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Chapter 4: Determinants

Exercise 4.1

Q1: Evaluate the determinants.

[112-54-1]|

Ans:
[112-54-1]I|=2(-1)-4(-5)=-2+20=18

Q2: Evaluate the determinant.

(i) [11cos®sin®@—sin®cosO|||
(i) [1[X2—X+1X+1x-1x+1]]|

Ans:

(1) (cos © )(cos© ) —(-sin©O ) (sin O )=cos?O +sin?O =1
(i)=(x*=—x+1)(x+1)-(x-1)(x+1)

=X -XP+X+XP-X+1-(x*-1)

=x*+1-x*+1

=X —xX2+2

Q3: If A=[1422], then show that [2A| = 4 |A|

Ans: The given matrix is A = [1422]
Therefore, 2A = 2[1422]=[2844]
Therefore, L.H.S. = 2A| = [||12844]||| =2 x4 -4 x8=8-32=-24




Now, |A| = [[11422]]] =
1x2-2x4=2-8=-6

Therefore, R.H.S. = 4|A| =4 x ( -6) = -24

Therefore, L.H.S. = R.H.S.

0.4:1£A = 11100010124 111 then show that j3a] = 271a]

Ans: The given matrix is A = m 100010124“ |

It can be observed that in the first column, two entries are zero. Thus, we expand along the first
column (C,) for easier calculation.

|A| = 11111024]11-011/0014[[1+0[[10112]|| =1 (4-0)-0+0=4
Therefore, 27|A| = 27 (4) = 108 ...(i)

now, 34 = 3l 100010124 | -1 30003036121
Therefore, |3A| = 3[1130612]|-0]1100312]|]+0]|10336]]|
=3(36-0)=3(36)=108 ...(ii)

From equations (i) and (ii), we have:
[BA| = 27|A|

Hence, the given result is proved.

Q5: Evaluate the determinants

(i) 1111303—10-5—2—-101||
(i) [111312—4135-21]]|||
G"”%I0—1—21032—30H“
(iv) 1L1203—-12-5-2-10

AnNs:



(i) Let A = |||1303—10-5—2-10]|l|
It can be observed that in the second row, two entries are zero. Thus, we expand along the
second row for easier calculations.

|A| = H 1-5- 20III+OI[{33 20111-(=1)11133—1-5]| = (-15+3) = -12
iiy Let |11 312-4135-21 [l
By expanding along the first row, we have:

|A| = 311113-21][1+4]1112-21][1+5]111213]]|
=3(1+6)+4(1+4)+5(3-2)

=3(7)+4(5)+5(1)
=21+20+5=46

iiiy Let A = [l 0-1-21032-301l
By expanding along the first row, we have:

|A| = 0[1103—30[1|-111|—-1—2-30]|1+2]||-1—203]||
=0-1(0-6)+2(-3-0)

= 1(-6)+2(-3)
=6-6=0

iv) Let A=l 203-12-5-2-10lll
By expanding along the first column, we have:

|A| = 2]112—5—10[1|-0I1|—1-5—20]1|+3[||-12—2-1]||
=2(0-5)-0+3(1+4)

=-10+15=5

a6 11a=111125114-2-3-9lll find A,

Ans:
Let A =[1l125114-2-3-9]]]

By expanding along the first row, we have:




|Al = 1]1114-3-9[[|-111125-3-9I1|-2[112514]||
=1(-9+12)-1(-18+15)-2(8-5)
=1(3)-1(-3)-2(3)

=3+3-6

=6-6

=0

Q7: Find values of x, if

(i) 1112241111=1112x64x]]|
(ii) 1112435111=[11x2x35Il|

AnNs:

(i) [112241111=I112x64XI|
=>2x1-5%x4=2xxx-6x4
=>2-20=2x*-24

> 2X*=6

=>x*=3

=>x=23

(ii) 111243511 1=111x2x35||
=>2x5-3%x4=xx5-3x2x
= 10-12 =5x - 6x

=-2=-X

=>x=2

Q8: If |]1x182x[[1=11161826]]| , then x is equal to
(A) 6

(B) £ 6
(C)-6



(D)0

Ans:
[[1x182x[11=1161826]||

=> x?-36=36-36
=>x*-36=0

=>X=x6

Hence, the correct answer is B

Exercise 4.2

Q.1: Using the property of determinants and without expanding, prove that:

[11Ixyzabcx+ay+bz+c||||=0

Sol:

[[1Ixyzabcx+ay+bz+c|l||=]1|Ixyzabcxyzl||+]|[I1xyzabcabc||||=0+0=0

(Here, the two columns of the determinants are identical)

Q2: Using the property of determinants and without expanding, prove that:

||]la—bb—cc—ab—cc—aa—bc—aa—hb—c||||=0

Sol:

[1lla—bb—cc—ab—cc—aa—bc—aa—bb—c]|||=0




Applying R1—R1+R2, we have:

= A=|||la-bb-c—(a—c)b—ac—a—(b-a)c—ba—b—(c-h)I|I|=0
= —|||la—cb—ca—cb-ac—ab—-ac-ba-bc-bl|||=0

Here, the two rows R, and R; are identical.

Therefore, A=0

Q3: Using the property of determinants and without expanding, prove that:

[1112357896575861111=0

Sol:

= [I11235789657586]|[|=|[1123578963+272+381+5]|||

= [11235789637281[11|+1111235789235]]||

= [[1112357899(7)9(8)9(9)I111+0 (Two columns are identical)
91111235789789]1[1+0 (Two columns are identical)

=0

Q4: Using the property of determinants and without expanding, prove that:

[111|111bccaaba(b+c)b(c+a)c(a+b)ll1=0

Sol:
A=|111111bccaaba(b+c)b(c+a)c(a+b)|||11=0

By applying C3—C3+C2
= A=||||111bccaabab+bc+caab+bc+caab+bc+call||=0
= (ab+bc+ca)lll|111bccaabl11]|||=0

Here, two columns C, and C; are proportional.

