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INTRODUCTION TO THREE
DIMENSIONAL GEOMETRY

You have read in your earlier lessons thet given a point in a plane, it is possible to find two
numbers, called its co-ordinates in the plane. Conversdly, given any ordered pair (X, y) there

corresponds a point in the plane whose co-ordinates are (, y).

Let arubber bal be dropped verticadly in aroom The point on the floor, where the ball strikes,
can be uniquely determined with reference to axes, taken adong the length and breadth of the
room. However, when the ball bounces back verticaly upward, the position of the bdl in space
a any moment cannot be determined with reference to two axes consdered earlier. At any
ingtant, the position of ball can be uniquely determined if in addition, we aso know the height of

the bal above the floor.

If the height of theball abovetheflooris2.5cm
and the pogition of the point where it strikes
the ground is given by (5, 4), one way of
describing the pogition of bal in spaceiswith
the help of these three numbers (5, 4, 2.5).
Thus, the pogtion of apoint (or an article) in
space can be uniqudly determined with the
help of three numbers. In this lesson, we will
discussin details about the co-ordinate system
and co-ordinates of apoint in space, distance
between two points in space, position of a
point dividing the join of two pointsin agiven
ratio internally/externally and about the
projection of apoint/line in space.

After sudying this lesson, you will be ableto :

Z,
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/

. associate apoint, in three dimensiona space with given triplet and vice versg,
. find the distance between two pointsin space;
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. find the coordinates of a point which divides the line segment joining twogiven pointsin a

given rio interndly and externdly;

define the direction cosineg'ratios of agiven line in gpace;

find the direction cosines of alinein space;

find the projection of aline segment on ancther line; and

find the condition of prependicularity and pardlelism of two linesin space.

| EXPECTED BACKGROUND KNOWLEDGE _

EXPECTED BACKGROUND KNOWLEDGE

. Two dimensiona co-ordinate geometry

. Fundamentals of Algebra, Geometry, Trigonometry and vector algebra

33.1 COORDINATE SYSTEM AND COORDINATES OF

A POINT IN SPACE

Recdll the example of abouncing bal in aroom where one corner of the room was consdered

astheorigin.

It is not necessary to take a particular
corner of theroom asthe origin. Wecould
have taken any corner of the room (for
the matter any point of theroom) asorigin
of reference, and reldive to that the co-
ordinates of the point change. Thus, the
origin can be taken arbitarily a any point
of the room.

Let us sart with an arbitrary point O in
space and draw three mutually
perpendicular lines X'OX, Y'OY and
Z'0OZ through O. Thepoint Oiscdled the
origin of the co-ordinate system and the
lines X'OX, Y'OY and Z'OZ are cdled
the X-axis, the Y-axis and the Z-axis
respectively. The postive direction of the
axesareindicated by arrowsonthick lines
in Fig. 33.2. The plane determined by the
X-axisand the Y-axisiscaled XY -plane
(XQY plane) and similarly, YZ-plane
(YOZ-plane) and ZX-plane (ZOX-plane)
can be determined. Thesethree planesare
caled co-ordinate planes. The three
coordinate planes divide the whole space
into eight parts called octants.

Let P be any point is space. Through P
draw perpendicular PL on XY -plane
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meseting this plane a L. Through L draw aline LA Z
pardld to OY cutting OX in A. If we write OZ = X,
AL =y and LP =z, then (X, y, 2) are the co-ordinates

0

of the point P. P

Again, if we complete areactangular parallel opiped 5
through P with its three edges OA, OB and OC e —— Y
meeting each other at O and OP asitsmain diagona u LX

caled the co-ordinates of the point P.

then the lengths (OA, OB, OC) i.e, (X, Y, 2) are /
X

Fig. 33.4

Note : You may notethet in Fig. 334
() Thex co-ordinate of P= OA = the length of perpendicular from P on the Y Z-plane.

(i) They co-ordinate of P= OB = the length of perpendicular from P on the ZX-plane.

(i) Thex co-ordinate of P = OC = the length of perpendicular from P on the XY -plane.

Thus, the co-ordinates x, y, and z of any point are the perpendicular distances of P from the
three rectangular co-ordinate planes YZ, ZX and XY respectively.

Thus, given apoint Pin space, to it corresponds atriplet (x, y, z) called the co-ordinates of
the point in space. Conversdly, givenany triplet (X, y, z), there corresponds apoint Pin space
whose co-ordinates are (X, v, 2).

1

Just as in plane co-ordinate geometry, the co-ordinate axes divide the plane into four
quadrants, in three dimentiona geometry, the space is divided into eight octants by the
co-ordinate planes, namely OXYZ, OX'YZ, OXY'Z, OXYZ', OXY'Z', OX'YZ',
OX'Y'Z and OX'Y'Z'.

