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Class XII - NCERT — Maths Chapter 1 - Relations and Functions m

Exercise 1.1

Determine Whether each of the following relations are reflexive, symmetric and
transitive:

(i) Relation R in the set A = {1, 2, 3...13, 14} defined
R={(x,y):3x-y=0}
(i1) Relation R in the set N of natural numbers defined as
R={(x,y):y=x+5and x <4}
(ii1) Relation R in the set A = {1, 2, 3,4, 5, 6) as
R= {(x, y): y is divisible by x}
(iv) Relation R in the set Z of all integers defined as
R = {(x, y): x - y is as integer}
(v) Relation R in the set A of human beings in a town at a particular time given by
(a) R = {(x, y): x and y work at the same place}
(b) R = {(x, y): x and y live in the same locality}
(c) R ={(x, y): x is exactly 7 cm taller than y}
(d) R = {(x,y): xis wife of y}
() R = {(x, y): x is father of y}

Solution 1:

1)A=1{1,2,3...13, 14}
R={(x,y):3x —y=0}
~R=1{(1,3), (2, 6),(3,9), (4, 12)}
R is not reflexive since (1, 1), (2, 2) ... (14, 14) € R.
Also, R is not symmetric as (1, 3) € R, but (3, 1) € R. [3(3) — 1 # 0]
Also, R is not transitive as (1, 3), (3,9) € R, but (1, 9) € R. [3(1) —9 # 0]
Hence, R is neither reflexive, nor symmetric, nor transitive.

() R={x,y):y=x+5and x <4} ={(1,6),(2,7), (3, 8)}
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It is clear that (1, 1) € R.
~ R is not reflexive.
(1,6) € R But, (1, 6) € R.
~ R 1s not symmetric.

Now, since there is no pair in R such that (x, y) and (y, z) € R, then (X, z) cannot belong
to R.

~ R is not transitive.

Hence, R is neither reflexive, nor symmetric, nor transitive.
() A={1,2,3,4,5,6}

R = {(x, y): y is divisible by x}

We know that any number (X) is divisible by itself.

So, (x,x) ER

~ R is reflexive.

Now,

(2,4) € R [as 4 is divisible by 2]

But, (4, 2) € R. [as 2 is not divisible by 4]

~ R is not symmetric.

Let (x, y), (v, z) € R. Then, y is divisible by x and z is divisible by y.
=~ z 1s divisible by x.

= (x,z) ER

=~ R is transitive.

Hence, R is reflexive and transitive but not symmetric.

(iv) R = {(x, y): x —y is an integer}
Now, for every X € Z, (X, Xx) € R as x —x =0 is an integer.
=~ R is reflexive.
Now, for every X, y € Z, if (X, y) € R, then x — y is an integer.
= —(x —y) is also an integer.
= (y — X) is an integer.
~(y,x) ER
~ R is symmetric.
Now, Let (x,y) and (y, z) € R, where X, y, z € Z.

= (x —y) and (y — z) are integers.
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= x—z=(X—y)*(y—2z)is an integer.
~(x,z) ER
~ R is transitive.
Hence, R is reflexive, symmetric, and transitive.

(v) (a) R={(x,y): x and y work at the same place}
= (x,X) ER [as x and x work at the same place]
~ R is reflexive.
If (x, y) € R, then x and y work at the same place.
= y and x work at the same place.
= (y, x) ER.
~ R is symmetric.
Now, let (x,y), (y,z) ER
= x and y work at the same place and y and z work at the same place.
= x and z work at the same place.
= (x,z) ER
=~ R is transitive.
Hence, R is reflexive, symmetric and transitive.

(b) R = {(x, y): x and y live in the same locality}

Clearly, (x, x) € R as x and x is the same human being.
~ R is reflexive.
If (x, y) € R, then x and y live in the same locality.
= y and x live in the same locality.
= (y,x) ER
= R 1s symmetric.
Now, let (x,y) € Rand (y, z) € R.
= x and y live in the same locality and y and z live in the same locality.
= x and z live in the same locality.

= (x,z) ER
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~ R 1s transitive.

Hence, R is reflexive, symmetric and transitive.
(c) R={(x, y): x is exactly 7 cm taller than y}

Now, (x, X) € R

Since human being x cannot be taller than himself.

=~ R is not reflexive.

Now, let (x,y) € R.

= x is exactly 7 cm taller than y.

Then, y is not taller than x. [Since, y is 7 cm smaller than x]

~(y,x) €R

Indeed if x is exactly 7 cm taller than y, then y is exactly 7 cm shorter than x.

=~ R is not symmetric.

Now,

Let (x,y), (y,z) ER.

= x is exactly 7 cm taller than y and y is exactly 7 cm taller than z.

= x is exactly 14 cm taller than z .

~(x,z) €R

= R 1s not transitive.

Hence, R is neither reflexive, nor symmetric, nor transitive.
(d) R = {(x, y): x is the wife of y}

Now,

(x,x) €R

Since x cannot be the wife of herself.

~ R is not reflexive.

Now, let (x,y) ER

= x is the wife of y.

Clearly y is not the wife of x.

~(y,x) €R

Indeed, if x is the wife of y, then y is the husband of x.
-~ R is not transitive.
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Let (x,y), (v,z) ER

= x is the wife of y and y is the wife of z.

This case is not possible. Also, this does not imply that x is the wife of z.
~(x,z) €R

~ R is not transitive.

Hence, R is neither reflexive, nor symmetric, nor transitive.

(e) R = {(x, y): x is the father of y}
(x,x) €R
As x cannot be the father of himself.
= R 1s not reflexive.
Now, let (x,y) € R.
= x is the father of'y.
= y cannot be the father of'y.
Indeed, y is the son or the daughter of'y.
s~ (y,x) €R
~ R is not symmetric.
Now, let (x,y) € R and (y, z) € R.
= x is the father of y and y is the father of z.
= X 1s not the father of z.
Indeed, x is the grandfather of z.
~(x,z2) €R

~ R is not transitive. Hence, R is neither reflexive, nor symmetric, nor transitive.

Show that the relation R in the set R of real numbers, defined as R = {(a, b): a < b?}
is neither reflexive nor symmetric nor transitive.

Solution 2: (i) R = {(a, b): a < b*}

11
It can be observed that ( 5,5) € R,
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. 1(1)2
since, —>| —
272

R is not reflexive.

Now, (1, 4) € R as 1 <42 But, 4 is not less than 1°.

“(4,1)¢R

~ R 1s not symmetric.

Now,

(3,2),(2,1.5)eR [as 3<2?=4and 2 < (1.5)°=2.25]
But, 3 > (1.5)*>=2.25

~ (3,15 &R

~ R is not transitive.

Hence, R is neither reflexive, nor symmetric, nor transitive.

Check whether the relation R defined in the set {1, 2,3,4,5,6} asR={(a,b):b=a
+ 1} 1s reflexive, symmetric or transitive.

Solution 3: Let A= {1, 2, 3,4, 5, 6}.

A relation R is defined on set A as: R = {(a,b): b=a+ 1}
~R=1{(,2),(2,3),(3,4),4,5),(5,6)}

we can find (a, a) € R, where a € A.

For instance,
(1,1),(2,2),(3,3),(4,4),(5,5),(6,6) €R

~ R is not reflexive.

It can be observed that (1, 2) € R, but (2, 1) € R.
~ R is not symmetric.

Now, (1, 2),(2,3) ER

But, (1,3) € R

~ R is not transitive
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Hence, R is neither reflexive, nor symmetric, nor transitive.

Show that the relation R in R defined as R = {(a, b): a <b}, is reflexive and
transitive but not symmetric.

Solution 4: R = {(a, b): a<b}
Clearly (a,a) €R [asa=a]

~ R 1s reflexive.

Now, (2,4) ER (as 2 <4)

But, (4, 2) € R as 4 is greater than 2.

~ R is not symmetric.

Now, let (a, b), (b, ¢c) € R.

Then,a<bandb<c

=>a<c

= (a,c) ER

=~ R is transitive.

Hence R is reflexive and transitive but not symmetric

Check whether the relation R in R defined as R = {(a, b): a <b?} is reflexive,
symmetric or transitive.

Solution 5: R = {(a, b): a< b}
. 11 .1 (1Y
It is observed that (—,— ) € R, since, —>| —
2°2 2 \2

=~ R is not reflexive.

Now, (1,2) ER (as 1 <23 =28)
But, (2,1) € R (as 2° > 1)

~ R 1s not symmetric.

2 3
We have (3,3), (E,g) € R, since 3 < 3 and 3 < 6
2725 2 2 5
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3
But (3,§) ¢ Ras3> (gj
5 5

~ R 1s not transitive.

Hence, R is neither reflexive, nor symmetric, nor transitive.

Show that the relation R in the set {1, 2, 3} given by R = {(1, 2), (2, 1)} is
symmetric but neither reflexive nor transitive.

Solution 6: Let A = {1, 2, 3}.

A relation R on A is defined as R = {(1, 2), (2, 1)}.

It is clear that (1, 1), (2, 2), (3, 3) € R.

~ R is not reflexive.

Now, as (1,2) € R and (2, 1) € R, then R is symmetric.
Now, (1,2)and (2, 1) ER

However, (1, 1) € R

=~ R is not transitive.

Hence, R is symmetric but neither reflexive nor transitive.

Show that the relation R in the set A of all the books in a library of a college, given
by R = {(x, y): x and y have same number of pages} is an equivalence relation.

Solution 7: Set A is the set of all books in the library of a college.

R = {x, y): x and y have the same number of pages}

Now, R is reflexive since (X, x) € R as x and x has the same number of pages.
Let (x, y) € R = x and y have the same number of pages.

= y and x have the same number of pages.

= (y,x) ER

~ R is symmetric.

Now, let (x,y) ER and (y, z) € R.

= x and y and have the same number of pages and y and z have the same number of pages.
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= x and z have the same number of pages.
= (x,z) ER

~ R is transitive. Hence, R is an equivalence relation.

