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UeUS 2 (qUiFTd wu)
Es A : Probability sk Sampling

1. (1) g s forgar Rig SIfvTg |
-x, 2
© X ,x>0 3R =0, a=germ gl

2
(@ Tl @ P(0<X<6)>§ 3R x ®1 pdf f(x)=

2. (31) YRaep1 ArsIgg AT T BT g P IR N=nk iR Y, =7,i=1,2, ..., N & foq

Y s BT TR R BT |
IR Bl 39 R A Aromrag T 999 el 9l (Precise) © WRel THAT 949 b Ghraed |

(@ T A Ui el & g S O | HelTE & I 8, a9d & gd e w@el Ulg AR I8
SAPT JATHAT Bl THAT AT Ugcll & ALY | Pl AP A1 1 Bie drel 3R 400 Hic
@4 bed of silver maple seedlings ¥ f4aR0T UTa foFar AT =9 & <<l & &I didlg

T Bie off, dfe N = 400 Aqot 7o # =erg & & aiva ¥ = 1.96, S” = 80,3 Al
@ T8 I (Value) ¥ | A I5f2d T 799 A fha g@Hgal o Sl 8 Y 3
P foIQ A8l a4 & 10% IR A1 H 95% Ul WeYA (confidence coefficient)
(Za = 1.96) |

3. () U MBI &I @RAT Qo | SR % @ (biased) &1 Unbiased ratio bR &
B ST Tgdl garsy |

(@) us |fr< (population) ¥ 5 S8l (units) € W # Y a¥gra (2,3,5,6,8) FwAT 01 &1
IR [ (auxiliary) TR X 7 (1,2,3,4,5) GG 0T &1 & | 3 GRATT HaRfed T

gRtremue & a1 R @R R @ (bias) Ve T &R [ v ST € | sig
BT ratio THD |

@s B : Y6 ufawy iR o wifers!

4. (o) A=y gferey Y = X B+e el g~N(o,52|n)|HFraﬁX%nxpEmWaT(Matrix)%fW
rank p 3R @I A € p x k &1 Gran (Matrix) 9@ rank k A'f= [, qifers
gRReroT = & forg gRetor fHaiRa & Se | a1 &1 g9 dfdarer @i | case k = 1 ®
femoft a |

(@) Ay, =B, - B, +e,y,=P, +e, Ry, =f +p,+e SEl e e, 3R e 7 INO,c?
2B, — B, =0 P uRerr & forg uReror FHeiRa o |

5. (31) gawl gHeRor ufoRey faamR & |
yij=|i+0ti+/3j+eij 1 =1, 2, ... D, j=1 2, ... , q
fageryor & forg Sredt et ford SIRH:0 = 0,= ....= ¢ IRH:f=f,=..=8
hypotheses afRRermr feiRa HIfvTT |



CON 159 3

(@) AF A sfEd U AT R g, St Sare & ASigd! udr e & oY U Bl AR
SSIT-3TTT JTTHTE TR T | 31l ol =1 arferer & T 17 €1 ANOVA Ui & 3R

s feny ford 1 —
Oven 1 2 3
Temperature
1 3 4 3
2 6 6 8
3 3 3 5
4 4 3 7

Fo (3,6) =476 Fq (2,6) =5.14 and o = 0.05 |

6. (31) faTe =@ ol I H 3farel Mt Hicaal & ==l & |
frafe = adie & v R &1 g FEiRa i |
gRyuidr e f& (1) Time reversal test and (2) Factor reversal test.

(@ frfaRed fdaror & ST & R & qe0 gadie udl gy iR <9 f$ 98 Time
reversal test IRV FRaT & —

Commodity 1999 2002
Quantity | Price |Quantity| Price
Rice 50 32 50 30
Barley 35 30 40 25
Maize 55 16 50 18

s C : wiferst foeed
7. (&) A {y, )2 <Gdo iR WA o0 9 AaRa agfesd oY avgd uniform (K- 1, H+1) &1

2n+1

Sl fb T 7Y, SR Vzml = ZYi / (2n+1) , T 39 (consistent estimators)
=1

TbYRT ATheAT 8 | BT ATher AT prefer HI ? a1 ?

