Chapter 8

THREE-DIMENSIONAL
GEOMETRY

8.1 Introduction

In this chapter we present a vector—algebra approach to three-dimensional
geometry. The aim is to present standard properties of lines and planes,
with minimum use of complicated three—dimensional diagrams such as those
involving similar triangles. We summarize the chapter:

Points are defined as ordered triples of real numbers and the distance
between points Py = (x1, y1, 21) and P» = (x2, Y2, 22) is defined by the
formula

PPy = /(22— 1)+ (y2 — y1)% + (22 — 21)2.

Directed line segments AB are introduced as three-dimensional column
vectors: If A = (z1, y1, 21) and B = (x2, y2, 22), then

T2 — X1
AB= | y2—wn
zZ9 — 21

If P is a point, we let P =OP and call P the position vector of P.

With suitable definitions of lines, parallel lines, there are important ge-
ometrical interpretations of equality, addition and scalar multiplication of
vectors.

(i) Equality of vectors: Suppose A, B, C, D are distinct points such that
no three are collinear. Then AB=CD if and only if AB I CD and
AC I BD (See Figure 8.1.)
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A D
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AB=CD, AC=BD

Figure 8.1: Equality and addition of vectors.

(ii) Addition of vectors obeys the parallelogram law: Let A, B, C be non—
collinear. Then

AB + AC=AD,

where D is the point such that AB I CD and AC I BD. (See Fig-
ure 8.1.)

(iii) Scalar multiplication of vectors: Let AP=t XB, where A and B are
distinct points. Then P is on the line AB,

A£_|t|
AB
and

a) P=Aift=0,P=Bift=1;

(a)

(b) P is between A and B if 0 < t < 1;
(c) Bis between A and P if 1 < ¢;

(d) A is between P and B if t < 0.

(See Figure 8.2.)
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Figure 8.2: Scalar multiplication of vectors.

al a9
The dot product XY of vectors X = | by | andY = | bs
C1 C9

by
XY =ajas + bi1bs + cres.

The length || X|| of a vector X is defined by
1X]] = (X - X)"?
and the Cauchy—Schwarz inequality holds:

[ XY < [[X][ - [[Y]]
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, is defined

The triangle inequality for vector length now follows as a simple deduction:

X+ Y| < [[X]| +[IY]].

Using the equation
AB=|| 4B,

we deduce the corresponding familiar triangle inequality for distance:

AB < AC + CB.
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The angle 6 between two non—zero vectors X and Y is then defined by

0 XY 0<6<
cosf = ————, <0<
[ X]- Y]

This definition makes sense. For by the Cauchy—Schwarz inequality,

XY
1< — <1
XL 1Y
Vectors X and Y are said to be perpendicular or orthogonal if X -Y = 0.
Vectors of unit length are called unit vectors. The vectors

1 0 0
i={0], j=|[1], k=10
0 0 1

are unit vectors and every vector is a linear combination of i, j and k:

a
b | =ai+bj+ ck.
C

Non—zero vectors X and Y are parallel or proportional if the angle be-
tween X and Y equals 0 or m; equivalently if X = tY for some real number
t. Vectors X and Y are then said to have the same or opposite direction,
according as t > 0 or t < 0.

We are then led to study straight lines. If A and B are distinct points,
it is easy to show that AP + PB = AB holds if and only if

Xf’:th, where 0 <t < 1.
A line is defined as a set consisting of all points P satisfying
P=Py+tX, te R orequivalently ]ﬁ?: tX,

for some fixed point P, and fixed non—zero vector X called a direction vector
for the line.
Equivalently, in terms of coordinates,

T =x0+ ta, y = yo + tb, z = 2y + tc,

where Py = (x0, 30, 20) and not all of a, b, ¢ are zero.
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There is then one and only one line passing passing through two distinct
points A and B. It consists of the points P satisfying

AP=t AB,

where ¢ is a real number.
The cross—product X XY provides us with a vector which is perpendicular
to both X and Y. It is defined in terms of the components of X and Y:
Let X = a1i+ b1j+ cik and Y = aoi + baj + cok. Then

X XY =ai+ bj+ ck,
where

ar by
az by

by
bg C2

ar
az C2

a = b:— 5 CcC =

The cross—product enables us to derive elegant formulae for the distance
from a point to a line, the area of a triangle and the distance between two
skew lines.