If P be any point in the firg octant, thereis a point in each of the other octants whose
absolute distances from the co-ordinate planes are equd to those of P. If Pbe(a, b, ©),
thEOther pOImsae(- a, bl C)l (ai - b! C)l (a1 by - C)! (a1 - b! - C)! (- a, bl - C)! (- a, - b! C)
and (- a, - b, - ¢) respectively in order in the octants referred in (i).

The co-ordinates of point in XY -plane, Y Z-plane and ZX-plane are of theform (a, b,
0), (O, b, ¢) and (a, O, c) respectively.

The co-ordinates of pointson X-axis, Y -axisand Z-axisare of theform (a, 0, 0), (O, b,
0) and (O, O, c) respectively.

Y oumay seethat (X, y, Z) correspondsto the position vector of the point Pwith reference
to the origin O asthe vector Op.

SEIlRCHM  Name the octant wherein the given pointslies:

(a) (2! 6! 8) (b) (_ 1! 2’ 3) (C) (_ 2! - 5! 1)
(d) ('31 11_2) (e) ('6!'11_2)
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Solution :

@ Since dl the co-ordinates are pogitive, \ (2, 6, 8) liesin the octant OXY Z.

(b) Since x isnegative and y and z are pogitive,\ (- 1, 2, 3) liesin the octant OX'Y Z.
(© Sincex andy both arenegativeand zispostive\ (- 2, - 5,1) liesintheoctant OX'Y'Z.
(d  (-3,1,-2)liesinoctant OX'YZ'.

(e Sncex, y and zaredl negative\ (- 6, - 1, - 2) liesin the octant OX'Y'Z'.

Q CHECK YOUR PROGRESS 33.1

Name the octant wherein the given pointslies
(a) (' 4! 21 5) (b) (41 31 - 6) (C) (' 2’ 1’ - 3)
d(@-2,1) (@B 9-10)

33.2 DISTANCE BETWEEN TWO POINTS

Suppose thereis an dectric plug on awall of aroom 4 Electric iron)
and an eectriciron placed on thetop of atable. What a /

isthe shortest length of the wire needed to connect the
eectric iron to the dectric plug ? Thisis an example
necessiteting the finding of the distance between two
points in space. B iplug)

Let the co-ordinates of two points P and Q be

>Y
(X, Y1, 21) and (X5,Y,, Z5) respectively. With 0
PQ as diagonal, complete the parallopiped
PMSNRLKQ. Fig. 33.5
PK is perpendicular to the line KQ. X
\ From the right-angled z N ;
triangle PKQ, right angled at K, A S |_
Wehave pQ? = PK? +KQ? M 5
Agan from the right angled triangle PKL right angled 21 |
a L, O E Zz;
w V7 : —>Y
PK2 =KI12 +PL2 MP? P2 (VKL =MP) /g
o e e o i
& 12 o> g
\ PQ? = MP? +PL2 +KQ? ..() /*
-V >
TheedgesMP, PL andKQ areparalle X Fig. 33.6

to the co-ordinate axes.

MATHEMATICSS



Now, the distance of the point P from the plane Y OZ = x; and the distance of Q and M from
YOZ plane = x,

\ MP = |xy - Xq|

Smilaly, PL=|y, -y1| andd KQ =|2 -z]

\ PQ2 = (X -x1)° +(y2 -v1 ¥ +(zp -z} --[From()]
2 2 2

or PQ|=y(x2 x4 )2 +(y2 -v1f Hz2 -21)

Corallary : Digance of a Point from the Origin
If the point Q(x 5 y 5 z, ) coincideswith the origin (0, 0, 0), then x, =y, =z, =0
\ Thedigance of Pfromtheoriginis

0P| = y/(xg -0)% +(y -0 {z -0)

_[e2 . u2 2
—\/X1 Y1 7

In generd, the distance of a point P(x, y, z) from origin O is given by

|OP| = x? +y? +°
ENEKREPE Find the distance between the points (2 5, - 4) and (8, 2, - 6).

Solution: Let P (2,5, - 4) and Q (8,2, - 6) bethetwo given points.
Vo |PQl=y(8-2) +(2 5 { 6 4)

=/36 +9 4

=49

=7

\  The distance between the given pointsis 7 units.

SehllEeky Prove that the points (-2, 4,- 3), (4, - 3,- 2)and (-3,- 2,4) are

the vertices of an equilaterd triangle.

Solution: Let A (-2, 4, - 3),B(4,- 3,- 2) adC(-3, - 2,4) bethethreegiven points.