= A=0




Q5: Using the property of determinants and without expanding, prove that:

[[|Ib+cc+aa+bg+rr+pp+qy+zz+xx+y||11=2]||abcpgrxyz| |

Sol:

A=|||Ib+cc+aa+bg+rr+pp+qy+zz+xx+yl||| =|||Ib+cc+aaq+rr+ppy+zz+xx||1|+|]
b+cc+abg+rr+pqy+zz+xyl|l|

SAIFA2 o, (i)

Now, A1=||||b+cc+aaq+rr+ppy+zz+xx||||
Applying R2—R2—R3, we have:
A1=|ll|b+ccag+rrpy+zzx||||

Applying R1—R1-R2, we have:
A1=|||IbcaqrpyzxI||

Applying R1>R3andR2«>R3 we have:
A1=(=1)2l|Ilabcpgrxyzl=I1IlabcparxyzIIl  covvveeeerreeerennnnee (i)
A2=]|||b+cc+abg+rr+pqy+zz+xy|ll|

Applying R1—R1-R3, we have:
A2=|]||cc+abrr+pgzz+xylll|

Applying R2—R2—R1, we have:
A2=||||cabrpgzxyl|l|

Applying R1i—>R2andR2«<>R3 we have:
A2=(—=1)2||l|abcparxyz|llI=I11abcparXyZI weeeeeeeeeeerrrrreeeeann. (iii)

From (i), (ii) and (iii), we have:

A2=2|||labcpgrxyzl|||

Q6: By using properties of determinants, show that:

[1110—aba0c—b—cO]|]|=0




Sol:
A=[]]10—aba0c—b—cO0l|||

Applying R1=CcR1, we have:
A=1¢||||0—abacOc—bc—cOll]|

Applying R1—R1-bR2, we have:
A=1c||||ab—abac0c0—cO0|]||] A=ac||||b—abcOcO0—cO|]||

Here, the two rows R1andR3 are identical.
= A=0

Q7: By using the properties of determinants, show that:

[111|—a2bacaab—b2cbacbc—c2|||||=4a2b2c2

Sol:

||11|—a2bacaab—bzchacbc—c2| ||

[|1I1—a2bacaab—bacbacbc—c2||||| (Taking out factors a, b, ¢ from R, , R, and Ry)
A=azb2c2||||-1111-1111-1]|||| (Taking out factors a,b,c from C,, C, and C.)
Applying R2—R2+R1andR3—R3+R1 we have:

A=azbzc2||[|-100102120]|]|

= A=azb2c2(-1)|1102201]|
= —azb2c2(0-4)=4azb2c2

Q8: By using the properties of determinants, show that:

(i) 11111111abcazbac2||ll|=(a—b)(b—)(c-a)
(i) I1l11aa31bbslccsl|||=(a—b)(b—c)(c-a)(a+b+c)




Sol:

Let A=]||[1111abcazbzc2|||]
Applying R1—R1-R3 and R2—R2—R3, we have:
A=]|111001a—cb—ccaz—c2bz—c2ac2] ||| =(c—a)(b—c)I[11001a—cb—ccaz—czb2—cac2|||]

Applying R1i—R1+R2 we have:

= (b—c)(c—a)|11100101—cca—bb+cc2||

= (a—b)(b—c)(c—a)|11100101—cclb+ccl|||
Expanding along C1 we have:

A=(a—b)(b—c)(c—a)|0—10b+c|=(a—b)(b—c)(c-a)

Hence, the given result is proved.

(i) Let A=||||1aa3lbb3lccs||]|

Applying C1—C1—C3andC2—C2—C3 we have:

= |||10a—ca3—c30b—ch3—c31ccsl|||
=||||0a—c(a—c)(az+ac+c2)0b—c(b—c)(b2+bc+c2)1ccs]|||
= (c—a)(b—c)l|1|0—1—(az2+ac+c2)01(b2+bc+c2)1ccs| ||
Applying C1—C1+C2 we have:

= (c—a)(b—c)|11100(b2—a2)+(bc—ac)01(b2+bc+cz2)1ccs| ||
= (a—b)(b—c)(c—a)ll||00—(a+b+c)01(b2+bc+c2)1ccsl |
= (a—b)(b—c)(c—a)(a+b+c)I11100—101(b2+bc+c2)1ccs|l]
Expanding along C1 we have:

A=(a—b)(b—c)(c—a)(a+b+c)(—1)1/011c]|||
= (a—b)(b—c)(c—a)(c—a)(atb+c)

Hence, the given result is proved.

Q9: By using the properties of determinants, show that:

[11Ixyzx2y2z2xyyzzX| || 1|=(X-Y)(y—2z)(z—X)(xy+yz+zX)

Sol:



Let A=|[[lIxyzx2y2z2xyyzzx|||||

Applying R2—R2—R1andR3—R3—R1 we have:

= A=||]IXy—XZ—XX2y2—X2z2—X2XYy—YyzYyzzX—YyzZ—Y(Z—X)| |||

= [HHIX=(x=y)Z-xx2=(X=y) (X+y)(Z—X)(z+X)yzz(X=y) -y (=)l
= (X=Y)(Z—X)11IX—11x2—x-y(z+x)yzz—ylIll|

Applying R3—R3+R2 we have:

= A=(X—Y)(Z-X)1Ix—10x2—x—-yz—yyzzz—y|l||

= (X=Y)(z—X)(z-Y)I1Ix—10x2—x—ylyzz1]|||

Expanding along R3 we have:

= A=[(X-Y)(z—X)(Z=Y)[(—DIIXx—Lyzz[||+1]]IXx—1x2—x—YI||]
= (x-y)(2-X)(@-y)[(-xz-zy) +(X2—Xy+X2)]

= -(x-y)(y-2)(z-X)(xy+yz+2X)

Hence, the given result is proved.