Show that the relation R in the set A = {1, 2, 3,4, 5} given by R = {(a, b): |a — b| is
even}, is an equivalence relation. Show that all the elements of {1, 3, 5} are related to each other
and all the elements of {2, 4} are related to each other. But no element of {1, 3, 5} is related to
any element of 2, 4}.

Solution 8: A= {1, 2, 3,4, 5} and R = {(a, b): |a-b| is even}

It is clear that for any element a € A, we have |a-a| = 0 (which is even).
= R 1s reflexive.

Let (a, b) € R.

=|a — b| is even

=|-(a-b)|=|b - a is also even

= (b,a) ER

~ R 1s symmetric.

Now, let (a, b) € R and (b, ¢) € R.

=|a-b| is even and |b-c| is even

=(a-b) is even and (b-c) is even

=(a-c) = (a-b) + (b-c) is even [Sum of two even integers is even]

=|a — b| is even.

= (a,c) ER

=~ R is transitive.

Hence, R is an equivalence relation.

Now, all elements of the set {1, 2, 3} are related to each other as all the elements of this subset are
odd. Thus, the modulus of the difference between any two elements will be even.

Similarly, all elements of the set {2, 4} are related to each other as all the elements of this subset are
even.

Also, no element of the subset {1, 3, 5} can be related to any element of {2, 4} as all elements of {1,
3,5} are odd and all elements of {2, 4} are even. Thus, the modulus of the difference between the
two elements (from each of these two subsets) will not be even. [as 1 =2, 1—-4,3-2,3-4,5-2
and 5 — 4 all are odd]
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Show that each of the relation R in the set A = {x € Z: 0 <x < 12}, given by
(i) R={(a, b) : |a—Db]| is a multiple of 4}
(i) R={(a,b):a=b}

is an equivalence relation. Find the set of all elements related to 1 in each case.

Solution 9: Set A={x€Z:0<x<12}={0,1,2,3,4,5,6,7,8,9,10, 11, 12}
(1) R={(a, b): |]a—b| is a multiple of 4}
For any element, a € A, we have (a, a) € R as |a — a| = 0 is a multiple of 4.
~ R is reflexive.
Now, let (a, b) € R = |a — | is a multiple of 4.
=|—(a—b)|=|b—al is a multiple of 4.
= (b,a) ER
~ R 1s symmetric.
Now, let (a, b), (b, ¢) € R.
= |a — b| is a multiple of 4 and |b — c| is a multiple of 4.
= (a—Db) is a multiple of 4 and (b — ¢) is a multiple of 4.
= (a—c)=(a—Db) + (b—c) is a multiple of 4.
= |a — c| is a multiple of 4.
= (a,c) ER
~ R is transitive.
Hence, R is an equivalence relation.
The set of elements related to 1 is {1, 5, 9} as
|1 — 1] =0 is a multiple of 4.
|5 — 1| =4 is a multiple of 4.
|9 — 1] = 8 is a multiple of 4.
(i) R={(a,b): a=Db}
For any element a € A, we have (a, a) € R, since a = a.

~ R is reflexive.

10
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Now, let (a, b) € R.

=>a=b

=>b=a=(b,a) ER

~ R is symmetric.

Now, let (a, b) € R and (b, ¢) € R.

=a=bandb=c

=a=c

= (a,c) ER

=~ R is transitive.

Hence, R is an equivalence relation.
The elements in R that are related to 1 will be those elements from set A which are equal to 1.

Hence, the set of elements related to 1 is {1}.

Given an example of a relation. Which is
(i) Symmetric but neither reflexive nor transitive.
(i1) Transitive but neither reflexive nor symmetric.
(ii)Reflexive and symmetric but not transitive.
(iv) Reflexive and transitive but not symmetric.

(v) Symmetric and transitive but not reflexive

Solution 10: (i) Let A = {5, 6, 7}.
Define a relation R on A as R = {(5, 6), (6, 5)}.
Relation R is not reflexive as (5, 5), (6, 6), (7, 7) € R.
Now, as (5, 6) € R and also (6, 5) € R, R is symmetric.
= (5,6),(6,5) €R,but(5,5) &R
~ R is not transitive.
Hence, relation R is symmetric but not reflexive or transitive.

(i1) Consider a relation R in R defined as:

R={(a,b):a<b}

11
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For any a € R, we have (a, a) € R since a cannot be strictly less than a itself.

In fact,a = a.

~ R is not reflexive.

Now, (1,2) ER (as 1 <2)
But, 2 is not less than 1.
~(2,1)€R

~ R is not symmetric.
Now, let (a, b), (b, ¢) € R.
=>a<bandb<c

=>a<c

= (a,c) ER

~ R is transitive.

Chapter 1 - Relations and Functions

Hence, relation R is transitive but not reflexive and symmetric.

(iii) Let A = {4, 6, 8.

Define a relation R on A as

A=1{(4,4),(6,06), (8, 8), (4, 06),(6,4), (6, 8), (8, 6)}

Relation R is reflexive since for every a € A, (a, a) ER

e, {(4,4),(6,6),(8,8)} ER.

Relation R is symmetric since (a, b) € R = (b, a) € R forall a, b € R.

Relation R is not transitive since (4, 6), (6, 8) € R, but (4, 8) € R.

Hence, relation R is reflexive and symmetric but not transitive.

(iv) Define a relation R in R as:

R = {a, b): 2’ > b’}
Clearly (a, a) ER
~ R is reflexive.
Now, (2,1) eR
But, (1,2) ¢ R

~ R is not symmetric.

Now, Let (a, b), (b, ¢) € R.

as a’ =a’

[as 2° > 1]

[as 1° < 2%]

Nedantu,

LIVE ONLINE TUTORING

12
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=a’>b’and b’ >¢’

>a’>¢’

= (a,c) ER

~ R is transitive.

Hence, relation R is reflexive and transitive but not symmetric.
(v) Let A= {-5, —6}.

Define a relation R on A as

R ={(=5, -6), (-6, —5), (-5, =5)}

Relation R is not reflexive as (=6, —6) & R.

It is seen that (=5, —6), (=6, —=5) € R. Also, (-5, —5) € R.

~The relation R is transitive.

Hence, relation R is symmetric and transitive but not reflexive.

Show that the relation R in the set A of points in a plane given by R = {(P, Q):
Distance of the point P from the origin is same as the distance of the point Q from the origin}, is an
equivalence relation. Further, show that the set of all point related to a point P # (0, 0) is the circle
passing through P with origin as centre.

Solution 11: R = {(P, Q): Distance of point P from the origin is the same as the distance of point Q
from the origin}

Clearly, (P, P) € R since the distance of point P from the origin is always the same as the distance of
the same point P from the origin.

~ R is reflexive.
Now, Let (P, Q) € R.
= The distance of point P from the origin is the same as the distance of point Q from the origin.

= The distance of point Q from the origin is the same as the distance of point P from the origin. =
(Q,P)ER

~ R 1s symmetric.
Now, Let (P, Q), (Q, S) € R.

= The distance of points P and Q from the origin is the same and also, the distance of points Q and S
from the origin is the same.

13
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= The distance of points P and S from the origin is the same.
= ((P,S)eR

~ R is transitive.

Therefore, R is an equivalence relation.

The set of all points related to P # (0, 0) will be those points whose distance from the origin is the
same as the distance of point P from the origin.

In other words, if O (0, 0) is the origin and OP = k, then the set of all points related to P is at a
distance of k from the origin.

Hence, this set of points forms a circle with the centre as the origin and this circle passes through
point P.

Show that the relation R defined in the set A of all triangles as R = {(T1, T2): T1 is
similar to T2}, is equivalence relation. Consider three right angle triangles T1 with sides 3, 4, 5, T2
with sides 5, 12, 13 and T3 with sides 6, 8, 10. Which triangles among T1, T2 and T3 are related?

Solution 12: R = {(T1, T2): T: is similar to T2}
R is reflexive since every triangle is similar to itself.
Further,

If (T1, T2) € R, then T is similar to Ta.

= Tz is similar to Ti.

= (T2, T1) ER

~ R 1s symmetric.

Now,

Let (T1, T2), (T2, T3) € R.

= T is similar to T2 and Tz is similar to Ts.

= T is similar to T3.

= (T1, T3) ER

~ R is transitive.

Thus, R is an equivalence relation.

Now,

14
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We can observe that§=ﬂ:i =l
6 8 10\ 2

~The corresponding sides of triangles T1 and T3 are in the same ratio.
Then, triangle T1 is similar to triangle Ts.

Hence, Ti is related to Ts.

Show that the relation R defined in the set A of all polygons as R = {(P1, P2): P1 and P2
have same number of sides}, is an equivalence relation. What is the set of all elements in A related to
the right angle triangle T with sides 3, 4 and 5?

Solution 13: R = {(P1, P2): P1 and P2 have same the number of sides}
R is reflexive,

Since (P1, P1) € R, as the same polygon has the same number of sides with itself.
Let (P1, P2) ER.

= P1 and P2 have the same number of sides.

= P> and P1 have the same number of sides.

= (P2, P1) ER

~ R is symmetric.

Now,

Let (P1, P2), (P2, P3) €R.

= Pi and P2 have the same number of sides.

Also, P2 and P3 have the same number of sides.

= Pi1 and P3 have the same number of sides.

= (P, P3) ER

~ R is transitive.

Hence, R is an equivalence relation.

The elements in A related to the right-angled triangle (T) with sides 3, 4, and 5 are those polygons
which have 3 sides (Since T is a polygon with 3 sides).

Hence, the set of all elements in A related to triangle T is the set of all triangles.

15
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Let L be the set of all lines in XY plane and R be the relation in L defined as R = {(L1,
L2): L1 is parallel to L2}. Show that R is an equivalence relation. Find the set of all lines related to the

liney =2x + 4.

Solution 14: R = {(L1, L2): L1 is parallel to L2}
R is reflexive as any line L1 is parallel to itselfi.e., (L1, L1) € R.
Now, let (L1, L) € R.