Now [AB|=4(4 +2)2 « 3 4)° { 2 3)°
=36 +49 4 =/86

BC|=4( 3 -47 +( 2 B) ¢4 2)

b B

CA|=4/(-2 432 4 2F ¢ 3 4)

OPTIONAL - |
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Since |AB| = |BC| = |CA|, D ABC isan eqilaterd triangle.
SR \/erify whether the following points form atriangle or not :
@ A(-1,23) B(L45) ad C(540)

(b) (2-33),(124) and (3-8 2)
Solution :

@ |AB| = /(1 +1)2 +(4 2)% {5 3)
—J22 12 2 a3 =3464(approx.)
1BC| =4/(5 -1 +(4 -4 0 5Y
=16 +0 25 /41 =6.4(approx,)

and IAC| =4/(5 +1)> {4 2F {0 3)°
=36 14 9 =
\ |AB|+|BC| =3464 6.4 9.864 [AC|, |AB|+|AC| >|BC]

and |BC|+|AC| >|AB|.
Since sum of any two sides is greater than the third sde, therefore the above points form a
triangle.

(b) Let the points (2,- 3,3),(1,2, 4) and (3,- 8,2) be denoted by P, Q and R

respectively,
then  [pQ|=y(1-2)" +(2 8)" {4 3)
=J1+25 4 33
IQR[ = /(3 -1)2 +( 8 -2)% 2 4)°
IPR|=4/(3-2)7 + 8 B) {2 3)?
=J1+25 4
= 33

Inthiscase|PQ|+|PR|:3\/§ 33 &3 [©R| . Hence the given points do not form
atriangle. Infact the pointslieon aline.

MATHEMATICSS
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SelJEReEN Show that thepoints A (1,2,- 2),B(2,3, - 4) and C(3,4, - 3) form Vgcl::grlgal\rl]ﬁ\lt_h;ele

aright angled triangle. dimensional Geometry

Solution : AB2=(2-17 +(3 -2)> { 4 2)> & 1 4+ 6

BC2=(3 -2)> +(4 3 { 3 4)® &£ ¥ 1+ 3
5 2 5 Notes
and AC2=(3-1)° H4 2)° { 3 2) 4 & 1+ 9

Weobservethat AB2 + BC? =6 +3 9 AC?

\  DABC isaright angled triangle.

Hence the given points form aright angled triangle.

EEREERS Prove that the points A (0, 4,1), B(2,3 - 1), C(4,5 0)and

D (2, 6, 2) arevertices of asquare.

Solution : Here, AB:\/(Z -())2 +(3 _4)2 X 1 _1)2
=4 +1 #4  Bunits

BC=4(4 -2)% +(5 3 H0 )
=4 +4 1 Bunits

CD =4(2 -4 +(6 5)2 {2 0)2
=4 +1 #4  SBunits

and DA =4/(0 -2)% +(4 €Y 1 2Y
=4 +4 #1 3 units
\ AB = BC = CD = DA
Now AC? = (4 -0)% 5 -4F 0 1)
=16 +1 4 28
\ AB? + BC? =32 82 48 AC?
\ PB=90°
\ Inquadrilater ABCD, AB=BC =CD DA and PB =90 ¢

\ ABCDisasquare.

Q CHECK YOUR PROGRESS 33.2

1.  Findthe distance between the following points :
@ (43 -6)ad(-21, - 3) (b) (-3,1,- 2) and (-3,- 1, 2)

MATHEMATICS




OPTIONAL - | (© (0,0, 0) and (- 1,1,2)

Geometry
Vectors and three

dimensional Geometry[2  Show that if the distance between the points (5, - 1, 7) and (&, 5,1) is 9 units, "'
must be either 2 or 8.

3. Show tha the triangle formed by the points (a, b, c), (b, c,a) and (c, a b) is
equilaterd.

Notes
4.  Showthathe thepoints (-1, 0, - 4), (0,1, - 6) and (1 2, - 5) formaright angled
tringle.

5. Show that the points (0, 7,10), (-1, 6,6) and (-4, 9, 6) are the vertices of an
isosceles right-angled triangle.

6.  Show that thepoints (3, - 1,2), (5 - 2, - 3),(-2,4,1) and (-4, 5,6) foma
paraleogram.

7. Show tha the points (2 2,2), (-4,8 2), (-2 10,10) and (4, 4,10) form a
square.

8.  Show that in each of the following cases the three points are collinear :
@ (-3.2,4),(-159)and (1,814)

®) (5 4, 2), (6,2, -1)ad (8 - 2, - 7)

© (25 - 4),(14-3)ad (47 - 6)

33.3 COORDINATES OF APOINT OF DIVISION OF A
LINE SEGMENT

z

Fig. 33.7

Let thepoint R (X, y, 2) divide PQ intheratio | : m internaly.
Let the co-ordinates of Pbe (x4, y;, z ) and the co-ordinatesof Q be (x5, Yo, z5 ). From
points P, R and Q, draw PL, RN and QM perpendiculars to the XY -plane.