(@ 7 MX, X, , ..., X T AR G B A IR Tgfsd @R axqd & Sdlexponential

x/0

GIECREE f(x,G)TrI’Eﬁf(x,G):%e_ ;>0, 6>0.

Rig BIRT £ (x, 6) 51 UMVUE @8 h (x|t) 21
X, @1 conditional pdf 518l T = t, Si&afe T = in
i1

(n-DE-x)""

h(x|t)= sx<t

tn—l

= 0 ;x> L

[geedr aRgu
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8. (31 uRHmT HIY (i) Similar Test (ii) Neyman Structure Test.
g A @ (X) & 7% IReror fgat Neyman 9 © 9 e A & oI similar test 2|
SEf Ho:0eA fieg Hy160eQ-Qp FuRemrd A g Q) ik Q-Q, aI

@ 7 X, , X, , ... X Igfesd =) avqd T qEH diaawer U (0, 6) ¥ faw €1 gikeror
gRT At & UMP size o test, UReTor & fog—

(1) Hy:0<6, famg H,:0>86,
(2) Hy:0=6, fawg H,:06, |
9. (3) Concordance (m,) @I ¥ 3R discordance () B! HUIGAT Bl GRHT B |
T= T, — Ty BT AT ATl T B |
(@) Bl & U # uRerd Urd USRMl P SHET o & [l Fedd 8 T 3R §9 USRIl B

Weg—ar arbitrarily from 1 to 5 SHifRd fHar | @9 gReral 7 ee™ @ fFrafated
ranking (%) SR YUIHAR TLAT B |

Judge A 5 3 1
Judge B 3 1 5
Judge C 5 2 3 1 4

Kandall’s 9T tau T[ore T &1 9 SIS & HATT A ATH D |
@s D : Stochastic Processes
10. (3N 3R i <> j (i 910 &RaT ¥ j & 9) i3mad® & o fig $ITYj ff (recurrent) 3nad® 2|

(@) fr=faRed transition probability matrix @1 states of the Markov Chain & aifigd
1_

TR WN - O
o
mOoOmooo o
coococoR M
coocorROo N
coorRoOo W
comooo A~
oOROoOoCOoO Ut

Markov Chain &1 m@efl @R stationary Afdd=or &1 gar @ |
11. (37) Poisson UfshaT # (0, ¢) SR n TRl 85 Y (0, s) s < t IR 8GRI DI FHGAT
TfaaRoT binomial & ST8T success & FHEGT s/¢ 2|
(@) @ X, b Markov Ufsham & {1,2} WX & generator

A= {—XH _L;J?ﬁ |1 Kolmogorov &1 1RRT FHIGRUT foRkd 3R &1 B

transition SHTATIT p, (t) ST i, j = 1,2 & forg A oxi—
PIX, =2/X,=1,X, = 1]

12, (37) " gfaen yfowd gR1 ff¢se y, =y, — 05y, +e, 81 W&l e, white noise Ufthar &
[T F AR o2 | UiHAT stationary ¥ @1 ? MfTad o A & g9 ufhdr & fog
ERNENAGY p1,P o T BN |
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(@) w7 g@ern Z, ARIMA (1,d,0) 9far d & T Jea & forg fisara & arer ol o §gei, (k)
97 k & differentiate &R UTW © iR WHewdy FfeRad dad Hk & forg S=mar g—

k=0 | k=1 | k=2 | k=3
r 1.00 1.00 0.83 -0.03
Ty 1.00 1.00 0.66 -0.12
rs 1.00 1.00 0.54 -0.11
ry 1.00 0.99 0.45 -0.01
rs 1.00 0.99 0.37 -0.03
T's 0.99 0.99 0.30 -0.12
ry 0.99 0.98 0.27 0.03
Is 0.99 0.98 0.24 0.03
Ty 0.99 0.97 0.19 0.03
o 0.99 0.97 0.13 -0.07
d &1 g7 FgiRT PIAT 3R parameter o 1 underlying AR(1) ufshan o #ea FeiiRa

BT |
s E (Multivariate Analysis)

18, @) AMAXEN, (KWE) QAT ol X = (X,(gl)a XéZ))' partitioned vector & | X V' ®T marginal
distribution 3R X &1 werd distribution feiRa @Rg | famm gam & X P =x @ |
(@ &M X faaRka & N, (K Z) Sei—