Finally we turn to the geometrical concept of a plane in three—dimensional
space.
A plane is a set of points P satisfying an equation of the form

P=Py+sX+1tY, s,t€ R, (8.1)

where X and Y are non—zero, non—parallel vectors.
In terms of coordinates, equation 8.1 takes the form

r = x0+ saj + tas
= Yo + Sbl + tbg
z = 2o+ scy+teg,

where Py = (zo, Yo, 20)-
There is then one and only one plane passing passing through three
non—collinear points A, B, C. It consists of the points P satisfying

Iﬁzsﬁ—i—t@,

where s and ¢ are real numbers.
The cross—product enables us to derive a concise equation for the plane
through three non—collinear points A, B, C, namely

AP -(AB x AC) =0.
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When expanded, this equation has the form

ar + by + cz =d,

where ai 4+ bj + ck is a non—zero vector which is perpendicular to ]31732 for
all points P;, P» lying in the plane. Any vector with this property is said to
be a normal to the plane.

It is then easy to prove that two planes with non—parallel normal vectors
must intersect in a line.

We conclude the chapter by deriving a formula for the distance from a
point to a plane.

8.2 Three—dimensional space

DEFINITION 8.2.1 Three-dimensional space is the set E® of ordered
triples (x, y, z), where x, y, z are real numbers. The triple (z, y, z) is called
a point P in E? and we write P = (z, y, z). The numbers x, y, z are called,
respectively, the x, y, z coordinates of P.

The coordinate axes are the sets of points:

{(2,0,0)} (z—axis), {(0,y, 0)} (y—axis), {(0,0, 2)} (z—axis).
The only point common to all three axes is the origin O = (0, 0, 0).

The coordinate planes are the sets of points:

{(ZD, Y, O)} (ny*plaDE), {(07 Y, Z)} (yzfplane), {(wv O? Z)} (;szplane).

The positive octant consists of the points (z, y, z), where x > 0, y >
0, z>0.

We think of the points (z, y, z) with z > 0 as lying above the xy—plane,
and those with z < 0 as lying beneath the xy-plane. A point P = (z, y, 2)
will be represented as in Figure 8.3. The point illustrated lies in the positive
octant.

DEFINITION 8.2.2 The distance Py P, between points P, = (z1, y1, 21)
and Py = (2, y2, 22) is defined by the formula

PPy = \/(x2 — x1)2+ (y2 — y1)% + (22 — 21)2.

For example, if P = (z, y, 2),

OP = \/x2 +y2 + 22.
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(0,0,2) 1
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P = (mayv Z)

(0,9,0) Ly

(2,0,0)

/

T

(z,9,0)

Figure 8.3: Representation of three-dimensional space.

(07 Oa Z2)

(07 07 Zl)

(0’ Y1, O)

(Oa 3/270) Y

(1,‘1, 0, 0)
(332,0,0)

Figure 8.4: The vector AB.
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DEFINITION 8.2.3 If A = (21, y1, 21) and B = (z2, Y2, z2) we define

the symbol AB to be the column vector

Ty — X1
AB= | y2—11
z9 — 21

We let P =OP and call P the position vector of P.

The components of AB are the coordinates of B when the axes are
translated to A as origin of coordinates.

We think of AB as being represented by the directed line segment from
A to B and think of it as an arrow whose tail is at A and whose head is at
B. (See Figure 8.4.)

Some mathematicians think of AB as representing the translation of
space which takes A into B.

The following simple properties of ADB are easily verified and correspond
to how we intuitively think of directed line segments:

(i) AB=0< A= B;

(i) BA= — AB;
(iii) AB + BC=AC (the triangle law);
(iv) BC=AC — AB=C - B;

(v) if X is a vector and A a point, there is exactly one point B such that
AB= X, namely that defined by B = A + X.