MATHEMATICSS
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Draw LA, NC and MB perpendicularsto OX.
Now AC=0C - OA =x -x; axddBC=0B -OC =x, -X
AC LN _ PR

I
Also we have, BC = NM . RQ = m
X-Xq _ |
\ X9 - X m
or mx - mx; = X, -1Ix
or (I +m)x =Ix, +mxq
or X:|X2' mxXy

| +m
Smilarly, if we draw perpendicularsto OY and OZ respectively,

ly, + my. lz, + mz
y =2 L ond z = 22 1

we get
g | + m | +m

stheno aXo +mxy  ly, +my; 1z 4mzgp
\ Rlstepomtg +m ' 1 am 1 m g

I
Ifl = E,then the co-ordinates of the point R which divides PQ intheratio | : 1 are

aXotXxy lys,+y;  1z; +79p

, , =, +110
[ +1 [ +1 41 g

Itisclear that to every value of | , there corresponds a point of the line PQ and to every point
R ontheline PQ, there corresponds somevalueof | .If | ispogtive R lieson theline ssgment
PQandif | isnegative, R does not lie on line ssgment PQ.

In the second case you may say the R dividestheline segment PQ externdly intherdtio - | : 1.
Corallary 1 : The co-ordinaes of the point dividing PQ externdly intheratio | : m are

aXo - mxp lyp - my; 1z,- mzg
ET-m  1T-m " I-m o

Corallary 2 : The co-ordinates of the mid-point of PQ are
geXy £ Xz Yu T¥o " Zg ¥256
2 2 1 2 g

SYETlRCHM Find the co-ordinates of the point which divides the line segment joining the

points (2, - 4,3) and (-4, 5 - 6) intherdio 2: Lintemally.

Solution: Let A (2 - 4,3), B(-4,5, - 6) bethetwo points.
LetP(X,Y, 2) dividesAB intheratio2: 1.

OPTIONAL - |

Vectors and three
dimensional Geometry

Notes
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\ L _2(-4)+12 2 y:2.5+1(-4) L
2+1 2+1
ad Z_2(-6)+1.3_
2+1

Thus, the co-ordinates of Pare (- 2, 2, - 3)

S LE<El Find the point which dividestheline segment joining thepoints (- 1, - 3, 2)

and (1, - 1, 2) externdly intheratio2: 3.

Solution : Let thepoints (-1, - 3,2) and (1, - 1, 2)) bedenoted by P and Q respectively.
Let R (X, Y, 2) divide PQ externdly intheratio 2 : 3. Then

_21-3(1) L, _2(-1)-3(-3) _
2-3 ' 2-3
w2223

Thus, the co-ordinates of Rare (-5, - 7, 2).

el Find the ratio in which the line ssgment joining the points (2 - 3,5) and
(7,1, 3) isdivided by the XY -plane.

Solution : Let the required retio in which the line segment isdivided be | : m.

ol+2m | -3m 3 +5my
Theco—ordmatesofthemntareg +m . Tam’ 1 m o

Since the point liesin the XY -plane, its z-coordinate is zero.

. 3 +5m _ I 5
ie, =0or —= -—
| +m m 3

Hence the XY -plane divides the join of given pointsin theratio 5 : 3 externdly.

Q CHECK YOUR PROGRESS 33.3

Find the co-ordinates of the point which divides the line segment joining two points
(2 -53)and(-35 - 2) intendly intheratio1: 4.

2. Find the coordinates of points which divide the join of the points (2, - 3,1) and
(3 4, - 5) interndly and externdly in theratio 3: 2.

3. Findtheratio in which theline ssgment joining the points ( 2, 4, 5) and (3,5, - 4) is
divided by the Y Z-plane,

MATHEMATICSS



Introd
4.  Show that the YZ-plane divides the line segment joining the points (3, 5, - 7) and

(-2,1,8) intheration 3: 2 a the point ?% 7
2

5. Showthat theratiosinwhich the co-ordinate planesdividethejoin of thepoints ( - 2, 4, 7)
and (3, - 5,8) ae2:3,4:5(internaly) and 7 : 8 (externdlly).
6. Find the co-ordinates of a point R which divides the line segment P (x4, yq, z; ) ad

Q(x2, Yo, ) externdly intheratio 2 : 1. Verify that Q is the mid-point of PR.

33.4 ANGLE BETWEEN TWO LINES

Y ou are dready famililar with the concept of the Z /
angle between two lines in plane geometry. We

will extend thisideato the linesin space. i /
D . m
A B

Let there be two lines in space, intersecting or
non-intersecting. We consider apoint A in space
and throughit, wedraw linespardld tothegiven Y
linesin space. The angle between thesetwo lines
drawn pardléd to the given linesis defined asthe
angle between the two lines in space.