4 0 -1
H=(1-12) 3R X=| 0 5 0 | U B X, BT AHd IR0 AR |9 Afqavor X, &
-1 0 2

e & (X, =x, X, =x,)

14. (37) Hf¥ss Y@ 371 (population principal components) &I URHNT BT | HeddY T0Th
p (Y, X,) s X S8l Y, &¥idl & ith 799 3T & 3k X, <wifar & k* element
of vector X =(X4,...... , X, )

(@) Tl Sy ufeell W Heh AR ol A YERU BT IIU, i1 DI W€ BT 8 T4 g U_RI

ARAT T |
o2 o’ 0
Y =|o%)p o opl—=<p<—
A B
o°p o

(Hint: o? is one eigenvalue of X )
15. (31 (1) Mahalanobis 3icR A? &1 aRUMT BT, | AEFT GRS &S & AR BT 707 |

| o[22
(2) HTET X ~ ]\f2 (u’i’ 2)’ i = 1’ 2 GT_S’T IJ'l = (2 2) ! Gﬁ? “2 = (0 0) 5 > = |:2 3:|

TUET BT Mahalanobis 3idR A2, 3R U &% linear discriminant function |

[geedr aRgu
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(@) | fawemur & g ? (Cluster Analysis) FrAfaRad distance IRHT & $© I8 (items)

& IUIRT FR—

0 4 6 1 6

4 0 9 7 3

6 9 0 10 5

1 7 10 0O 8

6 3 5 8§ 0
complete linkage hierarchical &l & ITANT ¥ I (item) & g 95 dendrogram
Ty |

s F : G favays ik giardt G aa-te

16. (31) Newton-Raphson & UgdIJdR pa-algebraic function unconstrained optimization

BT oI N |
FT B I IE gl optimum FHIEN T UK ® ? 9 Ugell & ATl b ford |

(@) fgwrsT g (bisection method) & STAR U FHIAIEIHD Il DITOY | SETERUT ShR
W N |

17. (31) Numerical Integration @' closed quadrature T& & qui & |

(d@) WITHES THIGRT & trapezoidal 31X Simpson’s 1/3% frm & feiRa HIRTT &R M1 TGt
P T JATIAT BT JeI BN qAT IQTERY bR W P |

18. (31 fo=dt #t <1 sorting algorithms @1 auiF ST |

(@) Bubble sort algorithm & 36 ¥ 3/ 3R g¥ A X time complexities TR F@l H TAT
JGTENUT THR W PN |
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Instructions.—(1)

(2)
(3)
(4)

(5)

(6)

(7)

(8)

(9)

7

The candidate may attempt any five questions selecting not more
than two from any section. In case the candidate answers more than
five questions, only the first five questions in the chronological order
of question numbers answered will be evaluated and the rest of the
answers ignored.

Each question carries 20 marks.
Answers must be written in English or in Hindi.

QUESTIONS FROM EACH SECTION SHOULD BE ANSWERED
ON SEPARATE ANSWER-BOOK/SUPPLEMENTS.

Answer to each question must begin on a fresh page and the question
number must be written on the top.

On the answer-book, Name, Roll Number etc. are to be written in
the space provided for them. Name or Roll Number should not be
written on the supplement.

Candidates should use their own pen, pencil, eraser and pencil-
sharpener and footrule.

No reference books, Text books, Mathematical tables, Engineering
tables or other instruments will be supplied or allowed to be used or
even allowed to be kept with the candidates. Violation of this rule
may lead to penalties. use of nonprogrammable electronic calculator
is permitted.

ALL ROUGH WORK MUST BE DONE IN THE LAST THREE OR
FOUR PAGES OF THE ANSWER BOOKLET; ADDITIONAL
BOOKLETS WILL BE PROVIDED ON DEMAND, WHICH
SHOULD BE ATTACHED TO THE ANSWER BOOKLET BEFORE
RETURNING.
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Paper II : Descriptive type on Statistics
A : Probability and Sampling

1. (a) State and prove Basic inequality.
-x,.2
(b) Show that P(0 <X <6) > % if X has probability density function f(x)= eTx’x >0

and = 0, otherwise.