= L1 is parallel to L> = Lo is parallel to L.

= (L2, L1) ER

=~ R is symmetric.

Now, let (L1, L2), (L2, L3) €R.

= L is parallel to L. Also, L is parallel to L.
= L is parallel to Ls.

~ R is transitive.

Hence, R is an equivalence relation.

The set of all lines related to the line y = 2x + 4 is the set of all lines that are parallel to the line y =
2x +4.

Slope of liney =2x+4ism=2
It is known that parallel lines have the same slopes.
The line parallel to the given line is of the form y = 2x + ¢, where ¢ € R.

Hence, the set of all lines related to the given line is given by y = 2x + ¢, where ¢ € R.

Let R be the relation in the set {1, 2, 3, 4} given by
R=1{(1,2),(2,2),(1,1),(4,4),(1,3),(3,3), (3, 2)}. Choose the correct answer.
(A) R is reflexive and symmetric but not transitive.

(B) R is reflexive and transitive but not symmetric.
(C) R is symmetric and transitive but not reflexive.

(D) R is an equivalence relation

Solution 15: R = {(1, 2), (2, 2), (1, 1), (4, 4), (1, 3), (3, 3), (3, 2)}

16
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It is seen that (a, a) € R, for every a € {1, 2, 3, 4}.

~ R is reflexive.

It is seen that (1, 2) € R, but (2, 1) € R.

~ R is not symmetric.

Also, it is observed that (a, b), (b,c) ER = (a,c) € R forall a, b, c € {1, 2, 3, 4}.
~ R is transitive.

Hence, R is reflexive and transitive but not symmetric.

The correct answer is B.

Let R be the relation in the set N given by R = {(a, b): a=b — 2, b > 6}. Choose the
correct answer. (A) (2,49)eR (B)(3,8)eR (C)(6,8)eR (D)(8,7)€ER

Solution 16: R = {(a,b):a=b—2,b> 6}
Now,

Since b> 6, (2,4) € R

Also,as 3 #8 — 2,

~(3,8) R And,as8#7—2

~(8,7) &R

Now, consider (6, 8).

We have 8 > 6 and also, 6 = 8 — 2.

~ (6,8) ER

The correct answer is C.

Exercise 1.2

. 1.
Show that the function f: R« — R« defined by (x) = — is one-one and onto, where
X

R is the set of all non-zero real numbers. Is the result true, if the domain R« is replaced by N
with co-domain being same as R.?

17
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Solution 1: It is given that f: R* — R. is defined by f(x) = 1
x

For one — one:

Let x, y € R* such that f(x) = f(y)

<=

=

= | =

>X=y
~ fis one — one.

For onto:

4 . 1
It is clear that for y € Rx, there exists x = — € R* [as y # 0] such that
y

f(x) = =y

N—

=~ f'is onto.
Thus, the given function fis one — one and onto.

Now, consider function g: N — R« defined by g(x) = 1

=

We have, g(x1) = g(x2) >=—=— = X1 =X2

- g is one — one.

Further, it is clear that g is not onto as for 1.2 € = R« there does not exit any x in N such that g(x)
1

12°

Hence, function g is one-one but not onto.

Check the injectivity and surjectivity of the following functions:
(i) f: N — N given by f(x) = x*
(ii) f: Z — Z given by f(x) = x>

18
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(iii)f: R — R given by f(x) = x?
(iv) f: N — N given by f(x) = x*
(v) f: Z — Z given by f(x) = x*

Solution 2: (i) f: N — N is given by f(x) = x*
Itisseenthat forx,y EN, f(x) =f(y) @ x*=y*=>x=y.
=~ f'is injective.
Now, 2 € N. But, there does not exist any x in N such that f(x) = x> = 2.
=~ f1is not surjective.
Hence, function f is injective but not surjective.
(ii) f: Z — Z is given by f(x) = x>
It is seen that f(—1) =f(1) = 1, but =1 # 1.
=~ f'is not injective.
Now, —2 € Z. But, there does not exist any element x € Z such that
f(x)=—2 or x> = 2.
=~ f'is not surjective.
Hence, function f is neither injective nor surjective.
(ii)f: R — R is given by f(x) = x2
It is seen that f(—1) =f(1) =1, but =1 £ 1.
-~ fis not injective.
Now, —2 € R. But, there does not exist any element x € R such that f(x) = -2
or x> =—2.
=~ f'is not surjective.
Hence, function fis neither injective nor surjective.
(iv) f: N — N given by f(x) = x*
Itis seen that forx,y EN, f(x) =f(y) = X’ =y’ =2 x=y.
~ fis injective.

Now, 2 € N. But, there does not exist any element x € N such that

19
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f(x)=2orx>=2.
=~ f'is not surjective
Hence, function f'is injective but not surjective.
(v) f: Z — Z is given by f(x) = x>
Itisseenthatforx,y € Z, f(x) =fly) = X’ =y’ 2> x=y.
=~ fis injective.
Now, 2 € Z. But, there does not exist any element x € Z such that
f(x)=2orx*>=2.
=~ fis not surjective.

Hence, function f'is injective but not surjective.

Prove that the Greatest Integer Function f: R — R given by f(x) = [x], is neither one
— one nor onto, where [x] denotes the greatest integer less than or equal to x.

Solution 3: f: R — R is given by, f(x) = [x]

Itis seen that f(1.2) =[1.2] =1, f(1.9)=[1.9] = 1.
~ f(1.2) =1(1.9), but 1.2 # 1.9.

=~ fis not one — one.

Now, consider 0.7 € R.

It is known that f(x) = [x] is always an integer. Thus, there does not exist any element x € R such
that f(x) = 0.7.

~ f'is not onto.

Hence, the greatest integer function is neither one — one nor onto.

In Show that the Modulus Function f: R — R given by (x) = |x|, is neither one — one
nor onto, where |x| is X, if X is positive or 0 and |X| is — X, if X is negative.

o X ifX2>0
Solution 4: f: R — R is given by f(x) = [x| = { X ifX <0
-X i
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It is clear that f(-1) =|-1|=1and f(1) =|1| =1
~ f(=1)=1(1), but -1 # 1.

=~ f'is not one — one.

Now, consider —1 € R.

It is known that f(x) = |x| is always non-negative. Thus, there does not exist any element x in
domain R such that f(x) = |x| = —1.

-~ fis not onto.

Hence, the modulus function is neither one-one nor onto.

1 ifX>0
Show that the Signum Function f: R — R, given by f(x) = {0, ifX=0
-1, if X<0

1s neither one-one nor onto.

I ifX>0
Solution 5: f: R — R is given by f(x) == <0, 1fX=0
-1, if X<0

It is seen that f(1) = f(2) = 1, but 1 # 2.

=~ f'is not one — one.

Now, as f(x) takes only 3 values (1, 0, or —1) for the element —2 in co-domain
R, there does not exist any x in domain R such that f(x) = —2.

=~ f'is not onto.

Hence, the Signum function is neither one — one nor onto

LetA={1,2,3},B=1{4,5,6,7} and let f = {(1, 4), (2, 5), (3, 6)} be a function
from A to B. Show that f is one — one.

Solution 6: It is given that A = {1, 2,3}, B= {4, 5, 6, 7}.
f: A — Bis defined as f= {(1, 4), (2, 5), (3, 6)}.
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~f(1)=4,f2)=5,f3)=6
It is seen that the images of distinct elements of A under f are distinct.

Hence, function fis one — one.

In each of the following cases, state whether the function is one — one, onto or
bijective. Justify your answer.

(1) f: R — R defined by f(x) =3 — 4x
(ii) f: R — R defined by f(x) = 1 + x>

Solution 7: (1) f: R — R is defined as f(x) =3 — 4x.
Let x1, X2 € R such that f(x1) = f(x2)

= 3-4x1 = 3- 4x2

= -4x1 = -4x2

= X1 =X2

~ fis one — one.

. .. 3-y. 3- 3-
For any real number (y) in R, there exists 4y in R such that f (Ty) =3-4 (Ty) =y

=~ f'is onto.

Hence, f is bijective.

(ii) f: R — R is defined as f(x) = 1 + x*
Let x!, x> € R such that f(x1) = f(x?)

= 1+ X =1+x;

>+ X =X]

S X=X

=~ f(x1) = f(x2) does not imply that x1 = x2
For example f (1) =f(-1)=2

=~ f'is not one — one.

Consider an element —2 in co-domain R.
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It is seen that f(x) = 1 + x> is positive for all x € R.
Thus, there does not exist any x in domain R such that f(x) = 2.
=~ f'is not onto.

Hence, fis neither one — one nor onto.

Let A and B be sets. Show that f: A x B — B X A such that (a, b) = (b, a) is
bijective function.

Solution 8: f: A x B — B x A is defined as f(a, b) = (b, a).

Let (a1, b1), (a2, b2) € A X B such that f(ai, b1 ) = f(az, b2)

= (b, a1 ) =(b2,a2)

= bi=b2and a; = a2

= (a1, b1)=(az, b2)

=~ f'is one — one.

Now, let (b, a) € B X A be any element.

Then, there exists (a, b) € A x B such that f(a, b) = (b, a). [By definition of f]
=~ f'is onto.

Hence, f is bijective.

ntl  CESEERE

Let f: N — N be defined by f(n) = 2 foralln €N
, if niseven

State whether the function f is bijective. Justify your answer.

L e

Solution 9: f: N — N is defined as f(n) = 2 foralln €N
, if niseven

It can be observed that:
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1+1

f(l)= ES =land f(2)= - =1 [By definition of f(n)]

r |

f(1) =1(2), where 1 #2

=~ f'is not one-one.

Consider a natural number (n) in co-domain N.

Case I: nis odd

~n=2r+ 1 for some r € N. Then, there exists 4r + 1€ N such that

f(4r+1)=$=2r+1

Case II: n is even

~ n=2r for some r € N. Then, there exists 4r € N such that
f(4r) = % = 2r.

~ fis onto.

Hence, f is not a bijective function.