To derive properties of the distance function and the vector function

]%732, we need to introduce the dot product of two vectors in R3.

8.3 Dot product

aq as
DEFINITION 8.3.1 If X = | b and Y = | by |, then X - Y, the
C1 C2

dot product of X and Y, is defined by
XY =ajag + bi1by + cie9.
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v :ZE —U :m

Figure 8.5: The negative of a vector.

B D B
/ / % )
A C A
(a)  AB=CD (b)  AC=AB + BC
BCO=AC — AB

Figure 8.6: (a) Equality of vectors; (b) Addition and subtraction of vectors.

The dot product has the following properties:
i) X-Y+2)=X-Y+X-Z;
i) X Y=Y X;

(iii) (tX) Y =t(X-Y);

a
(iv) X X =a’>+0+2ifX=| b |;

(v) X Y = X'Y;
(vi) X - X =0if and only if X = 0.
The length of X is defined by
1X]| = Va2 + 02+ & =(X-X)Y2

We see that ||P|| = OP and more generally || PP, || = PLPy, the
distance between P; and Ps.
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P =ai+bj+ ck
k
oL bj y
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“'i/ ai + b
T

Figure 8.7: Position vector as a linear combination of i, j and k.

Vectors having unit length are called unit vectors.
The vectors

1 0 0
i=|01|, j=(1], k=1{0
0 0 1

are unit vectors. Every vector is a linear combination of i, j and k:

a
b | =ai+bj+ ck.
| ¢
(See Figure 8.7.)
It is easy to prove that
[EX[| = 1e] - [1X]],

if t is a real number. Hence if X is a non—zero vector, the vectors
1
+—X
|1 X1]
are unit vectors.

A useful property of the length of a vector is

IX+Y|2=|X|?+2X-Y +]|]Y|% (8.2)
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The following important property of the dot product is widely used in
mathematics:

THEOREM 8.3.1 (The Cauchy—Schwarz inequality)
If X and Y are vectors in R?, then

XY < [[X]] - [[Y]]. (8.3)
Moreover if X # 0 and Y # 0, then

XY =|X||-|[Y]| & Y=tX,t>0,
XY =—[X||-]Y]] & Y=tX,t<0.

Proof. If X = 0, then inequality 8.3 is trivially true. So assume X # 0.
Now if ¢ is any real number, by equation 8.2,

0<[|tX =Y[* = [[tX]* —2(tX) - Y + ||V
= IIXIP-2X - V)t +||Y]]?
= at? =2t +e,

where a = || X||? > 0,b= XY, c= ||Y]%
Hence

2
o= 2218 >0
a a

b\  ca—b?
t——) + 5 >0
a a

Substituting ¢ = b/a in the last inequality then gives

ac — b?
a2 Z 07
SO
b] < Vac = Vaye

and hence inequality 8.3 follows.

To discuss equality in the Cauchy—Schwarz inequality, assume X # 0
and Y # 0.

Then if X - Y = ||X|| - ||Y]|, we have for all ¢

X —Y|? = £|IX|P-2tX-Y +[|Y][?
= 2IX|]° =2t X - |||+ |[Y]]?
= |tX -Y|%
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Taking t = || X|]/||Y]| then gives |[[tX — Y||?> = 0 and hence tX — Y = 0.
Hence Y = tX, where ¢t > 0. The case X - Y = —||X|| - ||Y]| is proved
similarly.

COROLLARY 8.3.1 (The triangle inequality for vectors)
If X and Y are vectors, then

X+ Y[ < [[X]| + [IY]]- (8.4)

Moreover if X # 0 and Y # 0, then equality occurs in inequality 8.4 if and
only if Y = tX, where t > 0.

Proof.
IX+Y|P = [IXIP+2X-Y +[]Y]]?
< X2+ 21X - Y]+ (Y]
= (IX||+1Y])?

and inequality 8.4 follows.
If ||X + Y| = ||X]|| +|]Y]], then the above proof shows that

XY = [ X][-[[Y]].

Hence if X # 0 and Y # 0, the first case of equality in the Cauchy—Schwarz
inequality shows that Y = tX with ¢ > 0.