Q10: By using properties of determinants, show that:

(i) [1IX+42Xx2x2xX+42x2x2xX+4|[|1=(5x+4) (4—X)2
(i) [111y+kyyyy+kyyyy+kl|11=k2(3y+k)

Sol:

(i) [11IX+42X2X2XX+42Xx2x2xX+4] |||
Applying R1—R1+R2+R3 we have:
A=|[15X+42X2XEX+AX+A2XEX+A2XX+4A| ||| =(5X+4)[I1112X2X IX+42X12XxX+4]|]]

Applying C2—C2—C1,C3—C3—C1 we have:
A=(5x+4)]|[112x2x0—x+4000—x+4|]]|

= (5x+4)(4—x)(4—x)11112x2x010001 |||
Expanding along C3 we have:
A=(5x+4)(4—x)2]1112x01]]| =(5x+4)(4—X)2

Hence, the given result is proved.



(i) [11y+kyyyy+kyyyy+kill|
Applying R1—R1+R2+R3 we have:

A=|1113y+kyy3y+ky+ky3y+kyy+K||[| =(3y+K)II1I11yyly+kylyy+K]|||

Applying C2—C2—C1,C3—C3—C1 we have:
A=(3y+K)I1111yy0Kk00O0K|[[| =k2(3y+k)II|1yy010001||||

Expanding along C3 we have:

A=k2(3y+K)I[[|1y01]||1=k2(3y+K)

Hence, the given result is proved.

Q.11: By using properties of determinants, show that:

(i) lllla—b—c2b2c2ab—c—a2c2a2bc—a-bl|||=(a+b+c)3
(i) [1IX+y+2z2zzXX+2+2XXYyyZ+X+2y||||=2(X+y+2)3

Sol:

A=|||la—b—c2b2c2ab—c—a2c2a2bc—a-bl|||

(i)

Applying R1—R1+R2+R3, we have:
A=]||la+b+c2b2ca+b+ch—c—a2ca+b+c2bc—a—bl|||

= (a+b+c)ll1112b2c1b—c—a2cl2bc—a—blll|
Applying C2—C2—C1,C3—C3-Ca1, we have:
A=(a+b+c)l111112b2c0—(a+b+c)000—(a+b+c)||||]

= (a+b+c)3|11112b2c0—-1000—111|

Expanding along C;, we have:
A=(@+b+c)P(-1)(-1)=(a+b+c)
Hence, the given result is proved.

A=||1IX+y+22zzXy+7+2XXyyz+X+2Y||||



(i1) Applying C, — C, + C, + C,, we have:
A=[11112(x+y+2)2(Xx+y+2)2(X+y+2)Xy+z+2xxXyyz+x+2y|||||

= 2(X+y+2)[[11111xy+z+2xxyyz+x+2y|l||
Applying R, —» R, — R; and R; — R; — Ry, we have:

A=2(x+y+2)|[|1100xx+y+z0y0x+y+z||||
= 2(x+y+2)3|[11100x10y01||||

Expanding along R;, we have:
A=2x+y+z)P(1)(1-0)=2(x+y+2)?

Hence, the given results are proved.

Q.12: By using properties of determinants, show that:

[HT111x2xxIx2x2x1]1]1=(1-x3)2

Sol:

A=[11111x2xx1x2x2x1| ]|

Applying R; — R; + R, + R;, we have:
A=]T1+x+x2x2X1+X+x21x21+x+x2x 1] |||

= (1+x+x2)[[111x2x11x21x1]1]

ApplyingC, —» C,-C,and C, — C, - C,, we have:
A=(1+x+x2)[]111x2x01—x2x2—Xx0x—x21—x]]||
= (L+x+x2)(1-x) (1) [1111x2X01+x—x0x1I|]|

= (1-x3)(1-X)11111x2x01+x—x0x1| ||
Expanding along R,, we have:

A=(1-x3)(1-X) ()11 +x—xx1]]|




=(1-xX)(1-x)(1+x+x3
=(1-x) (1-x)
=(1-xy

Hence, the given result is proved.

Q.13: By using properties of determinants, show that:

[[11|1+a2—h22ab2b2abl-a2+b2—2a—2b2al-a2-b2|||[|=(1+az2+b2)3

Sol:

A=11111+a2—b22ab2b2abl-a2+b2—2a—2b2al-a2—b2||ll]

Applying R, — R, + bR; and R, — R, — aR;, we have:
A=|]]||1+a2+b202b01+a2+b2—2a—b(1+az+b2)a(1+a2+b2)1-a2-bz2||||
= (1+a2+b2)|111102b01—2a—bal-a>-b2||l|

Expanding along R,, we have:

A=(1+az+b2)2d 1| (0)1111-28a1-a2-b2111-b1110201-2a11 L]
=(l+a+b’)°[1-a—Db*+2a° b (-2b)]

=(l+a2+b?)? (1+a+b?

= (L+a+ b

Q.14: By using properties of determinants, show that:

[1I1la2+1abcaabb2+1cbacbcca+1]||||=1+a2+b2+c2

Sol:

A=]||]laz+1abcaabb2+1cbacbcca+1]|]]




Taking out common factors a, b, ¢ from R;, R, and R, respectively, we have:
A=abc]|||la+1baabb+ibbcec+icl 1]

Applying R, —» R, — R; and R; — R; — Ry, we have:
A=abc]||l]a+1b—1a—1ab160c01c| ][]

Applying C, — aC,, C, — bC,, and C; — ¢C,, we have:
A=abcxiabce||||a2+1—1-1b210c201]|]]

= [[lla2+1-1-1b210c201|l|

Expanding along R;, we have:

A==1[]1b21c20[[+1|l]a2+1—1b21]||
=-1(-c)+(@+1+b)=1+a*+b*+c?

Hence, the given result is proved.

Q.15: Choose the correct answer:

Let A be a square matrix of order 3 x 3, KA is equal to
(1). KIA|

(2). KYA]

3). KA

(4). 3KkA|

Answer:

3)

A is a square matrix of order 3 x 3

Let A = ||||a1a2a3bib2b3cicacs||||

Then, kA = ||||kaikazkaskbikbakbskcikcakes| ||

Therefore, |KA|=|11|kaikazkaskbikb2kbskcikcakes| ]|
k3=|||la1a2a3b1b2b3cicacs|||(Takingoutcommonfactorskfromeachrow)




= KA
Therefore, |kA| = K*|A|

Hence, the correct answer is C.

