Öë   ÃÖß´ÖÖ Æîü  0  †Öî̧ ü  0  �úß…

(²Ö) ´ÖÖ­ÖÖê X1 , X2 , ...... Xn µÖ¥üÛ“”û�ú “Ö ü̧ ¾ÖÃŸÖãµÖë ­Ö´Öæ­ÖÖ ÃÖ´ÖÖ­Ö ÃÖÓ×¾ÖŸÖ ü̧�Ö U (0, θ)  ÃÖê ×»Ö‹ Æïü… ¯Ö× ü̧�Ö�Ö

«üÖ ü̧Ö ´ÖÖ»Öǽ Ö �ú ȩ̈ü UMP size α  test, ¯Ö× ü̧�Ö�Ö �êú ×»Ö‹----

(1)    : 00 θθ H  ×¾Öºþ¨ü    : 01 θθ H

(2)    : 00 θθ H  ×¾Öºþ¨ü    : 01 θθ H …

9. (†) Concordance  )π( c �úß ÃÖÓ³ÖÖ¾Ö­ÖÖ †Öî̧  discordance )π( d �úß ÃÖÓ³ÖÖ¾Ö­ÖÖ �úß ¯Ö× ü̧³ÖÖÂÖÖ �úß×•ÖµÖê…

dc ππ τ  �úÖ †­ÖÖ×´Ö­ÖŸÖÖ †Ö�ú»Ö­Ö ¯ÖÏÖ¯ŸÖ �úß×•Ö‹…

(²Ö) ±æú»ÖÖë �êú ¯ÖÏ¤ü¿ÖÔ­Ö ´Öë ¯Ö× ü̧�Ö�ú ¯ÖÖÑ“Ö ¯ÖÏ¤ü¿ÖÔ­ÖÖë �úÖê ˆ´Ö¤üÖ ¤êü­Öê �êú ×»Ö‹ ÃÖÆü´ÖŸÖ ÆüÖê �ÖµÖê †Öî̧ ü ‡­Ö ¯ÖÏ¤ü¿ÖÔ­ÖÖë �úÖê
Ã¾Öê“”û­¤üŸÖÖÃÖê arbitrarily from 1 to 5 �Îú´ÖÖÓ×�úŸÖ ×�úµÖÖ… ŸÖß­Ö ¯Ö× ü̧�Ö�úÖë ­Öê ¯ÖÏ¤ü¿ÖÔ­Ö �úß ×­Ö´­Ö×»Ö×�ÖŸÖ
ranking (�Îú´Ö) ¤êü�ú ü̧ �Öã�ÖÖ­ÖãÃÖÖ ü̧ ¾µÖ¾ÖÃ£ÖÖ �úß…

Judge A 5 3 1 2 4

Judge B 3 1 5 4 2
Judge C 5 2 3 1 4

Kandall’s ­Ö´Öæ­ÖÖ tau �Öã�Ö�ú T �úÖê ŸÖß­Ö •ÖÖê›Íüß �êú �Îú´Ö�ÖŸÖ ÃÖê ´ÖÖ»Öã́ Ö �ú ȩ̈ü…

�ÖÓ›ü D : Stochastic Processes

10. (†) †�Ö ü̧ i   j ( i ²ÖÖŸÖ �ú ü̧ŸÖÖ Æîü j �êú ÃÖÖ£Ö)  i †Ö¾ÖŸÖÔ�ú Æîü ŸÖÖê ×ÃÖ ü̈ �úß×•Ö‹ j ³Öß (recurrent) †Ö¾ÖŸÖÔ�ú Æîü…

(²Ö) ×­Ö´­Ö×»Ö×�ÖŸÖ ü transition probability matrix �úÖê states of the Markov Chain ÃÖê ¾Ö�Öá�éúŸÖ

�úß×•Ö‹----

0 1 2 3 4 5
0 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0.5 0 0 0 0.5 0
4 0 0 0 0 0 1
5 1 0 0 0 0 0