The triangle inequality for vectors gives rise to a corresponding inequality
for the distance function:

THEOREM 8.3.2 (The triangle inequality for distance)
If A, B, C are points, then

AC < AB + BC. (8.5)

Moreover if B # A and B # C, then equality occurs in inequality 8.5 if and
only if AB=r Z&, where 0 < r < 1.

Proof.
AC=||AC|| = ||AB+ BC||
< [|AB ||+ BC ||

AB + BC.
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Moreover if equality occurs in inequality 8.5 and B # A and B # C, then

X :XB;& 0 and Y :Eé'sé 0 and the equation AC = AB + BC becomes
| X + Y]] = ||X]|| + ||[Y||- Hence the case of equality in the vector triangle
inequality gives

Y =BC=tX =t AB, where t > 0.

Then
BC = AC — AB=tAB
AC = (1+4t)AB

AB = rAC,

where r = 1/(t + 1) satisfies 0 < r < 1.

8.4 Lines

DEFINITION 8.4.1 A line in E? is the set £(P, X) consisting of all
points P satisfying

P=Py+tX, te R orequivalently PyP=tX, (8.6)

for some fixed point Py and fixed non-zero vector X. (See Figure 8.8.)
Equivalently, in terms of coordinates, equation 8.6 becomes

T =x0+ ta, y = yo + tb, z = 2y + tc,
where not all of a, b, ¢ are zero.

The following familiar property of straight lines is easily verified.

THEOREM 8.4.1 If A and B are distinct points, there is one and only
one line containing A and B, namely £(A4, ZB) or more explicitly the line

defined by AP=1t TB, or equivalently, in terms of position vectors:

P=(1-t)A+tB or P=A+tAB. (8.7)

Equations 8.7 may be expressed in terms of coordinates: if A = (1, y1, 21)
and B = (z2, y2, 22), then

r=1—-t)x) +tre, y=(1—t)y1 +tyz, 2= (1 —t)z1 + t2o.
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N
C
Py
P D
0) \; Y
PoP=tCD

x
Figure 8.8: Representation of a line.

P=A+tAB, 0<t<1
x
Figure 8.9: The line segment AB.
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There is an important geometric significance in the number ¢ of the above
equation of the line through A and B. The proof is left as an exercise:

THEOREM 8.4.2 (Joachimsthal’s ratio formulae)
If t is the parameter occurring in theorem 8.4.1, then

AP t)__AP

(i) |t|:E; (ii) 1T-:1~ PB it P+# B.

Also
(iii) P is between A and B if 0 <t < 1;
(iv) B is between A and P if 1 < t;

(v) A is between P and B if t < 0.

(See Figure 8.9.)
For example, t = % gives the mid—point P of the segment AB:

P:;A+m.

EXAMPLE 8.4.1 L is the line AB, where A = (—4, 3, 1), B = (1, 1, 0);
M is the line CD, where C = (2, 0, 2), D = (-1, 3, —2); N is the line EF,
where F = (1, 4, 7), F = (—4, —3, —13). Find which pairs of lines intersect
and also the points of intersection.

Solution. In fact only £ and N intersect, in the point (—%, %, %) For

example, to determine if £ and N meet, we start with vector equations for

L and N:
P=A+tAB, Q=E+sEF,

equate P and Q and solve for s and ¢:
(—4i+3j+ k) +t(bi—2j—k) = (i+4j+ 7k) + s(—5bi — 7j — 20k),

which on simplifying, gives

5t4+5s = b
—2t+7s =
—t+20s = 6

This system has the unique solution ¢t = %, s = % and this determines a
25 1

corresponding point P where the lines meet, namely P = (—5, 3, 5)-
The same method yields inconsistent systems when applied to the other

pairs of lines.
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EXAMPLE 8.4.2 If A= (5,0,7) and B = (2, —3, 6), find the points P
on the line AB which satisfy AP/PB = 3.

Solution. Use the formulae

— t AP
P=A+tAB and )H‘:PB:
Then ;
11 dor —3,
sot=2ort=3. The corresponding points are (1!, 3, 2) and (3, 5, 1}).