Let A=R — {3} and B=R — {1}. Consider the function f: A — B defined by (x)

= (x — i) . Is f one-one and onto? Justify your answer.
x —

Solution 10: A=R — {3}, B=R — {1} and f A — B defined by f(x) = [x_ij

Let x, y € A such that f(x) = f(y)

X-2 Y-=-2
e e ——
X-3 Y-3

= X=-2)(y-3) = -2)(x-3)
=>xy—-3x—2y+6=xy—-2x—-3y+6
=>-3x-2y=-2x-3y>x=y

~ fis one-one.
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Lety€ B=R — {1}. Then,y # 1.
The function f'is onto if there exists x € A such that f(x) =y.
Now, f(x) =y

ﬁX—_zz
X-3 °

=>x-2=xy-3y=2>x(l-y)=-3y+2

Sx=27 e [y # 1]
1=y
Thus, for any y € B, there exists 1_ Y € A such that
-y

2-3y )

¢ 2-3y _ -y _2-3y-2+2y 2:}]
-y 2-3y 3 2-3y-3+3y -1
I-y

~ f is onto.

Hence, function fis one — one and onto.

Let f: R — R be defined as f(x) = x*. Choose the correct answer.
(A) f'is one-one onto
(B) f'is many-one onto
(C) f is one-one but not onto

(D) f is neither one-one nor onto

Solution 11: f: R — R is defined as f(x) = x*.
Let x, y € R such that f(x) = f(y).

= x4 =y

=>X=xy

~ f(x) = f(y) does not imply that x =y.

For example f(1) =f(-1) =1



Class XII - NCERT — Maths Chapter 1 - Relations and Functions m

~ f1is not one-one.

Consider an element 2 in co-domain R. It is clear that there does not exist any x in domain R
such that f(x) = 2.

-~ fis not onto.
Hence, function f is neither one — one nor onto.

The correct answer is D.

Let f: R — R be defined as f(x) = 3x. Choose the correct answer.
(A) fis one — one onto
(B) fis many — one onto
(C) f'is one — one but not onto

(D) f is neither one — one nor onto

Solution 12: f: R — R is defined as f(x) = 3x.
Let x, y € R such that f(x) = f(y).

= 3x =3y

=>X=y

~f1s one-one.

Also, for any real number (y) in co-domain R, there exists y3 in R such that f| (%J =3 (%

] —y
~ fis onto.

Hence, function f'is one — one and onto.

The correct answer is A.

Exercise 1.3

Letf: {1,3,4} — {1,2,5} and g: {1, 2,5} — {1, 3} be given by f= {(1, 2), (3, 5),
(4, 1)} and g = {(1, 3), (2, 3), (5, 1)}. Write down gof.
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Solution 1: The functions f: {1, 3,4} — {1,2,5} and g: {1, 2,5} — {1, 3} are defined as
f=1{(1,2),3,5), (4, 1)} and g= {(1, 3), (2, 3), (5, 1)}.

gof (1) = g[f(1)] = g(2) =3 [as f(1) = 2 and g(2) = 3]
gof 3) = g[f(3)] =g(5) =1 [as f(3) = 5 and g(5) = 1]
gof (4) = g[f(4)] = g(1) =3 [as f(4) = 1 and g(1) = 3]

gOf: {(1’ 3)’ (39 1)’ (4’ 3)}

Let f, g and h be functions from R to R. Show that
(f+ g)oh = foh + goh
(f.g)oh = (foh).(goh)

Solution 2: To prove: (f + g)oh = foh + goh
LHS = [(f + g)oh](x)

= (f+ g)lh(x)] = f [h(x)] + g[h(x)]

= (foh)(x) + (goh)(x)

= {(foh)(x) + (goh)(x) = RHS

~ {(f+ g)oh}(x) = {(foh)(x) + (goh)}(x) for all x ER
Hence, (f+g)oh = foh + goh

To Prove: (f.g)oh = (foh).(goh)

LHS = [(f.g)oh](x)

= (£g)[h()] = flh(x)] . g[h(x)]

= (foh)(x) . (goh)(x)

= {(foh).(goh)}(x) = RHS

~[(f.g)oh](x) = {(foh).(goh)}(x) for all x ER
Hence, (f.g)oh = (foh).(goh)

Find gof and fog, if
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(1) (x) = |x[ and (x) = [5x = 2|

1

(ii) (x) = 8x% and (x) = x3

Solution 3: (i) f(x) = |x| and g(x) = |5x-2|

= go f(x) = g(f(x)) = g(x]) = [5[x]-2|
fog(x) = flg(x)) = f(|5x-2]) = [|5x-2]| = |5x-2]

1

(ii) f(x) = 8% and g(x) = x3

1

~ gof(x) = g(f(x)) = g(8x> ) = (8X3)5 — oy

fog(x) = flg(x)) = f(x% ) = 8(x% ) = 8x

TTTTTT

Question 4: If (x) = (4x13) (6x—4), x #% , show that fof(x) = x, for all x # % . What is the

inverse of {?

(4x+3)
(6x—4

4(4x+3j+3
3) 6x—4

. 2
Solution 4: It is given that f(x) = , X ;ég

N—"

(4x+
(fof)(x) = f(f(x)) = £ ( (6x—4) 4x +3
6(6)6—4}_4

_16x+12+18x—-12 _ 34x
24x+18-24s+16 34

~fof(x) = x, for all x # % .

= fof = Ix

Hence, the given function f'is invertible and the inverse of fis f itself.

State with reason whether following functions have inverse
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(i) £ {1,2,3,4} — {10} with
f={(1, 10), (2, 10), (3, 10), (4, 10)}

(i) g: {5, 6,7, 8} — {1,2,3,4} with
g=1{(5,4),(6,3),(7,4), (8,2)}

(iii) h: £2,3, 4,5} — {7,9, 11, 13} with
h={(2,7),(3,9), 4 11), (5, 13)}

Solution 5: (i) f: {1, 2, 3,4} — {10} defined as f= {(1, 10), (2, 10), (3, 10), (4, 10)}
From the given definition of f, we can see that f is a many one function as
f(1)=1f2)=13)=1(4)=10
~f is not one — one.
Hence, function f does not have an inverse.
(i1) g: {5,6,7, 8} — {1, 2, 3,4} defined as

g=1{(5,4),(6,3),(7,4), (8,2)}
From the given definition of g, it is seen that g is a many one function as g(5) = g(7) = 4.
~ g 1s not one — one.
Hence, function g does not have an inverse.
(i) h: {2,3,4,5} — {7,9, 11, 13} defined as
h=1{2,7),(3,9), (4, 11), (5, 13)}
It is seen that all distinct elements of the set {2, 3, 4, 5} have distinct images under h.
=~ Function h is one — one.

Also, h is onto since for every element y of the set {7, 9, 11, 13}, there exists an element x in the
set {2, 3,4, 5}, such that h(x) =y.

Thus, h is a one — one and onto function.

Hence, h has an inverse.

Show that f: [-1, 1] — R, given by(x) = X(X+2) is one — one. Find the inverse of
the function f: [-1, 1] — Range f.

(Hint: For y € Range f, y = (x) = (X+2)) , for some x in [—1, 1], i.e., x = 2y(1—y))
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Solution 6: f: [-1, 1] — R is given as (x) = X(X+2)
For one — one

Let f(x) = f(y)

= (X+2)=(Y+2)

= xy +2x = xy +2y

= 2x =12y

S>X=y

=~ f'is a one — one function.

It is clear that f: [-1, 1] — Range f is onto.

~ f: [-1, 1] — Range f is one — one and onto and therefore, the inverse of the function f: [—1, 1]
— Range f exists.

Let g: Range f — [—1, 1] be the inverse of f.
Let y be an arbitrary element of range f.
Since f: [-1, 1] — Range f'is onto, we have

y = f(x) for some x € [—1, 1]

oy X
YT 2)

=>xy+2y=x
= x(l-y)=2y

:>x—12—y,y¢l

Now, let us define g: Range f — [—1, 1] as

2
g(y)=—y,y¢1
-y

Now,

X
2

)=2( (x+2) = 2x =§=x
x+2

X
(gof )(x) = g(f(x)) = g( Ty
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and
2y
~ 2y l-y 2y 2y
(fog)(y)—f(g(y))—f(l_y)—Ziy 2—2y+2_2y— >
1-y

gOf =X= I[—l,l] and ng =y = IRangef

“fl=g

Juestion 7: Consider f: R — R given by f(x) = 4x + 3. Show that f is invertible. Find the inverse
of f.

Solution 7: f: R — R is given by, f(x) =4x + 3
For one — one

Let f(x) = f(y)

=>4x+3=4y+3

= 4x =4y

=>X=y

=~ fis a one — one function

For onto

Fory € R, lety = 4x + 3.

. -3
Therefore, for any y € R, there exists x = yT € R, such that

f(x) = f(yT_ﬂ - 4(%3) 13-y

~ f is onto.

Thus, f is one — one and onto and therefore, ! exists.
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Let us define g: R — R by g(x) = yT_3

Now,

(20N)(x) = g(f(x)) = g(dx +3) = w - 474" =
and

(fog)(y) = g = £ (2-2) =4 (=) +3=y3 + 3=y

~ gof = fog =Ir

Hence, fis invertible and the inverse of fis given by f! (y) = g(y) =

Consider f: R+ — [4, ) given by f(x) = x> + 4. Show that f is invertible with the

inverse f—1 of given fbyf ' (y) =/Y —4, where R+ is the set of all non-negative real numbers.

Solution 8: f: R+ — [4, ) is given as f(x) = x> + 4.
For one — one

Let f(x) = f(y)

>x*+4=y’+4

= =

>X=y [as x =y € R+]

=~ f'is a one — one function.

For onto

Fory € [4, ), lety =x> + 4

S>xl=y—4>0 [as y > 4]
=>x=+Y-4 >0

Therefore, for any y € [4, o), there exists x = /Y —4 € R+, such that

fx)=f(NY—4)=(Y -4y +4=y-4+4=y

~ fis onto.
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Thus, fis one — one and onto and therefore, f ! exists.