2. (a) Describe linear systematic sampling. f N =nkand Y, =i fori=1, 2, ..., N.
Derive variance of Y. Show that in this case systematic sampling is more
precise than simple random sampling.

(b) In nursaries that produce young trees for sale, it is advisable to estimate, in
early spring, how many healthy young trees are likely to be on hand. A
study of sampling methods for the estimation of total number of seedlings
was undertaken. The data that follow were obtained from a bed of silver
maple seedlings 1 ft. wide and 400 ft. long. The sampling unit was 1 ft. of
the length of bed, so that N = 400. By complete enumeration of the bed it
was found that Y = 1.96, S° = 80, these being the true population values.
With simple random sampling how many units must be taken to estimate Y
within 10% of the true value with a confidence coefficient of 95%. (Zo = 1.96).

3. (a) Define ratio estimate. Show that it is biased. Explain how to obtain unbiased
ratio type estimator.

(b) A population consists of 5 units, with response variable Y taking values (2,3,5,6,8)
and auxiliary variable X taking values (1,2,3,4,5). Consider all simple
random samples without replacement of size 3 and obtain Bias

of ¥ [V denotes the ratio estimate of population mean. ]

B : Linear Models and Economics Statistics

4. (a) Consider the usual model Y =X B+¢e where ¢ ~ N (0,52 | n). Suppose Xisan x p
matrix of rank p and let A be a p x £ matrix of rank k. Derive the appropriate test
statistic to test A'f= f, . Also find its distribution. Comment on the case k = 1.

(b) Let y, =8, —f,+e,y,=p;+e,and y, = + 3, + e, where e e, and e are
IN(0, 6*). Derive a test to test the 28, — 5, = 0.

5. (a) Consider the two-way classification model—
yij=|i+0ti+/3j+eij 1 =1, 2, ... D, j=1 2, ... , q
State the assumptions required for the analysis and dervie the tests for the
hypotheses H:o = o = ... =0 and H: = f,= ... =f.
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(b) Assume that an experiment was run on three ovens, each at four temperatures
to ascertain the strength of the final product. The observations are given in

the following table. Obtain ANOVA and write your conclusions.

Oven 1 2 3
Temperature

1 3 4 3

2 6 6 8

3 3 3 5

4 4 3 7

Fo (3,6) =476 Fqy (2, 6) = 5.14 and o = 0.05.

6. (a) Discuss different problems that arise in the construction of cost of living index
numbers.
Derive Fisher’s formula for cost of living index numbers. Show that it satisfies
(1) Time reversal test and (2) Factor reversal test.

(b) Using the data given below find Fisher’s Price Index Numbers and show that

it satisfies time reversal test—

Commodity 1999 2002
Quantity | Price |Quantity| Price
Rice 50 32 50 30
Barley 35 30 40 25
Maize 55 16 50 18

C : Statistical Inference
7. (a) Let {YL }f'”l are independent identically distributed (iid) rvs with uniform

2n+1

(M =1, L +1). Show that Y., the sample median and \72n+1 = ZYi / (2n+1) the
i=1

sample mean are consistent estimators. Which estimators will you prefer ? Why ?

(b) Let X, = X, ...... , X be iid rvs with exponential distribution, f (x, 6), where

1 _
f (x,0) = o e /0 ; >0, 6> 0. Prove that the UMVUE of f (x, 6) is given

by A (x| t), the conditional pdf of X given T = t, where T = ZXi ,

=1

(n-1)t-x)""

h(x|t)= ;x<t

tn—l

= 0 ;x> 1



CON 159 10

8. (a) Define (i) Similar Test (i) Neyman Structure Test. Prove that every test ® (X)
having Neyman structure for 6 € A is a similar test where A is a boundary
of Q, and Q-Q, for testing H,:0 <A against H;:8eQ-Q,.

(b) Let X, =X ,...... X be a random sample drawn from uniform distribution U (0, 6).

Find out a UMP size a test for testing—
(1) Hy:6<6, against H,:6>6, (2) H;:6=6, against H,:6=6, .

9. (a) Define the probability of concordance (n,) and probability of discordance
(n;) Obtain an unbiased estimate of T=7, 7.