Youmay seeintheadjointing figure, thet q isthe x Fig. 338
angle between the lines | and m. o

33.5DIRECTION COSINESOF A LINE

If a, b and g are the angles which aline AB
makes with the positive directionsof X, Y and Z o
axes respectively, then cosa,cos b and C0Sg / ,/’
arecdled thedirection cosnes of theline AB and A rd

are usually denoted by the letters |, m and n -
respectively. In other words | = cos a, ﬁ},ﬁ'
Al

m =cos band n = cos ¢. Youmay essly see o
that the direction cosines of the X-axisare 1, 0, 0,
because the line coincides with the X axisand is Fig. 339

perpendicular to Y and Z axessince cos0= 1, X
cos90= (.Smilarly directioncosnesof Y and
Zaxesare0,1,0and 0, O, 1 respectively.

33.5.1 RELATION BETWEEN DRECTION COSINES

Let OP be alinewith direction cosnes cosa,cos b and cosgi.e. |, mand n.
Agansinceeachof BOLP, BOMP and BDONP isaright angle.

We hav % =cos a =
S op

OPTIONAL - |

Vectors and three
dimensional Geometry
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O—M—cosb—mandO—N—cosg—n %1
OP OoP
N R
i.e. .OP=0L, m.OP=0OM and n.OP=0ON
Q —=/p
\ OPZ(I2 +m? +n2) v
2 2 2 S F—>Y
= OL? +OM? +ON? =OP? M
o 12+n? +n? =1 T K
Fig. 33.10

or cos?a +cos? b +cos? g4 g

Thisisthe rdation between the direction cosines of aline.

Coroallary 1: Any threenumbersa, b and ¢ which are proportiona to the direction cosines
[, mand n respectively of agiven line are caled the direction ratios or direction numbers of
the given line. If a b and c are direction numbers and |, m and n are direction cosines of a
ling, then |, m and n are found in terms of a, b and c asfollows :

12 + m? +n? 1
+ = 2
Va2 +p2 +2 a2 47 €2

~m _n
b ¢

I
a

C
\ | = + m= =+ n +
Va2 + b2 +c2 Va2 +b2 +c2 Ja2 + b2 +c2

where the same sign either positive or negative is to be taken throughout.

33.6 PROJECTION

Suppose you are sanding under the shade of atree. At
atimewhenthesunisverticaly abovethetree, itsshadow Q
fdling on the ground is taken as the projection of the H
tree on the ground &t that instant.

Thisiscaled projection becausetheraysfdling verticaly
on the tree creste the image of the each point of the
tree condtituting its shadow (image).

Recdll the example of a bouncing bal. When the ball O
fdling fredy from a point in space drikes the ground,
the point where the ball strikes the ground is the
projection of the point in space on the ground.

Fig. 33.11

33.6.1 Projection of a Point and of a Line Segment

The projection of apoint on a plane can be taken as the foot of the perpendicular drawn from
the point to the plane. Smilarly, theline segment obtained by joining thefeet of the perpendiculars
in the plane drawn from the end points of a line ssgment is called the projection of the line

MATHEMATICSS



Introductio
segment on the plane.
We may amilarly define the projection of apoint and of aline ssgment on agivenline.

P

N

A

[ ———,

Fig. 33.12 Fig. 33.13 Fig. 33.14

Note : Projection of aline ssgment PQ on alineisequd to the sum of the projections of the
broken line segmentsi.e., Projections of PQ = Sum of the projections of PA, AN and NQ.

>
m
.
>
=z
o
A4

33.6.2 Projection of a Line Segment Joning Two Pointson aLine
Let P(Xy Yy, 21 )and Q (X2, ¥ ,2, ) be two

points. To find the projection of PQ on aline with Ay
direction cosnes|, mand n, through P and Q draw r
planes pardld to the co-ordinates planesto form a A \
reactangular paraleoppied whose diagond is PQ.

Now PA =X, -X1, AN =y, -y
and NQ=2z, -z / i

X4

Mc/ﬂ ¥ >Y
The lines PA, AN and NQ are pardled to X-axis, XV/‘ L
Y -axis and Z-axis respectively. ‘//
Therefore, their respective projections on the line / vz >
with direction cosines|, mandnare (x5 - x1) I, % Fig. 33.15

(yo2-yi)mand (z - z)n.

Recdl that projection of PQ on any lineis equd to the sum of the projections of PA, AN and
NQ on theline, therefore the required projection is

(Xp- X))+ (y2- y1)m+(zp -z)n.