Q.16: Which of the following is correct?

(1) Determinant is a square matrix.

(2) Determinant is a number associated to a matrix.

(3) Determinant is a number associated to a square matrix.

(4) None of these answer

Sol:
3)

We know that to every square matrix, A = [aij] of order n. we can associate a number called the
determinant of a square matrix A, where aij = (i, j)"" element of A.

Thus, the determinant is a number associated to a square matrix.

Hence, the correct answer is C.

Exercise — 4.3

Q.1: Find area of the triangle with vertices at the point given in each of the following:

(i) (1,0), (6, 0), (4, 3)
(i) 2,7), (1,1), (10, 8)

(“l) (_29 _3)9 (39 2)9 (_19 _8)




Sol:

(1) The area of the triangle with vertices (1, 0), (6, 0), (4, 3) is given by the relation,
A=12|(11164003111/|| =12[1(0—3)—0(6—4)+1(18-0)]

=12[—3+18] = 152 unit?

(if) The area of the triangle with vertices (2, 7), (1, 1), (10, 8) is given by the relation,
A=12]]112110718111]11| =12[2(1-8)—7(1-10)+1(8-0)]
= 12[—14+63—2]=12[-16+63]=472 unit?

(iii) The area of the triangle with vertices (-2, —3), (3, 2), (-1, —8) is given by the relation,
A=12][]-23-1-32-8111]||| =12[-2(2+8)+3(3+1)+1(~24+2)]

=12[—20+12—22]=—302=—15 unit?
Hence, the area of the triangle is |—15[|=15 unit®

Q.2: Show that points A(a,b+c),B(b,c+a),C(c,a+b) are collinear

Sol:

Area of AABC is given by the relation:
A=12|||labcb+cc+aa+b111]]||

=12||||lab—ac—ab+ca—ba—b100]|||
=12(a—b)(c—a)l|llla—lab+clb+c101||l|
=12(a—b)(c—a)l|llla—lab+clb+c101||l|
=0

Thus, the area of the triangle formed by points A, B, and C is zero. Hence, the points A, B,
and C are collinear.




Q.3: Find values of k if area of triangle is 4 square units and vertices are
() (k, 0), (4,0),(0,2)

(ll) (_29 0)5 (09 4)s (Os k)

Sol:

We know that the area of a triangle whose vertices are(X1,y1),(X2,y2),and(x3,y3) is the

absolute value of the determinant (A), where

A=12|]][Xax2x3y1y2y3111]]||

It is given that the area of triangle is 4 square units.

Therefore A=%4
(i) The area of the triangle with vertices (k, 0), (4, 0), (0, 2) is given by the relation:

A=12]11k40002111[][] =12[K(0—2)~0(4—0)+1(8-0)]

= 12[-2k+8]=—k+4=—k+4=+4

When k+4=—-4,k=38.

When —k+4=4,k=0.

Hence, k=0, 8.

(ii) The area of the triangle with vertices (-2, 0), (0, 4), (0, k) is given by the relation:

A=12|[1|-20004k111]|| =12[-2(4—k)] =k—4
i.e. kK—4=+4
When k-4 =—4,k=0.

When k-4 =4,k =8.
Hence, k =0, 8.

Q.4: (i) Find equation of line joining (1, 2) and (3, 6) using determinants

(if) Find equation of line joining (3, 1) and (9, 3) using determinants
Sol:




(1) Let P (X, y) be any point on the line joining points A (1, 2) and B (3, 6). Then, the
points A, B, and P are collinear. Therefore, the area of triangle ABP will be zero.

A=12|(1113x26y111/[11=0 =12[1(6—y)—2(3—X)+1(3y—6x)]=0
6-y-6+2x+3y-6x=0
2y-4x=0

y=2X

Hence, the equation of the line joining the given points isy = 2x.

(i) Let P (X, y) be any point on the line joining points A (3, 1) and

B (9, 3). Then, the points A, B, and P are collinear. Therefore, the area of triangle ABP
will be zero.

A=12]11139x13y111]][|=0

=12[3(3—y)—1(9—x)+1(9y—3x)]=0
9-3y-9+x+9y—-3x=0

6y —2x=0

x-=3y=0

Hence, the equation of the line joining the given points is x — 3y = 0.

Q.5: If area of triangle is 35 square units with vertices (2, —6), (5, 4), and (k, 4). Then k is
A.12B.-2C.-12,-2D. 12,2
Sol:

D
The area of the triangle with vertices (2, —6), (5, 4), and (k, 4) is given by the relation:
A=12]1125k—644111][]1=0 =12[2(4—4)+6(5—K)+1(20—4k)] =12[30—6Kk+20—4K]

=12[50—10K] = 25 - 5k
It is given that the area of the triangle is +35.

Therefore, we have:

25-5k=+35 5(5-K)=+35 5—k=+7




When 5-k =-7, k=5+7=12.
When 5-k =7,k =5-7=-2.
Hence, k=12, 2.

The correct Sol: is D.

Exercise 4.4

Q1: Write Minors and Cofactors of the elements of following determinants:

(i) 11120—43][|
(i) [l1abcd][]
Sol:

(i) The given determinant is ||]20—43]||
Minor of element a; is M; .

Therefore, M,; = minor of element a,, =3
M,, = minor of element a,, = 0

M., = minor of element a,, = -4

M., = minor of element a,, = 2

Cofactor of a; is A; = (-1) " M; .
Therefore, Ay, = (-1)**M,, = (-1)?(3) =3
Ap=(-1)*2My=(-1)*(0)=0
Ap=(-1)y"My=(-1)(-4)=4

Ap=(-1)"2M,(-1)(2)=2




(ii) The given determinant is |||abcd]]|
Minor of element a; is M; .