Let us define g: [4, ©) — R+ by g(y) = VY —4

Now,

(2o(x) = g(f(x)) = g(* + 4) = V(+4)—4 = VX> =

and
(fog)(y) =flg(y)) =f(NY -4)=(NY -4y +4=y-4+4=y
~ gof = fog = Ir

Hence, f is invertible and the inverse of fis given by f! (y) = g(y) =Y — 4

Consider f: R+ — [5, o) given by f(x) = 9x? + 6x — 5. Show that fis invertible

(Jye)-!

with f—1 (y) = 5

Solution 9: f: R+ — [—5, o) is given as f(x) = 9x> + 6x — 5.
Let y be an arbitrary element of [—5, o).
Lety=9x>+6x—5

=>y=0CBx+1)72-1-5=3x+1)*-6

=S y+6=03x+1)>

=3x+1= /Y46 [asy>-5=y+6>0]
(o)1
>x=|——
3

=~ f'is onto, thereby range f = [-5, ).

(7)1

Let us define g: [-5, ©0) — R+ as g(y) = 3

Now, (gof)(x) = g(f(x)) = g(9x* + 6x-5) = g((3x + 1)* -6)

= JBx+1)’—6+6-1
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_ 3x+1-1 3x
3 3

X

and

(fog)(y) = fle(y)) = (—“YT”J _ H—VY*;‘I J +12} 6

~ (VY*6) ~6 = +6-6=y

~ gof =x =1Ir and fog =y = lrange f

Hence, f is invertible and the inverse of f is given by

£ ) = e) = [—“Yf‘lj

Question 10: Let f: X — Y be an invertible function. Show that f has unique inverse.

(Hint: suppose g1 and g2 are two inverses of f. Then forally € Y, fogi(y) = Iv(y) = fog2(y).
Use one — one ness of ).

Solution 10: Let f: X — Y be an invertible function.

Also, suppose f has two inverses (say g1 and g2)

Then, for all y €Y, we have

fogl(y) = Iv(y) = fog2(y)

= f(g1 (y)) = (g2 ()

=g (y)=2 () [as f is invertible = f'is one — one]
= g1=92 [as g is one — one]

Hence, f has a unique inverse.

Consider f: {1,2,3} — {a, b, ¢} given by f(1) = a, f(2) = b and f(3) = c. Find !
and show that (f ) ' =1,

Solution 11: Function f: {1, 2,3} — {a, b, ¢} is given by f(1) = a, f(2) =b, and f(3) =c
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If we define g: {a,b,c} — {1,2,3} as g(a)=1, g(b) =2, g(c) =3.
We have

(fog)(a) = f(g(a)) = f(1) = a

(fog)(b) = flg(b)) = f(2) = b

(fog)(c) = flg(c)) =1(3) = ¢

and

(gof)(1) = g(f(1)) = f(a) = 1

(goh)(2) = g(f(2)) = f(b) = 2

(20D(3) = g(f(3)) = f(c) = 3

=~ gof = Ix and fog = Iy, where X = {1, 2, 3} and Y= {a, b, c}.
Thus, the inverse of f exists and f—1 = g.

~fl:{abcl— {1,2,3}isgivenby f1(a)=1,f1(b)=2,f'(c)=3
Let us now find the inverse of f ! i.e., find the inverse of g.

If we define h: {1,2,3} — {a,b,c}ash(l)=a,h(2)=b,h(3)=c
We have

(goh)(1) = g(h(1)) = g(a) = 1

(20h)(2) = g(h(2)) = g(b) = 2

(goh)(3) = g(h(3)) = g(c) =3

and

(hog)(a) = h(g(a)) =h(1) =a

(hog)(b) = h(g(b)) =h(2) =b

(hog)(c) = h(g(c)) =h(3) =c

=~ goh = Ix and hog = Iy, where X = {1,2,3} and Y = {a, b, c}.
Thus, the inverse of g existsand g '=h = (f!) ! =h.

It can be noted that h = f.

Hence, (f 1) !1=f

Let f: X — Y be an invertible function. Show that the inverse of f ! is f|
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ie, ()=t

Solution 12: Let f: X — Y be an invertible function.

Then, there exists a function g: Y — X such that gof = Ix and fog = Iy.
Here, f ' =g.

Now,

gof = Ix and fog = Iy

= f ! of =Ix and fof-1 = Iy

Hence, f! : Y — X is invertible and f is the inverse of f ' i.e., (f1) ! =f

\\\\\\\\\\\\\\\\\

1

Question 13: If f: R — R be given by (x) = (3—x3)5 , then fof (x) is
1

(A) pry

(B) x*

(©) X
(D) 3 —x%)

Solution 13: f: R — R be given as f(x) = 3—x°)3
fOf(X) = f(f(X)) = f(3—x3) 3= [3_((3_x3) 3 )3] 3

— B-G- =)
=~ fof(x) = x

The correct answer is C.

Question 14: : Let f: R- {-i } — R be a function as f(x) =
3 3x+4

4 .
Range f — R- {- 3 } given by

1.Relations and Functions

. The inverse of f'is map g:
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3y
A =
We =3
4y
B e —
(B) gy) 13y
4y
C =7
©ev)= 73
3y
D " ——
(D) g(y) 13y
. i . 4 . 4x
Solution 14: It is given that f:R — {-E } — R be a function as f(x) = T
X+

Let y be an arbitrary element of Range f.

Then, there exists x € R- {-§ } such that y = f(x)

_ 4x
3x+4

=Yy

= 3xy + 4y = 4x
= x (4-3y) =4y

:)X:4—y

4-3y

Let us define g: Range f — R— {-g }asg(y)= L

4-3y

Now,

4( 4x J
eof(x) = g(F(x)) = g <3jx y=—3x+d

+4 4_3( 4x ]
3x+4

_ 16x _16x
12x+16—-12x 16

=X

and

LIVE ONLINE TUTORING
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foy) = Fgy) = f ( 44y3 )=
-3y 3(

_ 16y 16y
12y+16—-12x 16

y

4

3

g0f= 1 and ng = IRange f
R—{ |

Thus, g is the inverse of fi.e,, f—1=g.

Hence, the inverse of fis the map g: Range f — R- {—%} , which is given by g(y) = 4_y

4-3y

The correct answer is B.

Exercise 1.4

Determine whether or not each of the definition of given below gives a binary
operation.

In the event that * is not a binary operation, give justification for this.
(1()On Z", define *xbya*b=a—b

(ii) On Z*, define * by a * b = ab

(iii) On R, define * by a * b = ab?

(iv) On Z°, define * by a * b =]a — b

v)On Z', define *bya*b=a

Solution 1: (i) On Z*, * is defined by a*b=a —b.

It is not a binary operation as the image of (1, 2) under *is 1 *2=1-2=-1 ¢ Z".
(ii) On Z*, * is defined by a * b = ab.

It is seen that for each a, b € Z*, there is a unique element ab in Z".

This means that * carries each pair (a, b) to a unique elementa * b=ab in Z".

Therefore, * is a binary operation.
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(iii) On R, * is defined by a * b = ab®.

It is seen that for each a, b € R, there is a unique element ab” in R.

This means that * carries each pair (a, b) to a unique element a * b = ab in R.
Therefore, * is a binary operation.

(iv) On Z*, * is defined by a * b=|a — b|.

It is seen that for each a, b € Z+, there is a unique element [a —b|in Z" .

This means that * carries each pair (a, b) to a unique element a * b = |a — b| in Z+. Therefore, * is
a binary operation.

(v)On Z", * is defined by a * b = a.
It is seen that for each a, b € Z*, there is a unique element a in Z".
This means that * carries each pair (a, b) to a unique elementa *b=ain Z".

Therefore, * is a binary operation.

For each binary operation * defined below, determine whether * is commutative or
associative.

(1)On Z, definea*b=a->b

(1)) On Q , definea *b=ab + 1

(111)) On Q , define a * b = ab2

(iv) On Z +, define a * b = 2ab

(v) On Z+, define a * b =ab

(vi) On R — {1}, define a * b = ab+1

Solution 2: (1) On Z, * is defined by a * b=a — b.

It can be observed that 1 *2=1—-2=-1land2*1=2—-1=1.
Sl *¥2#£2%1, where 1,2 €€Z

Hence, the operation * is not commutative.

Also, we have

1*2)*3=(1-2)*3=—-1*3=-1-3=-4
1*2*3)=1*2-3)=1*-1=1—-(-1)=2
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~(1*2)*3£1*(2*3),where1,2,3€Z
Hence, the operation * is not associative.

(1) On Q, * is defined by a * b=ab + 1.

It is known that: ab =ba for all a, b € Q
=ab+1=ba+1foralla,beQ
=>a*b=a*bforalla,beQ

Therefore, the operation * is commutative.

It can be observed that
(1*2)*3=(1x2+1)*3=3*3=3x3+1=10
1*2*3)=1*2x3+1)=1*7=1x7+1=8
~(1*¥2)*3£1%(2*3),where 1,2,3€Q
Therefore, the operation * is not associative.

(iif) On Q, * is defined by a * b = %

It is known that: ab =ba for all a, b € Q

:% _ab foralla,b € Q
2 2

>a*b=b*aforalla,beQ
Therefore, the operation * is commutative.

Forall a, b, c € Q, we have

(ab]c

ab 2 abc
axb =(— e
( * )*c (2 )*c >

and

{3)

~ (a*b)*c = a*(b*c), where a, b, c € Q
Therefore, the operation * is associative.

(iv)On Z", * is defined by a * b = 2ab.
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It is known that: ab=Dba for all a, b € Z+

= 2ab=2ba foralla, b € Z+
>a*b=b*aforalla,b€eZ+

Therefore, the operation * is commutative.

It can be observed that
(1%2)*3=2"2%3=4%3=2%3=212and
1#2%3)=1%22x3=1%26=1*64=21%x64=264
A(1*2)*3#£1*(2%*3), where 1,2,3 € Z"
Therefore, the operation * is not associative.
(v)On Z*, * is defined by a * b=a".