DEFINITION 8.4.2 Let X and Y be non—zero vectors. Then X is parallel
or proportionalto Y if X = tY for some t € R. We write X ||Y if X is parallel
to Y. If X =tY, we say that X and Y have the same or opposite direction,
according as t > 0 or ¢t < 0.

DEFINITION 8.4.3 if A and B are distinct points on a line £, the non—

zero vector AB is called a direction vector for L.

It is easy to prove that any two direction vectors for a line are parallel.

DEFINITION 8.4.4 Let £ and M be lines having direction vectors X
and Y, respectively. Then L is parallel to M if X is parallel to Y. Clearly
any line is parallel to itself.

It is easy to prove that the line through a given point A and parallel to a
given line C'D has an equation P = A +¢ CD.

THEOREM 8.4.3 Let X = a1i+ b1j + cik and Y = asi + b2j + cok be
non-zero vectors. Then X is parallel to Y if and only if

ar b
az bo

a
az €2

by o = 0. (8.8)

_'51 c1

Proof. The case of equality in the Cauchy—Schwarz inequality (theorem 8.3.1)
shows that X and Y are parallel if and only if

[ X Y[ = || X[ |[Y]].
Squaring gives the equivalent equality

(araz + biby + cre2)? = (af + b + cf) (a3 + 03 + ).
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which simplifies to
(a1bs — agb1)® + (bicz — bacr)® + (arc — ager)? =0,
which is equivalent to
a1by — asby =0, bico — bacy =0, aj1co — asey = 0,

which is equation 8.8.

Equality of geometrical vectors has a fundamental geometrical interpre-
tation:

THEOREM 8.4.4 Suppose A, B, C, D are distinct points such that no

three are collinear. Then AB=CD if and only if AB I CD and AC I BD
(See Figure 8.1.)

Proof. If AB=CD then
B-A = D-C,
C-A = D-B
and so AC=BD. Hence AB I CD and AC | BD.

Conversely, suppose that AB I CD and AC [ BD. Then

or

B-A=s5(D-C) and C—A=tD-B.

We have to prove s = 1 or equivalently, ¢ = 1.
Now subtracting the second equation above from the first, gives

B-C=sD-C)-¢tD - B),

SO
(1-t) B=(1-s5)C+ (s—1t)D.
If t # 1, then
1—s s—t
B= C
1—t +1—tD

and B would lie on the line CD. Hence ¢t = 1.
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8.5 The angle between two vectors

DEFINITION 8.5.1 Let X and Y be non—zero vectors. Then the angle
between X and Y is the unique value of 6 defined by

XY
cosf=——, 0<0<m.
X - 1Y

REMARK 8.5.1 By Cauchy’s inequality, we have

1< XY <1
— XYy T

so the above equation does define an angle 6.
In terms of components, if X = [ay, b1, c1]' and Y = [ag, be, cs]?, then

aras + b1bsy + cico

cosf = .
Vai + b3+ c3/a2 + b3 + 2

(8.9)

The next result is the well-known cosine rule for a triangle.

THEOREM 8.5.1 (Cosine rule) If A, B, C are points with A # B and
A # C, then the angle 6 between vectors AB and AC satifies

AB? + AC? — BC?
cosf = 5AL . AC , (8.10)

or equivalently
BC? = AB? + AC? — 2AB - AC cos .
(See Figure 8.10.)

Proof. Let A= (x1, y1, 21), B = (72, y2, 22), C = (3, y3, 23). Then

AB = ali+bij+ak
AC = agi+byj+ ok

BC = (ag—a)i+ (by—b1)j+ (ca — 1)k,

where
a; = Tix1 — 21, bi = Yir1 — Y1, G = zig1 — 21,0 =1, 2.
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z
A
B
AL 0
O - Y
C
_ AB24AC2-—BC?
cosf = 2AB-AC

x
Figure 8.10: The cosine rule for a triangle.