Therefore, M,; = minor of element a,, is M;; .
M,, = minor of element a,, = b

M., = minor of element a, = ¢

M., = minor of element a,, = a

Cofactor of a; is A; = (-1)""' M;; .

Therefore, A= (-1)***My, = (-1)* (d) =d
A,=(-1)2My,=(-1)2(b)=-b
An=(-1)*M,=(-1)(c)=-c

Ap=(-1)*">My,=(-1)* (a)=a

Q2: (i) 1111210010001 |1}
(i) 11111300514—-12|1|

Sol:

(i) The given determinant is ||]|1100100011]||
By the definition of minors and cofactors, we have :

M., = minor of a,, = |||1001]]| =1
M., = minor of a,, = |[|0001[|| =0
M., = minor of a,; = |[||0010]|| =0
M, = minor of a, = |[|0001]|| =0
M., = minor of a,, = [|]1001][] = 1
M,; = minor of a,; = |||1000]]| =0
M., = minor of a, = [|]0100]]| =0
M., = minor of a,, = |||1000]]| =0
M, = minor of a; = [[11001]]] =1
A, =cofactorof a;, = (-1)*** M, =1




A, = cofactor of a,, = (-1)**2M,;,=0
A,; = cofactor of a;; = (-1)**M;; =0
A, = cofactorof a,, =(-1)*** M, =0
A,, = cofactor of a,, = (-1)**2M,, =1
A,; = cofactor of a,;, = (-1)?**M,; =0
A, = cofactor of a;, = (-1)***M;, =0
A, = cofactor of a;, = (-1)**2M;, =0

A, = cofactorof ag; = (-1 )*"* My, =1

(i) The given determinant is |[1|1300514—12]|||
By definition of minors and cofactors, we have:

My = minor of a,, = |]|51-12||| =10+ 1 =11
M., = minor of a,, = |||130—12||| =6-0=6
M., = minor of a,, = |||3051|||=3-0=3

M,, = minor of a,, = |||0142[|| =0-4=-4
M,, = minor of a,, = |||1042[|| =2-0=2

M,; = minor of a,, = |||1001[||=1-0 =1
M., = minor of a;, = ||1054—1||| =0-20=-20
M,, = minor of a,, = |||134-1||| =-1-12=-13
M,; = minor of a;, = ||]1305]]| =5-0=5

A, = cofactor ofa,, =(-1)** M, =11

A, = cofactor of a,, = (-1)**2 M, = -6
A, = cofactorofa;, = (-1)"*M,; =3
A, = cofactorofa,, =(-1)*** M, =4
A,, = cofactor of a,, = (-1)**2M,, =2
A,; = cofactor of a,, = (-1 )*"* M =-1

A, = cofactor of a;, = (-1 )*** M, =-20

A, = cofactor of a;, = (-1 )2 M, = 13




A, = cofactor of a5, = (-1 )*** My, =5

Q.3: Using Cofactors of elements of second row, evaluate A=|[]|521302813]]|] .

Sol:

The given determinant is A=|[[[521302813]]||
We have:

M,, = |||3283||| =9_-16=-7
Therefore, A, = cofactor of Qy = ( -1 )2+1 M, =7

M., = |||5183||| =15-8=7
Therefore, A,, = cofactor of a,, = (-1 )?*2M,, = 7

M, =[115132|[| =10-3=7
Therefore, A,; = cofactor of a,, = (-1 )23 My, = -7

We know that A is equal to the sum of the product of the elements of the second row with their

corresponding cofactors.
Therefore, A = a, A, + a,A, + 8A; =
2(7)+0(7)+1(-7)=14-7=7

Q4: Using Cofactors of elements of third column, evaluate A=[[||111xyzyzzxxyl||] .

Sol:

The given determinant is ||]|111xyzyzzxxy||l| .
We have:

My = [[[1lyzll[=z-y
My = [[11XZ[]| =z —x
Mg = [[[11X]]] =y - x
Therefore, A;; = cofactor of a,; = (-1 )***Myp=(z-Yy)




A23=COfaCt0rOfa23:(-1)2+3M23:—(Z—X):(X—Z)
A, = cofactor of a5, = (-1 )** Mg =(y—X)

We know that A is equal to the sum of the product of the elements of the second row with their
corresponding cofactors.
Therefore, A = a; AL + a,A, + axAg

=yz(z-y)+zx(Xx—-z)+xy(y—x)

SYZP Y2+ XL+ XL X2+ XY - XY
=(Xz-y'z)+ (Y2 = XZ?) + (Xy* = X*y)
=z (X -y )+ (y-x)+xy(y-x)
=z(x-y)(x+y)+z(y-x)+xy(y-x)
=(x-y)[zx+zy—-z2—xy]
=(x=y)[z(x-z)+y(z-x)]
=(x=-y)(z-x)[-z+y]
=(x=y)(y-2)(z-x)

Hence, A=(x-y)(y-2z)(z-x)

QS: For the matrices A and B, verify that (AB)’ = B’A’ where

ia=Il1-a3lll
B=[-121
(i) A== [ﬂ| o121l

B = [157]

Sol:

i 2B =l 1-43] dlZl] [[|-14-32-g61-43]ll
Therefore, (AB )’ = |
Now. A’ =[—1-43],

-l 121]J|

Therefore, poa=l-1211llj1-431=ll1-1214-8-4-3631ll

1214-8-4-3631]]




Hence, we have verified that (AB )’ =B’A’ .

iiy A =l 0121] |i157]=ﬂ| 012051007141l
Therefore, ( AB )’ | LI 000157210141ﬁ

Now. A = [012]

g - [l1571]]

Therefore, B'a'= | L 157 [l [[0121=Ill 000157210141
Hence, we have verified that (AB)’ = B’A’

Exercise 4.5

Q.1: Find the adjoint of each of the matrices
[2547]

Sol:

Suppose A = [2547]

For X =[achd]

Then adj (X) = [d—c—ba]
We have,

An=7A, =—4 Ay =-5A,=2

Therefore, adj (A) = [7-5-42]