It can be observed that
1*2=12=1and2*1=2!=2

~1*%2#£2%*1, where 1,2 € Z+

Therefore, the operation * is not commutative.
It can also be observed that
Q*3)*x4=2"%4=8x4=8"=2"7and
2% (3*x4)=2%34=2x81=2%
W(2*%3)*4+£2*(3*4), where2,3,4€Z"
Therefore, the operation * is not associative.
(vi) On R, * — {—1} is defined by a * b = ab+1
It can be observed that

1 *2=12+1=13 and 2 * 1 =21+1=22=1
~1*2#2%1, where 1,2 € R — {-1}
Therefore, the operation * is not commutative.

It can also be observed that

1
U oglpe 3 o1
+

(1%2)%3=
241 3 341 12
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LIVE ONLINE TUTORING

2 2 1 1 1

=lx—=]%x—= = =

+1 4 2

and 1+ (2+3)= 1%~

2 (1%2)*3+1%(2*3), where 1,2,3 €R— {1}

Therefore, the operation * is not associative.

Consider the binary operation A on the set {1, 2, 3, 4, 5} defined by a A b=min {a,
b}. Write the operation table of the operation A.

Solution 3: The binary operation A on the set {1, 2, 3, 4, 5} is defined as a A b=min {a, b} for
alla,b € {1,2,3,4,5}.

Thus, the operation table for the given operation A can be given as:

A 2 3 4 5

[N U (PO U U U

[V, BRSNS R
DN NN |—
(VSHEUSRLUS R NS NI
AR WIN|—
DN |W|N|[—

Consider a binary operation * on the set {1, 2, 3, 4, 5} given by the following
multiplication table.

(1) Compute (2 *3) *4and 2 * (3 * 4)
(i1) Is * commutative?
(ii1)) Compute (2 * 3) * (4 * 5).

(Hint: use the following table)

* 1 2 3 4 5
1 1 1 1 1 1
2 1 2 2 2 2
3 1 2 3 3 3
4 1 2 3 4 4
5 1 2 3 4 5

Solution4: 1)) (2*3)*4=1*4=1
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2% (3*4)=2%1=1

(i1) Forevery a,b € {1, 2, 3,4, 5}, we have a * b =b * a. Therefore, the operation * is
commutative.

(i) (2 *3)=1and (4 * 5) = 1
AQ*3)F@A*S)=1*1=1

Let *' be the binary operation on the set {1, 2, 3,4, 5} defined by a *' b=H.C.F. of
a and b. Is the operation *' same as the operation * defined in Exercise 4 above? Justify your
answer.

Solution 5: The binary operation *' on the set {1, 2, 3 4, 5} is defined as a *' b = H.C.F of a and
b.

The operation table for the operation *' can be given as:

*° 1 2 3 4 5
1 1 1 1 1 1
2 1 2 2 2 2
3 1 2 3 3 3
4 1 2 3 -+ 4
5 1 2 3 4 5

We observe that the operation tables for the operations * and *' are the same.

Thus, the operation *' is same as the operation*.

Let * be the binary operation on N given by a * b=L.C.M. of a and b. Find
(1)5*7,20* 16
(i1) Is * commutative?
(111) Is * associative?
(iv) Find the identity of * in N

(v) Which elements of N are invertible for the operation *?

Solution 6: The binary operation * on N is defined asa * b=L.C.M. of a and b.
(i))5*7=L.CM.of 5and 7=35
20* 16 =L.C.M of 20 and 16 = 80
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(1) It is known that
LCMofaandb=L.C.Mofbandaforalla,beN.
~a*b=b*a

Thus, the operation * is commutative.

(ii1) For a, b, ¢ € N, we have
(a*b)*c=(L.CMofaandb) *c=LCM ofa, b, andc
a*(b*c)=a*(LCMofbandc)=L.C.Mofa,b,andc
~(a*b)*c=a*(b*c)

Thus, the operation * is associative.

(iv) It is known that:

LCM.ofaandl =a=L.CM.landaforalla€N
>a*l=a=1*aforallaeN

Thus, 1 is the identity of * in N.

(v) An element a in N is invertible with respect to the operation * if there exists an element b in

N, suchthata*b=e=b * a.
Here,e=1
This means that L.C.M ofaandb=1=L.C.Mofbanda

This case is possible only when a and b are equal to 1.

Thus, 1 is the only invertible element of N with respect to the operation *.

Is * defined on the set {1, 2,3,4,5} bya* b=L.C.M. of a and b a binary

operation? Justify your answer.

Solution 7: The operation * on the set A = {1, 2, 3,4, 5} is defined asa * b=L.C.M. of a and b.

Then, the operation table for the given operation * can be given as:

* 1 2 3 4 5
1 1 2 3 4 5
2 2 2 6 4 10
3 3 6 3 12 15
4 4 4 12 4 20
5 5 10 15 20 5
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It can be observed from the obtained table that
3¥2=2*3=6¢A,
5*¥2=2*5=10¢ A,
3¥4=4*3=12¢A,
3*¥5=5*3=15¢A,
4*5=5*4=20¢ A

Hence, the given operation * is not a binary operation.

Let * be the binary operation on N defined by a * b=H.C.F. of aand b. Is *
commutative? Is * associative? Does there exist identity for this binary operation on N?

Solution 8: The binary operation * on N is defined as: a * b=H.C.F. of a and b
It is known that

H.C.F.ofaand b=H.C.F. of band a for alla, b € N.

~a*b=b%*a

Thus, the operation * is commutative.

For a, b, c € N, we have

(a*b)*c=(H.C.F.ofaandb) * c=H.C.F.ofa,band ¢
a*(b*c)=a*(H.C.F.ofband ¢c)=H.C.F. of a, b,and c
~(a*b)*c=a*((*c)

Thus, the operation * is associative.

Now, an element ¢ € N will be the identity for the operation * ifa * e =a=e* a forall a € N.

But this relation is not true for any a € N.

Thus, the operation * does not have any identity in N.

Let * be a binary operation on the set Q of rational numbers as follows:
(i)a*b=a—b
(ii)a*b=a’+b?

(ii)a * b=a+ab
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(iv)a*b=(a—b)?

(V)a*b:T

(vi) a * b = ab?

Find which of the binary operations are commutative and which are associative.

Solution 9: On Q, the operation * is defined as a * b=a — b. It can be observed that:

1,0 1132 1
23 2 3 B 6

And

.. 1 1 227 Wi

32 3 3 6 6

.'.l*l;«tl*l,where —,— €Q
2 3 32 3

Thus, the operation * is not commutative.

It can also be observed that

L, L_(1_1),
3 2)4 \2 3

Thus, the operation * is not associative.

(ii) On Q, the operation * is defined as a * b = a> + b,
Fora, b € Q, we have

a*b=a’+b’=b*+a’=b*a

~a*b=b*a

Thus, the operation * is commutative.

It can be observed that

LIVE ONLINE TUTORING
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(1*2)*3=(12+22)*3=(1+4)*3=5%3=52+32=34
and
1*2*3)=1*22+32)=1*4+9)=1*13=12+132=170
S(1*2)*3£1*(2*3),where 1,2,3 €Q

Thus, the operation * is not associative.

(ii1) On Q, the operation * is defined as a * b = a + ab.

It can be observed that

1#2=1+1x2=1+2=3

2*%1=2+2x1=2+2=4

~1*2#£2*1, where 1,2 €Q

Thus, the operation * is not commutative.

It can also be observed that
(1*2)*3=(1+1x2)*3=(1+2)*3=3*3=3+3x3=3+9=12and
1*¥2*3)=1*2+2x3)=1*2+6)=1*8=1+1x8=1+8=9
~(1*2)*3£1*(2*3),where 1,2,3 €Q

Thus, the operation * is not associative.

(iv) On Q, the operation * is defined by a * b = (a — b)>.

For a, b € Q, we have

a*b=(a—b)

b*a=(b—-a)’=[-(a—b))*=(a—b)

~a*b=b*a

Thus, the operation * is commutative.

It can be observed that
(1*#2)*3=(1-22*3=(-12*3=1*3=(1-3=(-2)=4
and

1*#Q2*3)=1*2-3=1*-1)>=1*1=(1-1%=0
S(1*2)*3£1*(2*3),where 1,2,3 €Q

Thus, the operation * is not associative.
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(v) On Q, the operation * is defined as a * b = % .

For a, b € Q, we have

~a*b=b*a
Thus, the operation * is commutative.

Fora, b, c € Q, we have

abc
ab 4 _ abc
ax*b)yxc=(—)*c= = —
T N
and
abc
ba "4 _ abc
ax(bxc)y=ax(—)= ——=——
=)=~

~(a*b)*c=a*(b*c),wherea,b,c €Q
Thus, the operation * is associative.
(vi) On Q, the operation * is defined as a * b = ab?

It can be observed that

I 1.1 1 1
—#—*—_where — and — €Q

3 32 2 3

Thus, the operation * is not commutative.

It can also be observed that

2 2
(l*lj*l: 1 lj (L 1, 17ty 1 1
23) 4 |203) | 4718 2 18\a) T18xi6 288

Chapter 1 - Relations and Functions
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2 2
SO0 U0 R T W V0 0 W0 N Y0 B S
2 \3 4) 2 |3\4 2 48 2\48 2x2304 4608

R l*l *lil* l*l ’Where l’l’l EQ
23)4 21\3 4 2 3 4

Thus, the operation * is not associative.

Hence, the operations defined in (ii), (iv), (v) are commutative and the operation defined in (v) is
associative.

Find which of the operations given above has identity.

Solution 10: An element e € Q will be the identity element for the operation *
ifa*e=a=e¢*a, foralla€Q.

However, there is no such element e € Q with respect to each of the six operations satisfying the
above condition.

Thus, none of the six operations has identity.

A =N x N and * be the binary operation on A defined by
(a,b) *(c,d)=(a+tc,b+d)

Show that * is commutative and associative. Find the identity element for * on A, if any.