33.7 DIRECTION COSINES OF o omyu
THE LINE JOINING TWO POINTS el

Let L and M be the feet of the perpendiculars
drawn from P( Xy, Yy, 21 )and
Q(xo, ¥,z ) onthe X-axis respectively, A//" s v
sothat OL = x4 and OM = X,. /'f
. . . 5/ Yi

Projection of PQ on X-axis M "

=LM =OM -OL / :

X Fig. 33.16
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=X2 =X
Also, if I, m and n are the direction cosines of PQ, the projection of PQ on X-axis=1. PQ
\ I PQ =Xy =X1
Smilarly by taking projection of PQ on Y-axis and Z-axis repectively,
weget, mPQ=y, -y;adnPQ=12, -z

X2 - X1 _Y2-¥1 _%& -4 -PQ
| m n

Thus, the direction cosines of the linejoining the points ( xq, y;, z ) ad

(X, Yo, Zp ) aeproportiona to x, - X1, Yo - y; and z, - z.

SETlREMIN  Find the direction cosines of aline that makes equa angles with the axes.

Solution: Herea = b = .Wehave, cos?a +cos® b +cos® g4

\ 3cos?a =10r cosa = o
3
Hence the required direction cosnes are
1 1

1
iﬁ,iﬁ,iﬁ

same 9gn (pogitive or negative) to be taken throughout.

W Verify whether it is possible for aline to make the angles 30°, 45° and 60°
with the co-ordinate axes or not ?

Soluton : Let theline make angles a, b and g with the co-ordinate axes.
a=30,b=45‘and g=60°
Since the relation between direction cosinesis cos? a +cos® b +cos? g, we have
cos? 30% cos? 4%  cos? 60
.2
PR mlotmd
$27, &J2p Se2p

In view of the above identity, it is not possble for aline to make the given angles with the co-
ordinate axes.

el ReuMy |If 6, 2 and 3 are direction ratios of aline, find its direction cosines.

Solution : Let |, m and n be the direction cosines of theline.
6 6 2 2
= +

2y
4

+ == m= = = *
\/624'22 +32 7 \/62+22 +32 7
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N+ 5 = S

o 62422 432 7
Hencether uweddwecﬂoncosm%are6 E 3y-8.2.3
= 777 77T

SenlJlEReNR] Find the projections (feet of the perpendiculars) of thepoint (2,1, - 3) on

the (&) Co-ordinate planes (b) Co-ordinate axes.

Solution : (8) The projections of the point on the co-ordinate planes YZ, ZX and XY are
(0,2-3),(20 - 3) and (21, 0) respectively.

(b) The projections on the co-ordinate axes are (2 0, 0), (0,1, 0) and (0, O, - 3)
respectively.

=enlEReNrY Find the direction cosines of theline-segment joining thepoints ( 2, 5, - 4)
and (8, 2,- 6).

Solution : Let I, m and n be the direction cosnes of the line joining the two given points
(25 - 4)and(8,2,-6).

Then the direction cosnes are proportiond to 8- 2, 2- 5and -6 + 4

i.e, 6, - 3,- 2 aedirection ratios of theline.

Ther U|redd|rec:t|oncosmeﬁofthellneareE - E - —=or- E E 2
! < 77 777

Since V(6 + (37 (-2)° =
SElERENEY  Find the projection of the line segment joining the points (3, 3, 5) and

(5,4, 3) onthelinejoining the paints ( 2, - 1, 4)and (0, 1, 5).
Solution : The direction cosines of the linejoining the points (2, - 1, 4)and (0, 1, 5) are

1
wIiN

wIiN
Wl

b (2- 0)°+(1-1) +(4 -5)°
Thus, the projection of thisline ssgment on the given lineis

(5- )T 2 +(4-FL + B3 =3

e e3z

4
Hence the required projection is 3 becausethe projection isthe length of aline segment which
is dways taken as pogitive.

OPTIONAL - |

Vectors and three
dimensional Geometry

Notes
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Q CHECK YOUR PROGRESS 33.4

1 Find the direction cosnes of the line having direction ratios
@3,-1,2 (b 1,11

2. Find the projections of the point (- 3, 5, 6) on the
(&) Co-ordinate panes (b) Co-ordinate axes

3. Find the direction cosines of the line segment joining the points
() (5,-3,8 ad (6,-1,6)
(i)@4,3-5 ad (-2,1,-9

4.  Findtheprojection of aline ssgment joining thepointsP (4, - 2,5)andQ (2,1, - 3)on
the line with direction ratios 6, 2 and 3.

5.  Findthe projection of aline segment joining the points (2, 1, 3) and (1, O, -4) ontheline
joining the points (2, -1, 4) and (0, 1, 5).

33.8 ANGLE BETWEEN TWO LINESWITH GIVEN
DIRECTION COSINES
Let OP and OQ be the two lines through
the origin O pardlé to two lines in space 7 P,y 7y)
(X2, V2. 72)
whose direction cosinesare (1, m, n ) /Q‘ o

and (15, my, ny ) respectively. f

Y
Letq betheangle between OPan OQand x-/I Y

|et the co-ordinatesof Pbe (x4, y1, ). 7/ |

Draw PL perpendicular to XY -plane and

LA perpendicular to X-axis. Then the
projection of OP on OQ = Sum of X
projections of OA, AL and LP on OQ.