Q.2: Find the adjoint of each of the matrices
[l 1221302511l

Sol:



suppose, D =11 12-2-130251]]
We have,

D11=[113051[||1=3-0=3D12=—||2-251|||1=—(2+10)=—12D13=|||2—

230]11=0+6=6 D21=—|||-1021|||=—(—1-0)=1D22=||11-221]||=1+4=5D23=—]||1-2—
10[11=—(0-2)=2 D31=]||-1325]||=-5-6=—11D32=—||11225|||=—(5-4)=—
1D33=|]|12-13|]|=3+2=5

Hence, adj D = HI D11D21D31D12D22D32D13D23D33“ |:”| 3—126152—11—15]“

Q.3: Prove whether D (adj D) = (adj D) D = |D|I
D=[2-43-6]

Sol:

D=[2-43-6]

We have,
|D|=—12—(—12)=-12+12=0|D|1=0[1001]=[0000]
D,=-6,Dy, =4,D, =-3,D,=2

adj D = [-64-32]

Now,

D (adj D) = [2-43-6][-64-32]=[-12+1224-24-6+612-12]=[0000]
And,

(adj D) D = [-64—-32][2-43-6]=[-12+128-8-18+1812-12]=[0000]
Thus, D (adj D) = (adj D) D = |D|l

Q.4: Obtain the inverse of the matrices if it exists

[24-23]
Sol:



Suppose D = [24-23]
We have,

|D|=6+8=14

Now,

D,=3D,=-4D, =2,D,,=2

adj D = [3-422]D-1=1p|=114[3-422]

Q.5: Obtain the inverse of the matrices if it exists

(11002203451l

Sol:

suppose D = 1111002203451l
We have,

ID|=1(10-0)-2(0—0)+3(0-0)=10
Now, D 1;.10-0=10,D,=—(0-0)=0,D ,=0-0=0,D, =—(10-0)=—-10,D,,=5-0
=5D;»=-(0-0)=0, D5;=8-6=2,Dyp=—(4-0)=—4,Dy=2-0=2

adj 0 = 11 1000-10502-42]]]
b= 1padjD=110l [ 1000-10502-421]|

Q.6: Find the inverse of each of the matrices (if it exists).

ﬂ| IOOOCosasinaOsina—cosa“ |

Sol:

LetA = ﬂl 1000cosasinaOsina—cosa“ |
We have,

|A|=1(-cos20-sin2a) |A|=—(cos2a+sin2a)=—1




Now,
A11=—c0520-Sin20=—1,A12=0,A13=0 A21=0,A22=—c0Sa,,A23=—sinaA31=0,A32=—

sina,A33=cosa

Therefore,

ade=”| —1000—00sa—sinaO—sinacosa“ |

Therefore,

A—1:1jA|.ade = ﬂl —1000—cosa—sinaO—sinacosa“ | = ﬂl 1000cosasinaOsino—
cosa

Q.7: Let A=[3275] and B=[6789]. Verify that (AB)-1=B-1A-1

Sol:

Let A=[3275]
We have ,

|A|=15-14=1
Now,

A11=5A12=-2 A21=—7,A22=3
Therefore,

adjA=[5-2-73]

Therefore,
A-1=11a1.adJA=[5—2-73]

Now, let adjB=[6786]
We have ,

B|=54-56=—2

Therefore,




adjB=[9-7-86]

Therefore,

B-1=1)8|.adjB=0.5[9—7—86] [-92724—3]

Now,

B-1A-1=[-92724—3][5—2—73] B-1A-1=[-452-8352+6632+12-492—9][612472872-672]
Then,

= AB=[3275][6779]

= AB=[18+4912+3524+6316+45]

= AB=[67478761]

Therefore, we have AB=[18+4912+3524+6316+45]
Also,

adj(AB)=[61-47-8767]

Therefore, (AB)-1=1)aBjadj(AB)=-12[61-47-8767] ............... )
=[612472872-672]

From (1) and (2), we have: (AB)™" = B A * Hence, the given result is proved.

Q.8: If A=[3—112], show that A>—5 A + 7 | = 0. Hence find A -

Sol:
A=[3-112]

A2=A A=[3-112][3-112] = A=[9-1-3-23+2-1+4] = [8-553]
Therefore,

A2-5A+71=0

= [8-553] - 5 [3-112] + 7 [1001]

= [8-553] - [15-5510] + [7007]

= [-700-7] - [7007] = [0000]

Therefore, A2~5A+71=0



Therefore, AA-5A=-7I

> AA(AY)-BAA=-TIAT ... [ post — multiplying by A -1
as |A|£0 ]

=>A (AA)-5I=-7TA"

=>AlI-5I=-7A"

= A1 =—17(A-5I)

= A+=—17(51-A)

=17([5005]-[3-112])=17[21-13]

Therefore,

A1=17[21-13]

Q.9: Let A be a nonsingular square matrix of order 3 x 3. Then [adjA| is equal to
(A) [adjA

(B) [adjAl2

(C) [adjA|3

(D) 3 [adjA|

Sol:
The correct option is B
adja)a=|AN=l ja000/a000iA

= (adja)A=lll |A|LOOO|A|OOO|A|“|

= adjiA)ARARl 100010001 1] I=jAR(x)
Therefore, |(adjA)|=|Al2

Hence, the correct Sol: is B.

Q.10: If Ais an invertible matrix of order 2, then det (A ') is equal to
(A) det (A)

(B) 1det(A)



©1
(D)0

Sol:

Since A is an invertible matrix , A -1 exists and A -1 = 1jajadjA
As matrix A is of order 2, let A=[acbd]

Then, |A|=ad—bcandadjA=[d—c—ba]

Now,

A—1=1|A|adjA=”d|A|—c|A|—b|A|a|A|“
Therefore,

[|A-1] |:”d|A|—c|A|—b|A|a|A|“:1|A|z[d—c—ba]:1|A|z(ad—bc):1|A|z.|A|:1|A|

Therefore,

det(A)-1=1det(A)

Hence, the correct Sol: is B.