Markov Chain �úÖ †¾Ö¬Öß †Öî̧ ü stationary ÃÖÓ×¾ÖŸÖ ü̧�Ö �úÖ ¯ÖŸÖÖ »Ö�ÖÖ‹êÓ…

11. (†) Poisson ¯ÖÏ×�ÎúµÖÖ ´Öë (0, t) ¤üÖî̧ üÖ­Ö n ‘Ö™ü­ÖÖ†Öë Æãü‡Ô ¤ü¿ÖÖÔµÖë (0, s) s < t ¤üÖî̧ üÖ­Ö Æãü‡Ô ‘Ö™ü­ÖÖ†Öë �úß ÃÖÓ³ÖÖ¾Ö­ÖÖ

ÃÖÓ×¾ÖŸÖ ü̧�Ö  binomial Æîü •ÖÆüÖÑ success �úß ÃÖÓ³ÖÖ¾Ö­ÖÖ s/t Æîü…

(²Ö) ´ÖÖ­ÖÖê Xt ‹�ú Markov ¯ÖÏ×�ÎúµÖÖ Æîü {1,2} ¯Ö ü̧ Æîüü generator














λλ
µµ

A �êú ÃÖÖ£Ö Kolmogorov �úÖ †×�ÖḮ Ö ÃÖ´Öß�ú ü̧�Ö ×»Ö�Öë †Öî̧ ü Æü»Ö �ú ȩ̈ü

transition ÃÖÓ³ÖÖ¾Ö­ÖÖ†Öë pij (t) •ÖÆüÖÑ i, j = 1,2 �êú ×»Ö‹ ´ÖÖ»Öǽ Ö �ú ü̧Öê----

P[ Xt = 2 / X0 = 1, X3t = 1 ]

12. (†) ÃÖ´ÖµÖ ÁÖéÓ�Ö»ÖÖ ¯ÖÏ×ŸÖºþ¯Ö «üÖ ü̧Ö ×­ÖÙ¤üÂ™ü yt = yt–1 – 0.5 yt–2 + et Æîü… •ÖÆüÖÑ  et  white noise ¯ÖÏ×�ÎúµÖÖ Æîü

ÃÖÖÓ£Ö ´Öë ¯ÖÏÃÖ ü̧�Ö 2σ  … ¯ÖÏ×�ÎúµÖÖ stationary Æîü ŒµÖÖ ? ×­ÖÛ¿“ÖŸÖ �ú ȩ̈ü ÃÖÖ£Ö Æüß ‡ÃÖ ¯ÖÏ×�ÎúµÖÖ �êú ×»Ö‹

Ã¾Ö ü̧ÃÖÆüÃÖÓ²ÖÓ¬Ö 21  , ρρ  ×­ÖÛ¿“ÖŸÖ �ú ȩ̈ü…



CON 159—2 5

[¯Ö»Ö™ü�ú ü̧ ¤êüü×�Ö‹

(²Ö) ÃÖ Ö́µÖ ÁÖéÓ�Ö»ÖÖ Zt ARIMA (1,d,0)  ¯ÖÏ×�ÎúµÖÖ  d �êú �ãú”û ´Öæ»µÖ �êú ×»Ö‹ ×¾ÖÀ¾ÖÖÃÖ ÃÖê ¯ÖÖ»Ö­Ö �ú̧ ê ü�Öß ÃÖ́ ÖµÖ ÁÖéÓ�Ö»ÖÖ Zt (k)