Now by equation 8.9,

aiaz + biba + cico
AB - AC

cosf =

Also

AB? + AC? - BC* = (al+bi+ci)+ (a3 +b3+c3)
— ((ag — a1)2 + (bQ — b1)2 + (CQ — 01)2)
= 2ajia9 + 2b1by + c1c9.

Equation 8.10 now follows, since
XB . Ié: aias + bibsy + cico.

EXAMPLE 8.5.1 Let A =(2,1,0), B=(3,2,0),C = (5,0,1). Find
the angle 6 between vectors AB and AC.

Solution.
cost = @
AB - AC’
Now

AB=i+j and AC=3i-j+k
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C
AB? + AC? = B(C?
T
Figure 8.11: Pythagoras’ theorem for a right—angled triangle.

Hence
p Ix3+1x(=1)+0x1 2 V2
cost = = = .
VIZH12402,/324+ (-1)2+ 12 V2V11 V11
Hence 6 = cos™* %

DEFINITION 8.5.2 If X and Y are vectors satisfying X - Y = 0, we say
X is orthogonal or perpendicular to Y.

REMARK 8.5.2 If A, B, C are points forming a triangle and AB is or-
thogonal to Z@, then the angle 6 between AB and AC satisfies cos = 0

and hence ¢ = 5 and the triangle is right-angled at A.

Then we have Pythagoras’ theorem:
BC? = AB* + AC?. (8.11)

We also note that BC' > AB and BC > AC follow from equation 8.11. (See
Figure 8.11.)

EXAMPLE 8.5.2 Let A= (2,9, 8), B= (6, 4, —2), C = (7, 15, 7). Show

that AB and AC are perpendicular and find the point D such that ABDC
forms a rectangle.
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x
Figure 8.12: Distance from a point to a line.

Solution.
AB - AC= (4i — 5j — 10k) - (5i + 6j — k) = 20 — 30 + 10 = 0.

Hence AB and AC' are perpendicular. Also, the required fourth point D
clearly has to satisfy the equation

ED:Z@, or equivalently D — B =AC .
Hence
D = B+ AC= (6i 4 4j — 2k) + (5i + 6j — k) = 11i 4 10j — 3k,
so D = (11, 10, —3).

THEOREM 8.5.2 (Distance from a point to a line) If C' is a point
and L is the line through A and B, then there is exactly one point P on L

such that CP is perpendicular to XB, namely

. AC - AB
P=A+tAB, t=""22 12
+1AB, =" (8.12)

Moreover if @) is any point on £, then C'QQ > CP and hence P is the point
on L closest to C.
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The shortest distance C'P is given by

\/AC2AB2 — (AC - AB)?

P=
¢ AB

(8.13)

(See Figure 8.12.)

Proof. Let P = A +t AB and assume that CP is perpendicular to AB.
Then

(P—-C)- AB =

(A+tAB -C)- AB =
(CA +t AB)- AB =

CA - AB +t(AB - AB
—AC - AB +t(AB - AB) =

~—
|
o o o o o o

so equation 8.12 follows.
The inequality CQ > C'P, where @ is any point on £, is a consequence
of Pythagoras’ theorem.

Finally, as CP and PA are perpendicular, Pythagoras’ theorem gives
CP? = AC?- PA?
= AC?— ||t AB |)?

= AC? - ?AB?
2
AC - AB
_ 2 2
= AC T | AB

AC?AB? — (AC - AB)?
AB? ’

as required.

EXAMPLE 8.5.3 The closest point on the line through A = (1, 2, 1) and
B = (2, —1, 3) to the origin is P = (%, %, %) and the corresponding
shortest distance equals %\/ 42.

Another application of theorem 8.5.2 is to the projection of a line segment
on another line:
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z Cy

Co

x
Figure 8.13: Projecting the segment C1Cs onto the line AB.

THEOREM 8.5.3 (The projection of a line segment onto a line)
Let Ci, Cy be points and P;, P, be the feet of the perpendiculars from
C1 and Cy to the line AB. Then

PP = | C1Ch -,

where 1
Also
CiCy > P . (8.14)

(See Figure 8.13.)
Proof. Using equations 8.12, we have

P1=A+t1XB, P2:A+t2XB,

where
, _AC,AB A0, AD
AB? 7 AB?