Fig. 33.17

e OP cosq = Xqly +y;m, 473N, ()
But X, = projection of OP om X-axis= OP. |,

Smilatly, y; = OP.my and z; = OP.n, ...{ii)
Thus, we get, OP cosq = OP (I, +mym, +nyny) .| From (i) and (ii)]
gving l{lo + mym, +nn, =cos (i)

Corollary 1: If thedirection ratio of thelinesare &, b, ¢4 and a,, by, ¢, thentheangle q
between the two linesis given by

MATHEMATICSS
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cosq = & 8 +h by +6 ¢
\/ 8 + by’ +¢” \/322 0% €’

Here positive or negetive sign isto be taken depending upon ¢ being acute or obtuse.

Corallary 2: If OPan OQ are perpendicular to each other, (i.e., if g = 90 °then
ly I, + my my, +nqy Ny =c0s90
=0

I
Corollary 3: If OPand OQ are pardld, then i = % =%

Since OP || OQ and O is acommon point, OP lies on OQ.
Hence sinqg=0
Now sin2gq=1-cos?2 q=1 (I 1, #mym, +yn,)
2 2 .2 2 2 2 2
:( ™ +my~ g )( = m° ™ ) (hlz mymy ngny)
2 2 2
=(lpma -l m)” +(mny -mang)® Hnply Ny lp)
andhencely my- L my =0, mn, - myn; =0andny I, - ny I =0

I
The&givesi = -

m Ny

(@ Twolineswithdirection cosnes ||, m, iy and |5, m,, n,are

(i) perpendiculer if 41, + mym, +nyn, =0

h_m _nm

i) perdld if T

(1) prdlel i b m m

(b) The condition of perpendicularty of two lines with direction ratios ay, by, ¢; and
a,b,,cr iIsaay, + bbby, +¢c, 0

& 0
GHint : I, A by andn, = 4 3

:Jz 2 2'm1_\/2 2 2 Jz 2 2+
3~ +b" +¢p T & B cf g

() The condition of pardlelism of two lines with direction ratios, &y, b, ¢4 and a,, by, ¢, is

&y _b _c¢
a, by ¢

OPTIONAL - |
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SEYlERENIN Find the angle between the two lineswhose directionratiosare - 1, 0,1 and

0,-1,1.

Solution : Let g bethe angle between the given lines.

1)"0+0 (1) 4 (1
U esqe e D (D2 0) =
02 e2 2 o2 (1 2 © 20
\ g=60° or 120
SCCRCHNA Find the acute angle between thelineswhose directionratiosare 5, - 12,13
and -3, 4,5.

Solution : Let g be the angle between the two given lines, then
5(-3) +(-12)4+(13)5
VP + (-12)% +122, (- 3)% + 42 + 52

. -15 - 48 +65
“J25 + 144 +169, /9 46 £5

cosq = *

2
= +
J169 + 169, /50
2 1
132" 542 65
Sincg, g isacuteitisgivenby €osq = 5
1216
=C0S "c—
\ q 865@

Q CHECK YOUR PROGRESS 33.5

Find theangle between thelineswhose directionratiosare 1, 1,2and /3 - 1, - /3 - 1.
4,

2. Show that the points A (7,6, 3),B (4,10,1),C(-2,6,2) and D ( 1, 2, 4) are the
vertices of areactangle.

3. By cdculating the angle of the triangle with vertices (4, 5, 0), (2, 6, 2) and (2, 3, - 1),
show that it is an isoscelestriangle.

4.  Find whether the pair of lineswith given direction cosnes are pardld or perpendicular.

L 340 430
555’ 555

MATHEMATICSS
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. For agiven point P (X, y, 2) in space with reference to reactangular co-ordinate axes, if
we draw three planes parald to the three co-ordinate planes to meset the axes (in A, B
and C say), then

OA =x,0B =y and OC = zwhere O isthe origin.

Notes

Converswly, given any three numbers, x, y and z we can find a unique point in space
whose co-ordinates are (X, Y, 2).

«  Thedistance PQ betweenthetwo points P ( x4, Y1, 1 ) ad Q(X 2, Yo, Z5 ) isgivenby

PQ:\/(Xz 'X1)2 +(y2 'Y1)2 +( 2, '21)2

In particular the distance of P from the origin O is \/X12 +y? +zg2 -

. The co-ordinates of the point which divides the line segment joining two points
P(Xq, Y1, 21) and Q(X», Yo, Z5 )intheraiol : m

Xo +mxy ly, +my; 1z, Mz
(@ interdly e géz 1y, +mys 1z, 4mzg

l+m '~ I+m ' 1+m g

adXo- mxg ly,- myp 1zp- mz g
(b) externdly are I m ' 1-m ' 1-m 5

In particular, the co-ordinates of the mid-point of PQ are

&1tXy ity a+ %9
2 2 2 g

. If I, m and n are the direction cosines of theline, then 12 + m2 +n? =1.