ÃÖ´ÖµÖ k �êú differentiate �ú ü̧ ¯ÖÏÖ¯ŸÖ Æîü †Öî ü̧ Ã¾ÖÃÖÆüÃÖÓ²ÖÓ¬Ö ×­Ö´­Ö×»Ö×�ÖŸÖ ŸÖŒŸÖê ´Öë k �êú ×»Ö‹ ¤ü¿ÖÖÔµÖÖ Æîü---

k=0 k=1 k=2 k=3

r1 1.00 1.00 0.83 –0.03
r2 1.00 1.00 0.66 –0.12
r3 1.00 1.00 0.54 –0.11
r4 1.00 0.99 0.45 –0.01
r5 1.00 0.99 0.37 –0.03
r6 0.99 0.99 0.30 –0.12
r7 0.99 0.98 0.27 0.03
r8 0.99 0.98 0.24 0.03
r9 0.99 0.97 0.19 0.03

r10 0.99 0.97 0.13 –0.07

d �úÖ ´Öæ»µÖ ×­Ö¬ÖÖÔ× ü̧ŸÖ �úß×•Ö‹ †Öî̧ ü parameter α  �úÖ underlying AR(1) ¯ÖÏ×�ÎúµÖÖ ´Öë ´Öæ»µÖ ×­Ö¬ÖÖÔ× ü̧ŸÖ
�úß×•Ö‹…

�ÖÓ›ü E (Multivariate Analysis)

13. (†) ´ÖÖ­Ö »ÖÖê X  Æîü Np+q (  , µ ) Æîü ´ÖÖ­Ö »ÖÖê X =  (2)(1)
qp XX  ,  partitioned vector Æîü… X (1) �úÖ  marginal

distribution  †Öî̧  X (1) �úÖ ÃÖ¿ÖŸÖÔ  distributionü ×­Ö¬ÖÖÔ× ü̧ŸÖ �úß×•Ö‹… ×¤üµÖÖ Æãü†Ö Æîü X (2) = x (2)…

(²Ö) ´ÖÖ­ÖÖê X  ×¾ÖŸÖ× ü̧ŸÖ Æîü N3 (  , µ ) •ÖÆüÖÑ----

1,2)(1, µ  †Öî ü̧ 





















201
050
104

Σ    ¯ÖÏÖ¯ŸÖ �ú ȩ̈ü X1 �úÖ ÃÖß´ÖÖÓŸÖ ÃÖÓ×¾ÖŸÖ ü̧�Ö †Öî ü̧ ÃÖ¿ÖŸÖÔ ÃÖÓ×¾ÖŸÖ ü̧�Ö X1  �úÖ

×¤üµÖÖ Æîü ( X2 = x2, X3 = x3 )

14. (†) ÃÖ×´ÖÂšü ¯ÖḮ Öã�Ö †Ó�Ö (population principal components)  �úß ¯Ö× ü̧³ÖÖÂÖÖ �úß×•Ö‹… ÃÖÆüÃÖÓ²ÖÓ¬Ö �Ö�Ö�ú
ρ  ( Yi , Xk ) ¯ÖÏÖ¯ŸÖ �ú ȩ̈ü •ÖÆüÖÑ Yi ¤ü¿ÖÖÔŸÖÖ Æîü ith  ¯ÖḮ Öã�Ö †Ó�Ö Æîü †Öî̧  Xkü  ¤ü¿ÖÖÔŸÖÖ Æîü  k

thü element

of vector ) ......, ,(  1  pXXX

(²Ö) ¯ÖŸÖÖ »Ö�ÖÖ‡µÖê ¯Ö×Æü»ÖÖ ¯ÖÏ´Öã�Ö ‘Ö™ü�ú †Öî ü̧ �ãú»Ö ÃÖ×´ÖÂšü ¯ÖÏÃÖ ü̧�Ö �úÖ †­Öã¯ÖÖŸÖ, •ÖÖê �úß Ã¯ÖÂ™ü ×�úµÖÖ Æîü •Ö²Ö ÃÖÆü ¯ÖÏÃÖ ü̧�Ö
ÃÖÖ ǘ̧ Öß Æîü…

 