Solution 11: A =N x N and * is a binary operation on A and is defined by
(a,b) *(c,d)=(a+c,b+d)

Let (a,b), (c,d) € A

Then, a,b,c,d EN

We have:

(a,b) *(c,d)=(a+c,b+d)

(c,d)*(a,b)=(c+a,d+b)=(a+c,b+d)

[Addition is commutative in the set of natural numbers]
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~(a,b) * (c,d)=(c,d) * (a,b)

Therefore, the operation * is commutative.

Now, let (a, b), (¢, d), (e, f) € A

Then, a,b,c,d, e, fEN

We have

[(a,b) * (c,d)]* (e, f)=(atc,bt+d)* (e, f)=(atcteb+d+f)
and

(a,b) * [(c,d) * (e, /)] =(a,b) x (cte,d+ f)=(a+cte b+d+f)
= [(a, b) * (¢, )] * (e, ) = (a, b) * [(c, d) * (e, f)]

Therefore, the operation * is associative.

Let an element e = (e1, e2 ) € A will be an identity element for the operation * ifa*e=a=e¢ * a

foralla=(ai,a2) €A
i.e., (a1 +e1, a2 + e2) = (a1, a2) = (e1 + a1, €2 + a2)
Which is not true for any element in A.

Therefore, the operation * does not have any identity element.

State whether the following statements are true or false. Justify.
(1) For an arbitrary binary operation * onaset N,a*a=aVa€N.

(1) If * is a commutative binary operation on N, thena * (b *c)=(c *b) * a

Solution 12: (i) Define an operation *on Nasa*b=a+bVa,beN
Then, in particular, for b=a = 3, we have

3*3=3+3=6+£3

Therefore, statement (i) is false.

(i) RH.S.=(c*b)*a

=(Mb*c)*a [* i1s commutative]
=a*(*c) [Again, as * is commutative]
=L.H.S.
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~a*(b*c)=(c*b)*a

Therefore, statement (ii) is true.

Consider a binary operation * on N defined as a * b = a> + b*. Choose the correct
answer.

(A) Is * both associative and commutative?
(B) Is * commutative but not associative?
(C) Is * associative but not commutative?

(D) Is * neither commutative nor associative?

Solution 13: On N, the operation * is defined asa * b=a’ + b’ .

For, a, b, € N, we have

a*b=a’+b’=b’+a’=b*a [Addition is commutative in N]
Therefore, the operation * is commutative.

It can be observed that
(1*2)*3=(1°+2%)*3=(1+8)*3=9%3=9+3%=729+27=756 and
1*(2*3)=1*23+3%)=1*%(8+27)=1%*35=1°+35=1+42875=42876
~(1*2)*3£1*%(2*3),where1,2,3 €N

Therefore, the operation * is not associative.

Hence, the operation * is commutative, but not associative.

Thus, the correct answer is B.

Miscellaneous Exercise

Let f: R — R be defined as f(x) = 10x + 7. Find the function g: R — R such that
gof =fog=1Ir.

Solution 1: It is given that f: R — R is defined as f(x) = 10x + 7.
For one — one

Let f(x) = f(y), where x, y € R.

= 10x+7=10y +7
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> X=y
-~ fis a one — one function.
For onto
Fory € R, lety=10x+7.

=>x=;7 €ER
10

Therefore, for any y € R, there exists x = yl—_()7 € R such that

(x):f(yl—_(:j :lo(yl—;:j +7=y-T7+T7=y

-~ fis onto.
Therefore, fis one — one and onto.
Thus, f'is an invertible function.

Let us define g: R — R as (y) = yl—_()7

Now, we have
(10x+7)—-7 10x

= =g(10x +7)= =
90(0) = 9(f() = g(10x +7) = =2t =S =
and

_ _ (YT o 2T _ _
foN=fgWN=f|=—| =10\ ——= | +7=y-T+7=y

10 10

~gof =Irand fog = Ir.
Hence, the required function g: R — R is defined as (y) = yl—;)7 :

Let f: W — W be defined as f(n) =n — 1, ifis odd and f(n) =n + 1, if n is even.
Show that f'is invertible. Find the inverse of f. Here, W is the set of all whole numbers.

Solution 2: It is given that:
n—1 Ifnisodd

f: W — W is defined as f(n) = )
n+1 Ifniseven

For one — one

Let f(n) = f(m).

It can be observed that if n is odd and m is even, then we will haven — 1 =m + 1.
>n—-m=2

However, this is impossible.

Similarly, the possibility of n being even and m being odd can also be ignored under a similar
argument.

-~ Both n and m must be either odd or even. Now, if both n and m are odd,

Then, we have

f(n) = f(m)
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>n—-1=m-1

=>n=m

Again, if both n and m are even,

Then, we have

f(n) = f(m)

>n+l=m+1

=>n=m

=~ f'is one — one.

For onto

It is clear that any odd number 2r + 1 in co-domain N is the image of 2r in domain N and any
even number 2r in co-domain N is the image of 2r + 1 in domain N.
=~ f'is onto.

Hence, fis an invertible function.

m+1 Ifm is even

Let us define g: W — W as (m) = )
m—1 Ifmisodd

Now, when n 1s odd
gom)=g(f(n)=gn—1)=n—-1+1=nand
When n is even
go(m)=g(f(m)=gn+1)=n+1-1=n
Similarly,

When m is odd

fo(m) = f(g(m)) = fmn—1)=m~—1+1=mand
When m is even
fom)=f(g(m))=f(m+1)=m+1-1=m

~ gof=Iwand fog = Iw

Thus, fis invertible and the inverse of fis given by ! = g, which is the same as f.
Hence, the inverse of f'is f itself.

If f: R — R is defined by f(x) = x> — 3x + 2, find f(f(x)).

Solution 3: It is given that f: R — R is defined as f(x) = x? — 3x + 2.
(f(x) = f(x* = 3x +2)

=(x*-3x+2*-3(x*-3x+2)+2

=(x*+9x* +4 — 6x° — 12x +4x%) + (3x* +9x — 6) + 2

= x* — 6x° +10x* - 3x

X ERis

Show that function f: R — {x € R: =1 <x < 1} defined by f(x) = " |x |
+|x|'

one — one and onto function.

X

Solution 4: It is given that f: R — {x € R: =1 <x <1} is defined as f(x) = ] X
+|x|’
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For one — one
Suppose f(x) = f(y), where x, y € R.
X Y
1+] x| 1+ y|

It can be observed that if x is positive and y is negative,

Then, we have EEERE =S 2xy=x-Yy

I+x  1+y
Since, x is positive and y is negative
x>y=>x—-y>0
But, 2xy is negative.
Then2xy #x—y
Thus, the case of x being positive and y being negative can be ruled out.
Under a similar argument, x being negative and y being positive can also be ruled out.
~ x and y have to be either positive or negative.

When x and y are both positive, we have
fO=f)=>——=2 sxtxy=ytxyosx=y
l+x 1+y

When x and y are both negative, we have

f)=fy)= T = %mc Xy=y-—xy=>x=y
-~ fis one — one.
For onto

Now, lety € R such that =1 <y < 1.
If'y is negative, then, there exists x = yl+y € R such that

(y] y
I+y 1+
(X)=f(1f ]= =— =2y
y) oL 1+( yj y—y
I+y I+y

If'y is positive, then, there exists x =yl—y € R such that

(y) Y
_ y 1-y =y
* f(l—yJ NN EA RS g
-y ly

+

-~ fis onto.
Hence, fis one — one and onto.

Show that the function f: R — R given by f(x) = x* is injective.

Solution 5: f: R — R is given as f(x) = x°.
For one — one
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Suppose f(x) = f(y), where x, y € R.

=x =y (1

Now, we need to show that x =y.

Suppose x #y, their cubes will also not be equal.
= X3 ;é y3

However, this will be a contradiction to (1).

~ x =y Hence, f'is injective.

Give examples of two functions f: N — Z and g: Z — Z such that gof is injective
but g is not injective.
(Hint: Consider f(x) = x and g (x) = |x|)

Solution 6: Define f: N - Z as f(x) =xand g: Z — Z as g (X) = |x|.
We first show that g is not injective.

It can be observed that

D =-1[=1

M==1

~ (=) =g(1),but—1#1.

=~ g 1s not injective.

Now, g of: N — Z is defined as go(x) = g(f(x)) = g(x) = |x|.
Let x, y € N such that gof(x) = gof(y).

= |x| =yl

Since x and y € N, both are positive.

“ld =yl ==y

Hence, gof is injective.

Given examples of two functions f: N — N and g: N — N such that gof is onto but
f is not onto.
: ) {x -1, Ifx>1
(Hint: Consider f(x) =x + 1 and (x) =
I, Ifx=1
Solution 7: Define f: N — N by f(x) =x + 1
x—1, Ifx>1
1, Ifx=1
We first show that g is not onto.
For this, consider element 1 in co-domain N. It is clear that this element is not an image of any of
the elements in domain N.
=~ f'is not onto.
Now, gof: N — N is defined by
gox)=g(f(x)=gx+1)=x+1-1=x [xXEN=>x+1>1]
Then, it is clear that for y € N, there exists x =y € N such that gof(x) =y.

andg:N—>beg(x)={
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Hence, gof'is onto.

Given a non-empty set X, consider P(X) which is the set of all subsets of X.
Define the relation R in P(X) as follows:
For subsets A, B in P(X), ARB if and only if A  B. Is R an equivalence relation on P(X)?
Justify you answer.

Solution 8: Since every set is a subset of itself, ARA for all A € P(X).
~ R is reflexive.

Let ARB=> A cB.

This cannot be implied to B € A.

For instance, if A = {1, 2} and B = {1, 2, 3}, then it cannot be implied that B is related to A.
~ R is not symmetric.

Further, if ARB and BRC, then A € Band B c C.

=>AcC

= ARC

~ R is transitive.

Hence, R is not an equivalence relation as it is not symmetric.