Hence

PPy = (A+ty AB)— (A +t, AB)
= (ty—t)) AB,
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SO

PP, = ||[PPy|| =ty —t:|AB

ACy - AB AC, - AB
= — AB
AB? AB?

\cTcz -XB‘
= — ' AB
AB?

where 7 is the unit vector

Inequality 8.14 then follows from the Cauchy—Schwarz inequality 8.3.

DEFINITION 8.5.3 Two non—intersecting lines are called skew if they
have non—parallel direction vectors.

Theorem 8.5.3 has an application to the problem of showing that two skew
lines have a shortest distance between them. (The reader is referred to
problem 16 at the end of the chapter.)

Before we turn to the study of planes, it is convenient to introduce the
cross—product of two vectors.
8.6 The cross—product of two vectors

DEFINITION 8.6.1 Let X = a1i+ b1j + cik and Y = aqgi + baj + c2k.
Then X x Y, the cross—product of X and Y, is defined by

X xY =ai+ bj+ ck,
where

ar by
az by

bi ¢
by ¢

ap ¢
az C2

b=— , €=

-

The vector cross—product has the following properties which follow from
properties of 2 X 2 and 3 x 3 determinants:

() ixj=k, jxk=i kxi=j
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(i) X x X = 0;

(iii) Y x X = =X x Y

(iv) Xx Y +2)=XxY + X x Z;
(v) tX)xY =t(X xY);

(vi) (Scalar triple product formula) if Z = asi + bsj + csk, then

al b1 C1
X(YXZ): a9 bg (&) :(XXY)Z,
az by c3

(vii) X - (X xY)=0=Y - (X x Y);

(viii) [|X x Y| = IIX[PIY]P? - (X - V)%

(ix) if X and Y are non—zero vectors and 6 is the angle between X and Y,
then
|X < Y[ = [[X]] - |[Y]| sin 6.
(See Figure 8.14.)

From theorem 8.4.3 and the definition of cross—product, it follows that
non—zero vectors X and Y are parallel if and only if X x Y = 0; hence by
(vii), the cross—product of two non—parallel, non—zero vectors X and Y, is
a non—zero vector perpendicular to both X and Y.

LEMMA 8.6.1 Let X and Y be non—zero, non—parallel vectors.

(i) Z is a linear combination of X and Y, if and only if Z is perpendicular
to X xY;

(ii) Z is perpendicular to X and Y, if and only if Z is parallel to X x Y.
Proof. Let X and Y be non-zero, non—parallel vectors. Then
X xY #0.
Then if X x Y = ai+ bj + ck, we have

a b ¢
det [X xY|X|YP=] a1 b ¢ |=(XxY) (X xY)>0.
ag bg C2
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X xY

x
Figure 8.14: The vector cross—product.

Hence the matrix [X x Y|X|Y] is non-singular. Consequently the linear

System
(X xXY)+sX+tY =27 (8.15)

has a unique solution 7, s, t.
(i) Suppose Z = sX 4+ tY. Then

Z (XxY)=sX - (X xY)+tY - (X xY)=s0+t0=0.
Conversely, suppose that
Z-(XxY)=0. (8.16)
Now from equation 8.15, 7, s, t exist satisfying
Z=r(XxY)+sX +tY.
Then equation 8.16 gives

0 = (X xY)+sX+tY) (X xY)
= 7 X XY|P+sX - (X xY)+tY - (Y x X)
= 7| X x Y|

Hence r =0 and Z = sX +tY, as required.
(ii) Suppose Z = A(X x Y). Then clearly Z is perpendicular to X and Y.
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Conversely suppose that Z is perpendicular to X and Y.
Now from equation 8.15, r, s, t exist satisfying

Z=r(XxY)+sX+tY.
Then
sX - X+tX'Y = X-Z=0
sY - X+tY Y = Y- -Z=0,
from which it follows that
(sX +tY) - (sX +tY)=0.