)  Σ of eigenvalue one is  σ: Hint ( 2 

22

222

22

2
1   

2
1- , 

σσ0
ρσσρσ

0ρσσ
  Σ 

















  ρ
ρ

15. (†) (1) Mahalanobis †ÓŸÖ¸ 2 ü �úß ¯Ö× ü̧³ÖÖÂÖÖ �úß×•Ö‹, ¤üÖê ÃÖÖ´ÖÖ­µÖ ÃÖ×´ÖÂšü ²Öß•Ö �êú †ÓŸÖ ü̧ �úÖ �Ö�Ö� …ú

(2) ´ÖÖ­ÖÖ 2 1,  i ), ,( ~ 2 i µN X  •ÖÆüÖ Ñ  2)    2( 1  µ  †Öî¸ü 









32
22

 Σ, 0)    (0 2       µ

  �Ö�Ö­ÖÖ �úß×•Ö‹ Mahalanobis †ÓŸÖ ü̧ 2 ü, †Öî̧ ü ¯ÖÏÖ¯ŸÖ �ú ȩ̈ü linear discriminant function …
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(²Ö) ÃÖ´ÖæÆü ×¾Ö¿»ÖêÂÖ�Ö ŒµÖÖ Æîü ? (Cluster Analysis) ×­Ö´­Ö×»Ö×�ÖŸÖ distance ÃÖÖ ǘ̧ Öß �êú �ãú”û ×¾ÖÂÖµÖ (items)

�êú ˆ¯ÖµÖÖê�Ö �ú ü̧----

0 4 6 1 6
4 0 9 7 3
6 9 0 10 5
1 7 10 0 8
6 3 5 8 0

complete linkage hierarchical ¯Ö ü̈ŸÖß �êú ˆ¯ÖµÖÖê�Ö ÃÖê ×¾ÖÂÖµÖ (item) �êú ÃÖ́ ÖæÆü ²Ö­ÖÖ‡Ô dendrogram
²Ö­ÖÖ‡ÔµÖê …

�ÖÓ›ü F : ÃÖÓ�µÖÖŸ´Ö�ú ×¾Ö¿»ÖêÂÖ�ú †Öî̧ ü ²Öã×­ÖµÖÖ¤üß ÃÖÓ�Ö�Ö�ú ŸÖ�ú­Öß�ú

16. (†) Newton-Raphson �êú ¯Ö ü̈ŸÖß­ÖãÃÖÖ ü̧ †­Öã�æú»Ö­Ö algebraic function unconstrained optimization
�úÖ ¾Ö�ÖÔ­Ö �ú ȩ̈ü…

ŒµÖÖ Æü ü̧ ¾ÖŒŸÖ µÖÆü ¯Ö¨üŸÖß optimum ÃÖ´ÖÖ¬ÖÖ­Ö ¤êü ¯ÖÖŸÖß Æîü ? ‡ÃÖ ¯Ö¨üŸÖß �êú ´ÖÖ­µÖŸÖÖ†Öë �úÖê ×»Ö�Öë…

(²Ö) ×«üü³ÖÖ•Ö­Ö ¯Ö¨üŸÖß (bisection method) �êú †­ÖãÃÖÖ ü̧ ‹�ú ÃÖ´ÖÖ»ÖÖê“Ö­ÖÖŸ´Ö�ú ŸÖã»Ö­ÖÖ �úß×•Ö‹… ˆ¤üÖÆü ü̧�Ö ¤êü�ú ü̧

Ã¯ÖÂ™ü �ú ȩ̈ü…

17. (†) Numerical Integration �úß closed quadrature ¯Ö¨üŸÖß �úÖ ¾Ö�ÖÔ­Ö �ú ȩ̈üü…

(²Ö) �µÖÖŸ´Ö�ú ‹�úß�ú ü̧�Ö �êú trapezoidal †Öî ü̧ Simpson’s 1/3rd ×­ÖµÖ´Ö �úÖê ×­Ö¬ÖÖÔ× ü̧ŸÖ �úß×•Ö‹ †Öî̧ ü ¤üÖê­ÖÖë ¯Ö ü̈ŸÖß
�êú ²Öß“Ö µÖ£ÖÖ£ÖÔŸÖÖ �úß ŸÖã»Ö­ÖÖ �ú ȩ̈ü ŸÖ£ÖÖü ˆ¤üÖÆü ü̧�Ö ¤êü�ú ü̧ Ã¯ÖÂ™ü �ú ȩ̈ü…