Q.11: Suppose D = m 2—11—12—11—12“ | verify that D *— 6 D? + 9D — 41 = 0 and hence
find D -*

Sol:

p=ll2-11-12-11-12]|

pe=ll2-11-12-11-121I1 2-11-12-11-12]]]

HI A+1+41-2-2-12+142-2-2-11+4+ 1—1—2—22+1+2—1—2—21+1+4“ |=ﬂ| 6-55—
56-55-56 ||

p:=p:p=16-5556-55561Il12-11-12-11-121lI-Ill 1r+5+5—10—6—
510+5+6—6—10—55+12+5—5—10—66+5+105—6—105+5+12“ 11222121 2122
21212122

Now,



D:-6D*+9D-41=0

=l 22-2121-2122-2121-21221I |- 6[l| 6-55-56-55-56 | |+ ol [l 2-11-12-11
12]]-4lll 100010001111

= [l 22-2121-2122-2121-2122 || 11| 36-3030-3036-3030-3036 | |+/1] 18-99—
918-99-918 11 [-[] 2000200041l

- [1] 40-3030-3040-3030-3040 || |- {1| 40-3030-3040-3030-

30401 |=ﬂfooooooooo“ |

Hence, D*-6D*+9D -41=0

Now,
D:-6D?+9D-41=0

(DDD)D *~6D+9D-41=0 [Multiplying by D -+ on as |D|l is not equal to 0]
DD (DD %) — 6D (DD %) + 9 (DD%) = 4 ID"*

DDI-6DI+91=4D"
D?-6D+91=4D"

D '=14 (D?- 6D +9I)
D?— 6D + 91

-[||6-55-56-55-56]|-6lll 2-11-12-11-121l |+ 9ll| 11l
“[ile 5226 25 selll 1112 a6 612 a6 6121111 Lls0oosongollllls1 -
1131—113“TFromequation(1),Wehave,D—1=14”| 31-1131-113 (J)f

Exercise- 4.6

Q-1: Check the consistency for the system of two equations given below:
a+3b=2
2a+4b=3

Sol:

As per the data given in the question,



The given system of the two equations is:

a+3b=2

2a+4b=3

The given system of equations will be written as in the form of MX = N, where
M=[1234],X=[abJandN=[23]

Thus,

IM[=1(4)-3(2)=3-4=-1#£0

Hence, M is non- singular.

Thus, M* exists.

Therefore, the given system of two equations will be consistent.

Q-2. Check the consistency of the system of two equations given below:

a+4b=5
2a+7b=8
Sol:

The given system of the two equations is:

a+4b=5

2a+7b=38

The given system of equations will be written as in the form of MX = N, where
M=[1247],X=[ab]andN=[58]

Thus,

IM|=1(7) - 4(2)=7-8=-1%0

Hence, M is a singular matrix.

Thus,




(adjM)=[7—2—41] (adjM)N=[7—2—41][58]
- [35-32-10+8]=[3-2]#0

Therefore, the solution for the given system of the equation does not exist. Thus, the given
system of the equations will be inconsistent.

Q-3. Check the consistency of the system of three equations given below:
atb+c=1
2a+3b+2c=2

pa+pb+2pc=4

Sol:

The given system of the two equations is:

atb+c=1

2a+3b+2c=2

pa+pb +2pc =4

The given system of three equations will be written as in the form MX = N, where

M=l 12p13p122p 1| x=l Ll abe H lanan=l L] 12411

IM|=1(6p—2p)—-1(4p—2p) +1(2p—3p)
=1(4p)-1(2p) +1(-p)

=4p-2p-p

=p#0

Hence, M is non- singular.

Thus, M exists.

Therefore, the given system of two equations will be consistent.




Q-4. Check the consistency of the system of three equations given below:

3a-b-2c=2
2b—-c=-1
3a-5b=3
Sol:

The given system of the two equations is:

3a—b-2c=2
2b-c=-1
3a—-5b=3

The given system of three equations will be written as in the form MX = N, where

m=Il303-12-5-2-101l| x=Ill abc ] lanan=l | 2-131]]
IM[=3[2x0-(-1)x(-5)]-0[(-1)x0— (-2)*x(-5)] +3[(-1)*x(-1)-(-1)x(4)]
=3(0-5)-0+3(1+4)

=3(-5)-0+3(5)

=-15+15=0

Thus,

M is a singular matrix.

Then,

(adjM)=I1|-5-3-610612536 || (adjm)N=I 1 -5-3-610612536 1] 2-13]]]
-[ll-10-10+15-6-6+9-12-12+18 I |=ll|-5-3-6 | k20

Therefore, the solution for the given system of the equation does not exist. Thus, the given
system of the equations will be inconsistent.

Q-5. Solve the following system of the linear equations by suing the matrix method:




ba+2b=4
7a+3b=5

Sol:

The given system of linear equations will be written as in the form of MX = N, where
M=[5723],X=[ab]andN=[45]

IM[=(5x3)-(7x2)=15-14=1%#0

Hence, M is non- singular.

Thus, M* exists.

Now,

M = 1jm|(adjM)

= M*=11[3-7-25]

Thus,

X = M*N = [3—7-25][45]

= [ab]=[3—7-25][45]

= [ab]=[3x4—2x5-7%4+5x5]=[12-10—-28+25]=[2—3]
= [ab]=[2—-3]

Hence,a=2and b =-3.

Q-6. Solve the following system of the linear equations by suing the matrix method:
4a-3b=3

3a-5b=7

Sol:

The given system of linear equations will be written as in the form of MX = N, where

M=[43-3-5],X=[abJandN=[37]




IM[=[4x(-5)]-[(-3)%x3]=-20+9=-11#0
Hence, M is non- singular.

Thus, M* exists.