Given a non-empty set X, consider the binary operation *: P(X) x P(X) — P(X)
given by
A*B=ANB V A, B in P(X) is the power set of X. Show that X is the identity element for this
operation and X is the only invertible element in P(X) with respect to the operation®.

Solution 9: It is given the binary operation *:

P(X) x P(X) —» P(X) given by A* B=A N BV A, B in P(X)

We know that ANX =A =X N A for all A € P(X)
=>A*X=A=X*A forall A € P(X)

Thus, X is the identity element for the given binary operation *.

Now, an element A € P(X) is invertible if there exists B € P(X) such that
A*B=X=B*A [As X is the identity element]

or

ANB=X=BNA

This case is possible only when A = X = B.

Thus, X is the only invertible element in P(X) with respect to the given operation™.
Hence, the given result is proved.

Find the number of all onto functions from the set {1, 2, 3, ..., n) to itself.
Solution 10: Onto functions from the set {1, 2, 3, ..., n} to itself is simply a permutation on n
symbols
1,2, ...,n.
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Thus, the total number of onto maps from {1, 2, ..., n} to itself is the same as the total number
of permutations on n symbols 1, 2, ..., n, which is n.

LetS={a,b,c} and T= {1, 2, 3}. Find F ! of the following functions F from S to
T, if it exists.
() F={(@, 3), (b, 2), (c, )}
(i) F = {(a, 2), (b, 1), (c, 1)}

Solution 11: S={a, b, c}, T= {1, 2, 3}

(1) F: S — T is defined as F = {(a, 3), (b, 2), (¢, 1)}
=>F@=3,F(b)=2,Fc)=1

Therefore, F-1: T — S is given by F ! = {(3, a), (2, b), (1, ¢)}.
(i1) F: S — T is defined as F = {(a, 2), (b, 1), (c, 1)}

Since F (b) =F (c) = 1, F is not one — one.

Hence, F is not invertible i.e., F ! does not exist.

Consider the binary operations *: R X R — R and 0: R X R — R defined as a * b =
la—blandaob=a, ¥V a,b € R. Show that * is commutative but not associative, o is associative
but not commutative. Further, show that V a, b, c € R, a*(boc)=(a *b) o (a * ¢). [If it is so, we
say that the operation * distributes over the operation o]. Does o distribute over *? Justify your
answer.

Solution 12: It is given that *: R x R — and 0: R X R — R is defined as a * b = |a — b| and aob
=a,VabeER
Fora,beR,wehavea*b=|a—blandb*a=|b—a|=|-(a—b)=|la—b|~a*b=b*a
Hence, the operation * is commutative.

It can be observed that
(1*2)*x3=(1-2)*3=1%3=[]1-3]=2
and
1+2*3)=1x(2-3)=1*x1=[1-1|=0
(1 *x2)x3#1%(2*3)where 1,2,3 €R.
Hence, the operation * is not associative.
Now, consider the operation o

It can be observed that 102=1and 20 1 =2.
~102#201wherel,2€R.

Hence, the operation o is not commutative.
Let a, b, ¢ € R. Then, we have
(aob)oc=aoc=a

and

ao(boc)=aob=a
~(aob)oc=ao(boc), wherea,b,c ER
Hence, the operation o is associative.

Now, let a, b, ¢ € R, then we have
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a*(boc)=a*b=|a—b|
(@*b)o(a*c)=(la—bl)o(a—c)=|a-b
Hence,a * (boc)=(a*b)o (a*c).

Now,

lo(2*3)=10(2-3)=101=1
(1o2)*(1o03)=1*1=[1-1]=0
~1o@2*3)#(102)*(1o3)wherel,2,3€R
Hence, the operation o does not distribute over *

Given a non - empty set X, let *: P(X) x P(X) — P(X) be defined as A * B=(A —
B)u (B—A), VY A, B € P(X). Show that the empty set @ is the identity for the operation * and
all the elements A of P(X) are invertible with A™' = A.
(Hint: A—®)U(®—-A)=Aand(A—-A)UA-A)=A*A=0).

Solution 13: It is given that *: P(X) x P(X) — P(X) is defined
asA*B=(A-B)Uu(B—-—A)V A,BePX).

Let A € P(X). Then, we have
A*OP=(A-D)U(®P-A)=AUD=A
O*A=(DP-A)UA-D)=DUA=A

SAFDO=A=0*A forall A € P(X)

Thus, @ is the identity element for the given operation™.

Now, an element A € P(X) will be invertible if there exists B € P(X) such that
A *B=0=B * A.[As O is the identity element]

Now, we observed that

A*A=(A-A)UA-A)=D U O =0 forall A € P(X).
Hence, all the elements A of P(X) are invertible with A™' = A.

Define a binary operation *on the set {0, 1, 2, 3, 4, 5} as
a+b, Ifa+b<6
axb=
at+b-6, Ifa+b>6

Show that zero is the identity for this operation and each element a # 0 of the set is invertible
with 6 — a being the inverse of a.

Solution 14: Let X = {0, 1, 2, 3, 4, 5}.
a+b, Ifa+b<6
a+b—-6, Ifa+b>6

An element e € X is the identity element for the operation *, if
axe=a=exaforalla€eX

For a € X, we have

ax0=a+0=a [aeEX=>a+0<6]
0xa=0+a=a [aeEX=>0+a<6]
~ax0=a=0x*aforalla€eX

The operation * on X is defined as a * b = {
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Thus, 0 is the identity element for the given operation *.

An element a € X is invertible if there exists b € X such thata *b=0=b * a.
. a+b=0=b+a, Ifa+b<6

e {a+b—6=0=b+a—6, fa+b>6

=>a=-borb=6-a

But, X=1{0,1,2,3,4,5} and a, b € X. Then, a # —b.

~ b=06—ais the inverse of a for all a € X.

Hence, the inverse of anelementa € X,a#0is6 —aie.,a—1=6—a.

LetA={-1,0,1,2},B={-4,-2,0,2} and f, g: A — B be functions defined by
f(x)=x*—x,x € A and (x) =2

X— %‘ -1, x € A. Are fand g equal? Justify your answer. (Hint:

One may note that two function f: A — B and g: A — B such that f(a) = g(a) V a € A, are called
equal functions)

Solution 15: It is given that A= {-1,0, 1,2}, B= {—4, -2, 0, 2}.
Also, it is given that f, g: A — B are defined by

f(x)=x*—x,x € A and g(x) =2 -1,x€EA

1
x—=
Y
It is observed that
===y ===+ 1 =1
and g(-1)=2 (-1 - %)—1=2(%)—1=3—1=2
= (D =g
(0)=(0y*—(0)=0
andg(O):2|0—%|—1=2(%)—1=1—1=0
= (0)=g(0)
(D=1 -(=1-1=0
andg(l):2|(1)—%|—1:2(%)—1=1—1=O

= (D) =g(1)

2)=@2y-Q2)=4-2=2
And(2)=2|(2)—%|— 1=232)-1=3-1=2
=(2)=9@2)

~(a)=g(a)foralla € A

Hence, the functions f and g are equal.

Let A = {1, 2, 3}. Then number of relations containing (1, 2) and (1, 3) which are
reflexive and symmetric but not transitive is
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(A)1
(B)2
©)3
(D)4

Solution 16: The given setis A = {1, 2, 3}.

The smallest relation containing (1, 2) and (1, 3) which is reflexive and symmetric, but not
transitive is given by:

R={(1, 1), (2,2),3,3), (1,2), (1,3), 2, 1), 3, D)}

This is because relation R is reflexive as (1, 1), (2, 2), (3, 3) € R.

Relation R is symmetric since (1, 2), (2, 1) € R and (1, 3), (3, 1) ER.

But relation R is not transitive as (3, 1), (1, 2) € R, but (3, 2) € R.

Now, if we add any two pairs (3, 2) and (2, 3) (or both) to relation R, then relation R will become
transitive.

Hence, the total number of desired relations is one.

The correct answer is A.

Let A= {1, 2, 3}. Then number of equivalence relations containing (1, 2) is
(A) 1
(B)2
©3
(D) 4

Solution 17: It is given that A = {1, 2, 3}.

The smallest equivalence relation containing (1, 2) is given by,
R1={(1,1),(2,2),(3,3),(1,2), 2, D}

Now, we are left with only four pairs i.e., (2, 3), (3, 2), (1, 3), and (3, 1).

If we odd any one pair [say (2, 3)] to R1, then for symmetry we must add (3, 2).
Also, for transitivity we are required to add (1, 3) and (3, 1).

Hence, the only equivalence relation (bigger than R1) is the universal relation.
This shows that the total number of equivalence relations containing (1, 2) is two.
The correct answer is B.

, X>0
Let f: R — R be the Signum Function defined as (x) =<0, X =0
-1, X<l

and g: R — R be the Greatest Integer Function given by g(x) = [x], where [X] is greatest integer
less than or equal to x. Then does fog and gof coincide in (0, 1]?

Solution 18: It is given that,
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, X>0
f: R —> Risdefined as f(x)= <0, X=0
-1, X<l

Also, g: R — R is defined as g(x) = [x], where [x] is the greatest integer less than or equal to x.
Now, let x (0, 1].

Then, we have

[x]=lifx=1and [x]=01f0<x<1.

fQ), Ifx=1
fog(x) = f(g(x)) = f(lx]) = { O, T e(o)
(1, Ifx=1
- {o, Ifx e (0,1)
go(x) = g(f(x)) = g(1) [ as x> 0]
=[1]=1

Thus, when x € (0, 1), we have fog(x) = 0 and gof (x) = 1.
Hence, fog and gof do not coincide in (0, 1].

Number of binary operations on the set {a, b} are
(A) 10
(B) 16
(©) 20
(D) 8

Solution 19: A binary operation * on {a, b} is a function from {a, b} x {a, b} — {a, b}
i.e., * is a function from {(a, a), (a, b), (b, a), (b, b)} — {a, b}.

Hence, the total number of binary operations on the set {a, b} is 2*i.e., 16.

The correct answer is B.
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