18. (†) ×�úÃÖß ³Öß ¤üÖê sorting algorithms �úÖ ¾Ö�ÖÔ­Ö �úß×•Ö‹ü…

(²Ö) Bubble sort algorithm �êú †“”êû ÃÖê †“”êû †Öî̧ ü ²Öã̧ êü ÃÖê ²Öã ȩ̂üü time complexities  ¯Ö ü̧ “Ö“ÖÖÔ �ú ȩ̈ü ŸÖ£ÖÖ
ˆ¤üÖÆü̧ ü�Ö ¤êü�ú ü̧ Ã¯ÖÂ™ü �ú ȩ̈ü…



Instructions.—(1) The candidate may attempt any five questions selecting not more
than two from any section. In case the candidate answers more than
five questions, only the first five questions in the chronological order
of question numbers answered will be evaluated and the rest of the
answers ignored.

(2) Each question carries 20 marks.

(3) Answers must be written in English or in Hindi.

(4) QUESTIONS FROM EACH SECTION SHOULD BE ANSWERED
ON SEPARATE ANSWER-BOOK/SUPPLEMENTS.

(5) Answer to each question must begin on a fresh page and the question
number must be written on the top.

(6) On the answer-book, Name, Roll Number etc. are to be written in
the space provided for them. Name or Roll Number should not be
written on the supplement.

(7) Candidates should use their own pen, pencil, eraser and pencil-
sharpener and footrule.

(8) No reference books, Text books, Mathematical tables, Engineering
tables or other instruments will be supplied or allowed to be used or
even allowed to be kept with the candidates. Violation of this rule
may lead to penalties. use of nonprogrammable electronic calculator
is permitted.

(9) ALL ROUGH WORK MUST BE DONE IN THE LAST THREE OR
FOUR PAGES OF THE ANSWER BOOKLET; ADDITIONAL
BOOKLETS WILL BE PROVIDED ON DEMAND, WHICH
SHOULD BE ATTACHED TO THE ANSWER BOOKLET BEFORE
RETURNING.
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Paper II : Descriptive type on Statistics

A : Probability and Sampling

1. (a) State and prove Basic inequality.

(b) Show that 
3
2

6)(0 P  if X has probability density function 0,
2

e
 )( 

2-

 x
x

x
x

f

and = 0, otherwise.

2. (a) Describe linear systematic sampling. If N = nk and Yi = i for i = 1, 2, ....., N.
Derive variance of Y sys. Show that in this case systematic sampling is more
precise than simple random sampling.

(b) In nursaries that produce young trees for sale, it is advisable to estimate, in
early spring, how many healthy young trees are likely to be on hand. A
study of sampling methods for the estimation of total number of seedlings
was undertaken. The data that follow were obtained from a bed of silver
maple seedlings 1 ft. wide and 400 ft. long. The sampling unit was 1 ft. of
the length of bed, so that N = 400. By complete enumeration of the bed it
was found that Y  = 1.96, S

2 = 80, these being the true population values.
With simple random sampling how many units must be taken to estimate  Y
within 10% of the true value with a confidence coefficient of 95%. (Zα  = 1.96).

3. (a) Define ratio estimate. Show that it is biased. Explain how to obtain unbiased
ratio type estimator.

(b) A population consists of 5 units, with response variable Y taking values  (2,3,5,6,8)
and auxiliary variable X taking values (1,2,3,4,5). Consider all simple
random samples without replacement of size 3 and obtain Bias

of Ŷ R [ Ŷ R  denotes the ratio estimate of population mean. ]

B : Linear Models and Economics Statistics

4. (a) Consider the usual model eXY  β  where  nINe 2σ,0~ . Suppose X is a n × p

matrix of rank p and let A be a p × k matrix of rank k. Derive the appropriate test

statistic to test 0 ββA   . Also find its distribution. Comment on the case k = 1.