. The three numbers which are proportiond to the direction cosines of a given line are
cdled itsdirection rétios.

. Direction cosines of thelinejoining two points P ( X4, Y4, 1) and Q(X», ¥, z, ) are
proportiona t0 x5 - X1, Yo - y; ad 7, - z.

. Theprojection of thelinesegment joiningthepoints P ( X4, Y1, 1) ad Q (X5, Yo, Z5)
onalinewithdirection cosinesl, mandnis(x, - xy )l + (yo - yi)m+(z, - z)n.

. The direction cosines |, m and n of the line joining the points P (x4, Y1, ;) and
Q(x2, Yo, Zp ) aegivenby

Xo- X1 _Yo-X1 _2p-%X
I m n

MATHEMATICS
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. Theangle q betweentwo lineswhosedirection cosinesare I, m, iy and |, my, n,
isgivenbycosq =l 1, +my my, N, .
If thelinesare
(a) perpindicular to each other then, I 1, + my my, +ny Ny, =0
(b) paralldl to each other then L = M =ML
o M m

. If &, by, ¢ and @y by, €y are the direction ratios of two lines, then the angle q
between them is given by

cosq = + qap + by +¢iC) _
\/ 2 + by’ +C12\/ a° +by® €7
. Thelineswill be perpendicular if &a, + b, +c¢,c, =0 and pardld if

& _b _c
a, by ¢y

g SUPPORTIVE WEB SITES

http:// www.wikipedia.org.
http:// mathworld.wolfram.com

[ ]
q‘. TERMINAL EXERCISE

1.  Show that the points (0, 7, 10), (- 1, 6, 6) and (- 4, 9, 6) form an isosceles right-angled
triangle.

2. Provethat thepoints P, Q and R, whose co-ordinates are respectively (3,2,-4), (5,4,
- 6) and (9, 8, - 10) are callinear and find the ratio in which Q divides PR.

3. A(3,20),B(53,2),C(-9,6,- 3) aethree pointsforming atriangle. AD, the bisector
of theangle DBAC meets BC at D. Find the co-ordinates of D.

(Hint : D dividesBC intheratio AB : AC)
4.  Findthedirection cosnes of theline joining the point (7, - 5, 4) and (5, - 3, 8).

What arethedirection cognesof alineequaly inclined to the axes ? How many such lines
arethere?

6.  Determine whether it is possible for aline to make the angle 45°, 60° and 120° with the
co-ordinate axes.

MATHEMATICSS
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7.  Show that the points (0, 4, 1), (2, 3, - 1), (4, 5, 0) and (2, 6, 2) are the vertices of a] OPTIONAL - |
square. Vectors and three
dimensional Geometry

8.  Show that the points (4, 7, 8), (2, 3, 4), (- 1, - 2, 1) and (1, 2, 5) are the vertices of a
pardlelogram.

9. A(6,3,2,B(51,4),C(3,-4,7) andD (0, 2,5) arefour points. Find the projections
of (i) AB on CD, and (ii) CD on AB.

10. Threeverticesof apardledogram ABCD areA (3,-4,7),B (5, 3,- 2) ad
C (1, 2, - 3). Find the fourth vertex D.

Notes

MATHEMATICS
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ANSWERS

CHECK YOUR PROGRESS 33.1

1. (8 OX'YZ (b) OXYZ' (©) OX'YZ
(d) OXY'Z (e OXYZ'

CHECK YOUR PROGRESS 33.2

L @7 (b) 2/5 © 3

CHECK YOUR PROGRESS 33.3

3 6
L (1-32) 2 ?15 13) (5,18, - 17)

3. -2:3 6. (25 - X, 2Yo - W,22p - 7))

CHECK YOUR PROGRESS 33.4

l + 3 + 1 + 2 b +i +L+i
- @ T F T i ® *BTETH
2. (@ (0,5,6), (-3 0,6) and (-3, 5,0)

() (-3, 0,0), (0,5,0) and (0, 0,6)

2 _2 6 ,2 .3

3 (a)+_ 3ty BEgET T
s B 5 1
. 3
CHECK YOUR PROGRESS 33.5
1 g 4 (3 Padld (b) Perpendicular
TERMINAL EXERCISE

. g B8 51 g 112 11 2
2 L2 3€6'16'160 *6'v6'v6 V6 V6 V6
5t i tr g 6.Y

BB e
o 02 @ 10. (-1, - 5,6

0= @3 (-1-5.6)
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