Now,

M* = 1jm|(adjM)
= M*=-111[-5—-334] = 111[53-3-4]
Thus,

X = M*N =111[53-3—4][37]

= [ab]=111[53—-3—4][37]

= [ab]=111[5Xx3+(—3)x73%x3+(—4)x7]=111[15-219-28]=111[-6—19]=[-611—1911]
= [ab]=[-611—1911]

Hence, a = —611 and b = —1911.

Q-7. Solve the following system of the linear equations by suing the matrix method:
atb+c=1

a-2b-c=32
3b-5c=9

Sol:

The given system of linear equations will be written as in the form of MX = N, where

M=Ill2101-231-1-511| x=[l abcl lanan=l ] 1329 1]

Thus,

M| =2[ (-2) x (-5) = (-1) x 3] =1[1x(-5) -3 x 1] +0[ (-2) x 1 -1 x(-1)] =2(10+3) - 1(-
5-3)+0

=2x 13 (-8)
—26+8=3440

Hence, M is non- singular.




Thus, M* exists.

Now,

My, =13, M, =5, M;; =3
M,, =8, My, =-10, M,; = -6

Mz =1, My =3, My =-5

Thus,

M- = yi(adjM) = 134l | 13538-10-613-51l

Thus

X = M*N=1Mm|(adjM) = 134”' 13538—10—613—5“ "“ 1329]“

= [llabe)l |z l]1 13><1+8><32+1><95><1+(—101><32+3><93><1+(—6)><32+(—5)><9“ I
= l|abelllz1ad | 13+12+95-15+273-9-45

= llabe)ll=5ad 3417—]%1“

= ” abc“ =”| 112—32

Therefore,a=1,b=12and c=-32

Q-8. Solve the following system of the linear equations by suing the matrix method:
a-b+c=4
2a+b-3c=0

a+b+c=2

Sol:

The given system of linear equations will be written as in the form of MX = N, where
M=l 121-1111-31 1| x=[ll abe | lanan=1 1 2021

Thus,

M=1[1x1—-(-3)x1]—(-1)[2%x1—(-3)x1]+1[2x1-1%x1]=2(1+3)+1(2+3)
+1(2-1)



=1x4+1x5+1x1

=4+5+1=10%£0

Hence, M is non- singular.

Thus, M* exists.

Now,

M,=4,M;,=-5 M;=1

M, =2, My, =0, My; = -2

Ms, =2, M3, =5, Mg =3

Thus,

M- = ywi(adjM) = 110l | 4512022531l

x = M N= imi(adjM) = 110l | 45120225311 [ 40211
=110 4x4+2xo+2x2—5x4+0xo+Tx21x4+(—2)x0+3x2“
Uzl [l 16+O+4—2(i+0+104+0+6“
abe)| |10l 20-1010]]
1N 2-111]

Therefore,a=2,b=-1landc=1

Q-9. If from equations,
2a-3b+5c=11,3a+2b-4c=-5anda+b-2c=-3
m=ll231-3215-4-21ll

Find M. By using M, solve the system of the linear equations.

Sol:

m=Ill231-3215-4-21l|
M| =2[2x (-2) 1% (-4)]+3[3x (2) ~1x (-4)] +5[3x1-2x1]

=2(-4+4)+3(-6+4)+5(3-2)



=2x0+3x%x(-2)+5x1
=0-6+5=-1#0

Hence, M is non- singular.
Thus, M* exists.

Now,
M,=0,M;,=2,M;;=1
M, =-1,M,,=-9, M,; =-5
M, =2, M, =23, M;; = 13
Thus,

m = vi(adjM) = 11l 021-1-9-5223131 =l 0-2-1195-2-23-13]
The given system of linear equations will be written as in the form of MX = N, where

M=Ill231-3215-a-211| x=[ll abc I lanan=[11 11531l

The solution of the given system of linear equations will be given by X = M* N.

wiadjM) = [l 4231-3215-4-2 11l 12-5-31ll
| 0%1 141 (—5)H(—2)x(~3)—2X 11+9%(~5)+(—23) % (~3)(~1)x11+5

—X= MIN=
= | abc“
<5 R)(3)

- __|)abc [l|0-5+6-22_45+69-11_25+39]]|
= [labclll=l 12311
Therefore,a=1,b=2andc=3.

—

R
fo—
I~ 1l

Q-10. The price of 4 kg of onion, 3 kg of wheat and 2 kg of rice is Rs 60. The price of 2 kg of
onion, 4 kg of wheat and 6 kg of rice is Rs 90. The price of 6 kg of onion, 2 kg of wheat and
3 kg of rice is Rs 70. What is the price of each of the items (per kg)? Use matrix method to
find the price.

Sol:




Let us consider the cost of onions, wheat, and rice per kg be given by Rs a, Rs b,and Rs c,
respectively.

Thus, the given situation will be represented by the system of the equations as:
4a+3b+2c=60

2a+4b+6c=90

6a+2b+3c=70

The given system of the equations will be written as in the form of MX = N, where

M=I1l 22634226311 | x=[l| abc I lanan=[ 1| 6090701l

Thus,

IM|=4[4x3-6x2]-3[2x3-6x6]+2[2x2-6x4] =2(12-12)-3(6-36) +2(4
~24)

=0+90-40=50+#0
Hence, M is non- singular.
Thus, M* exists.

Now,

M,, =0, M, =30, My; =-20
M,, =-5 M,, =0, My; =10
M, = 10, M,, = -20, M3; = 10

M- = 1i(adjM) = 1sol | 030-20-501010-20101l
Thus,

X = M N.= 1ui(adjM) = 150l | 030-20-501010-201011 [ 609070 ]

— [l abel] =150l [ 0x60-+(~5)%90+10x7030x60+0%90+(~20)x 70(~20)x60+10x
90+10x70 ||
— [llabellz1s0l || 0-450+7001800+0-1400-1200+900+700]l|
— Illabclll=1sol [ 250400400

= [llabclll=l Il s8]l

Therefore,a=5,b=8andc=8




Thus, the price for onions is Rs. 5 per kg, the price for wheat is Rs. 8 per kg and the price
for the rice is Rs. 8 per kg.
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