(b) Let  y1 = ß1 – ß2 + e1, y2 = ß3 + e2 and  y3 = ß1 + ß2 + e3 where  e1, e2 and e3 are

IN(0, σ 2). Derive a test to test the 2ß1 – ß2 = 0.

5. (a) Consider the two-way classification model—

yij = µ + α i + ßj + eij  i = 1, 2, ......p, j = 1, 2, ....., q
State the assumptions required for the analysis and dervie the tests for the

hypotheses  H :α 1 = α 2 = ...... = α p and H : ß1 = ß2 = ....... = ßq .
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(b) Assume that an experiment was run on three ovens, each at four temperatures

to ascertain the strength of the final product. The observations are given in

the following table. Obtain ANOVA and write your conclusions.

Oven 1 2 3

Temperature

1 3 4 3

2 6 6 8

3 3 3 5

4 4 3 7

Fα  (3, 6) = 4.76  Fα  (2, 6) = 5.14 and α  = 0.05.

6. (a) Discuss different problems that arise in the construction of cost of living index
numbers.

Derive Fisher’s formula for cost of living index numbers. Show that it satisfies
(1) Time reversal test and (2) Factor reversal test.

(b) Using the data given below find Fisher’s Price Index Numbers and show that

it satisfies time reversal test—

Commodity 1999 2002

Quantity Price Quantity Price

Rice 50 32 50 30

Barley 35 30 40 25

Maize 55 16 50 18

C : Statistical Inference

7. (a) Let   12
1

n
iY  are independent identically distributed (iid) rvs with uniform

( µ – 1, µ +1). Show that Y(n+1), the sample median and Y 2n+1 = )12(
12

1






nY
n

i
i the

sample mean are consistent estimators. Which estimators will you prefer ? Why ?

(b) Let X1 = X2 ......, Xn be iid rvs with exponential distribution, ƒ (x, θ), where

ƒ (x, θ) = θ/  
1 xe
θ

 ; x > 0, θ > 0. Prove that the UMVUE of ƒ (x, θ) is given

by  h ( tx   ), the conditional pdf of  X1 given T = t, where T = 


n

i
iX

1

,

tx
t

xtn
t  xh

n

n









  ;
)1)((

)( 1

2

    = 0      ; x > t.
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8. (a) Define (i) Similar Test (ii) Neyman Structure Test. Prove that every test )( X

having Neyman structure for  θ  is a similar test where  is a boundary

of  0  and  0  for testing    : 0 θH against    : 01 θH .

(b) Let X1 = X2 ,...... Xn be a random sample drawn from uniform distribution U (0, θ).

Find out a UMP size α  test for testing—

(1)    : 00 θθ H  against     : 01 θθ H (2)    : 00 θθ H  against    : 01 θθ H .

9. (a) Define the probability of concordance  )π( c and probability of discordance

)π( d . Obtain an unbiased estimate of dc ππ τ  .

(b) In a flower show the judges agreed that five exhibits were outstanding and
these were numbered arbitrarily from 1 to 5. Three judges each arranged

these five exhibits in order of merits, giving the following rankings—

Judge A 5 3 1 2 4

Judge B 3 1 5 4 2
Judge C 5 2 3 1 4

Compute Kandall’s sample tau coefficient T from the three possible pairs of

rankings.

D : Stochastic Processes

10. (a) If i   j ( i communicates with j ) and  i is recurrent then show that j is also recurrent.

(b) Classify the states of the Markov Chain with following transition probability
matrix—

0 1 2 3 4 5
0 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0.5 0 0 0 0.5 0
4 0 0 0 0 0 1
5 1 0 0 0 0 0

Find the period of the Markov Chain and the stationary distribution.