(b) In a flower show the judges agreed that five exhibits were outstanding and
these were numbered arbitrarily from 1 to 5. Three judges each arranged

these five exhibits in order of merits, giving the following rankings—

Judge A 5 3 1 2 4
Judge B 3 1 5 4 2
Judge C 5 2 3 1 4

Compute Kandall’s sample tau coefficient T from the three possible pairs of
rankings.
D : Stochastic Processes
10. (a) Ifi « j(icommunicates withj)and i is recurrent then show that j is also recurrent.

(b) Classify the states of the Markov Chain with following transition probability

matrix—
_ 0 1 2 3 4 5_
0 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0.5 0 0 0 0.5 0
4 0 0 0 0 0 1
5 1 0 0 0 0 0

Find the period of the Markov Chain and the stationary distribution.

11. (a) In a Poisson Process n events have occurred during (0, £). Show that probability
distribution of the number of events that have occurred during (0, s) s < t
is binomial with success probability s/t.

(b) Let X, be a Markov Process on {1,2} with generator
A_|H K
L=
Write down the Kolmogorov forward equation and solve them for transition
probabilities p, (t) for i, j=1, 2. Find P[X, = 2/X =1, X =1].

12. (a) A time series model is specified by y, =y, , - 0.5y, , + e, where e, is white noise
process with variance 2. Determine whether the process is stationary. Also
derive autocorrelation 2 1, P> for this process.
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(b) The time series Z, is believed to follow a ARIMA (1,d,0) process for some value
of d. The time series Z, (k) obtained by differentiating k times and sample
autocorrelation are shown in the table below for values of k—

k=0 | k=1 k=2 k=3
r 1.00 | 100 [ 0.83 | -0.03
r 1.00 | 1.00 | 0.66 | -0.12
s 1.00 | 1.00 | 054 | -0.11
ry 1.00 | 099 [ 045 | -0.01
s 1.00 | 099 [ 0.37 | -0.03
e 099 | 099 | 030 | -0.12
r. 099 | 098 | 027 | 0.03
s 099 | 098 | 024 | 0.03
o 099 | 097 | 019 | 0.03
T 099 | 097 | 013 | -0.07

Determine values for d and the parameter o in the underlying AR(1) process.
E : Multivariate Analysis

13. (a) Suppose X be NM (KZ). Suppose X = (X](Jl)’ XéZ))' be a partitioned vector. Derive

the marginal distribution of X and conditional distribution of X" given

X@= @
4 0 -1
(b) Let X be distributed as N, (LX) where M=1,-1,2) gnd X=| 0 5 0
-1 0 2

Obtain the marginal distribution of X, and conditional distribution of X; given
that (X, = x,, X, = x,).

14. (a) Define population principal components. Obtain the correlation coefficient
p (Y, X, ), where Y, denotes the ith principal component and X, denotes k”

element of vector X =(Xj,....., X)".

(b) Find the first principal component and the proportion of the total population
variance explained by it when the covariance matrix is—
o2 c2p 0
Y =|o%p o op|,—=<

1
p<—7=
2 | V2 V2

0 o’ o

(Hint : o 2 is one eigenvalue of X )

15. (a) (i) Define Mahalanobis distance A?, a measure of the distance between the two

normal populations.
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2 2
(i) Suppose X ~ N, (4;,%),i=1,2where p;=(2 2)’, H2=(0 0)’andX —{2 3]

Compute the Mahalanobis distance A?and obtain the linear discriminant
function.

(b) What is cluster analysis ? Using the distance matrix of five items given below—

0 4 6 1 6
4 0 7 3
6 9 10 5
1 7 10 0 8
6 3 5 8 0

Cluster the items using complete linkage hierarchical method. Draw the
dendrogram.
F : Numerical Analysis and Basic Computer Techniques

16. (a) Describe the Newton-Raphson method for unconstrained optimization of an
algebraic function. Does this method always find an optimal solution ? State
the assumptions of this method.

(b) Make a critical comparison of the method with the bisection method. Illustrate

your answer with an example.
17. (a) Describe the closed quadrature method of numerical integration.

(b) Derive the trapezoidal and Simpson’s 1/3rd rules of numerical integration and
make a comparison between these methods in terms of their accuracy. Give

an example to illustrate your answer.

18. (a) Describe any two sorting algorithms.

(b) Discuss the best-case and the worst-case time complexities of the bubble sort

algorithm. Illustrate your answer with an example.