11. (a) In a Poisson Process n events have occurred during (0, t). Show that probability
distribution of the number of events that have occurred during (0, s) s < t
is binomial with success probability s/t.

(b) Let Xt, be a Markov Process on {1,2} with generator














λλ
µµ

A

Write down the Kolmogorov forward equation and solve them for transition
probabilities pij (t) for i, j = 1, 2. Find P[ Xt = 2 / X0 = 1, X3t = 1 ].

12. (a) A time series model is specified by yt = yt–1 – 0.5 yt–2 + et  where  et  is white noise
process with variance 2σ . Determine whether the process is stationary. Also
derive autocorrelation 21   , ρρ  for this process.
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(b) The time series Zt is believed to follow a ARIMA (1,d,0)  process for some value
of d. The time series Zt (k) obtained by differentiating k times and sample
autocorrelation are shown in the table below for values of k—

k=0 k=1 k=2 k=3

r1 1.00 1.00 0.83 –0.03

r2 1.00 1.00 0.66 –0.12

r3 1.00 1.00 0.54 –0.11

r4 1.00 0.99 0.45 –0.01

r5 1.00 0.99 0.37 –0.03

r6 0.99 0.99 0.30 –0.12

r7 0.99 0.98 0.27 0.03

r8 0.99 0.98 0.24 0.03

r9 0.99 0.97 0.19 0.03

r10 0.99 0.97 0.13 –0.07

Determine values for d and the parameter α  in the underlying AR(1) process.

E : Multivariate Analysis

13. (a) Suppose X be Np+q (  , µ ). Suppose X =  (2)(1)
qp XX  ,  be a partitioned vector. Derive

the marginal distribution of X (1) and conditional distribution of X (1) given

X (2) = x (2).

(b) Let X be distributed as N3 (  , µ ) where 2) 1,(1, µ  and 





















201
050
104

Σ   .

Obtain the marginal distribution of  X1 and conditional distribution of X1  given
that ( X2 = x2 , X3 = x3 ).

14. (a) Define population principal components.  Obtain the correlation coefficient
ρ  ( Yi , Xk ), where Yi denotes the ith principal component and Xk denotes  kth

element of vector )  ......, ,(  p1  XXX .

(b) Find the first principal component and the proportion of the total population
variance explained by it when the covariance matrix is—

 

)  

 

 of eigenvalue one is   :  Hint (

2

1
   

2

1
 , 

0

0
 

2 

22

222

22

Σ

Σ

σ

ρ
σρσ
ρσσρσ

ρσσ




















  

15. (a) (i) Define Mahalanobis distance 2 , a measure of the distance between the two
normal populations.



(ii) Suppose 2 1,  i ), ,( ~ 2 i µN X where  2)    2( 1  µ , 









32
22

      and  0)    (0 2 Σµ .

Compute the Mahalanobis distance 2 and obtain the linear discriminant
function.

(b) What is cluster analysis ? Using the distance matrix of five items given below—

0 4 6 1 6

4 0 9 7 3

6 9 0 10 5

1 7 10 0 8

6 3 5 8 0
Cluster the items using complete linkage hierarchical method. Draw the
dendrogram.

F : Numerical Analysis and Basic Computer Techniques

16. (a) Describe the Newton-Raphson method for unconstrained optimization of an
algebraic function. Does this method always find an optimal solution ? State
the assumptions of this method.

(b) Make a critical comparison of the method with the bisection method. Illustrate
your answer with an example.

17. (a) Describe the closed quadrature method of numerical integration.

(b) Derive the trapezoidal and Simpson’s 1/3rd rules of numerical integration and
make a comparison between these methods in terms of their accuracy. Give
an example to illustrate your answer.

18. (a) Describe any two sorting algorithms.

(b) Discuss the best-case and the worst-case time complexities of the bubble sort
algorithm. Illustrate your answer with an example.
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