Hence sX +tY =0 and so s =0,¢ = 0. Consequently Z = r(X xY), as
required.
The cross—product gives a compact formula for the distance from a point

to a line, as well as the area of a triangle.

THEOREM 8.6.1 (Area of a triangle)
If A, B, C are distinct non—collinear points, then

(i) the distance d from C to the line AB is given by

|| AB x AC ||
| Ratind | 1
d AB ’ (8:.17)
(ii) the area of the triangle ABC' equals
AB x A AxB+B A
I >2< C’H:|| x B+ >2<C+C>< || (8.18)

Proof. The area A of triangle ABC is given by

_AB-CP

= 5 ,

where P is the foot of the perpendicular from C to the line AB. Now by
formula 8.13, we have

A

\/Ac2-AB2—(Xé-IB)2
AB
| AB x AC ||
AB

CP =
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which, by property (viii) of the cross—product, gives formula 8.17. The
second formula of equation 8.18 follows from the equations

ABx AC = (B-A)x(C—-A)
— {(B—A)xC}-{(C—A)xA}
= {BxC—-AxC)}—-{(BxA-AxA)}
= BxXxC-AxC-BxA
= BxC+CxA+ A xB,

as required.

8.7 Planes

DEFINITION 8.7.1 A plane is a set of points P satisfying an equation
of the form
P=Py+sX+tY, s,tc R, (8.19)

where X and Y are non-zero, non—parallel vectors.

For example, the zy—plane consists of the points P = (z, y, 0) and corre-
sponds to the plane equation

P=zi+yj=0+zi+yj.

In terms of coordinates, equation 8.19 takes the form

r = x0+ sa; +tas
= 1y + sby + thy
z = z9+sc +teo,

where Py = (o, yo, 20) and (aq, b1, ¢1) and (a9, be, c2) are non—zero and
non—proportional.

THEOREM 8.7.1 Let A, B, C be three non—collinear points. Then there
is one and only one plane through these points, namely the plane given by
the equation

P=A+sAB+t AC, (8.20)
or equivalently
AP=sAB +t AC . (8.21)

(See Figure 8.15.)



8.7. PLANES 177

0) B’ . Y
AB'= s AB, AC'=t AC
—> — —

Figure 8.15: Vector equation for the plane ABC.

Proof. First note that equation 8.20 is indeed the equation of a plane
through A, B and C, as AB and AC' are non-zero and non—parallel and
(s, t) = (0,0), (1, 0) and (0, 1) give P = A, B and C, respectively. Call
this plane P.

Conversely, suppose P = Py + sX + tY is the equation of a plane Q
passing through A, B, C. Then A = Py + 50X + t3Y, so the equation for
O may be written

P=A+(s—s50)X+(t—t)Y =A+5X+1Y;

so in effect we can take Py = A in the equation of Q. Then the fact that B
and C lie on Q gives equations

B:A+81X+t1Y, C:A+82X+t2Y,
or
AB= 51X +1t1Y, AC= 52X +t5Y. (822)
Then equations 8.22 and equation 8.20 show that

P CQ.

Conversely, it is straightforward to show that because AB and AC' are not
parallel, we have

s1 t
sg 12

£ 0.
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y4
Py ¢ p
A
B
19 .y
AD=AB x AC
AD - AP=0

x
Figure 8.16: Normal equation of the plane ABC.

Hence equations 8.22 can be solved for X and Y as linear combinations of
AB and fTC’7 allowing us to deduce that

QCP.
Hence
Q=".
THEOREM 8.7.2 (Normal equation for a plane) Let
A= (.22'1, Y1, Zl)a B = (ZE% Y2, Zg), C= (.%'3, Y3, Z3)
be three non—collinear points. Then the plane through A, B, C is given by
AP -(AB x AC) =0, (8.23)
or equivalently,
=21 Y-y z2—z
To—T1 Yo—y1 22—z | =0, (8.24)

I3 —T1 Ys—Yr 23— 2

where P = (z, y, z). (See Figure 8.16.)
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ar+by+cz=d
0 - Y

x
Figure 8.17: The plane ax + by + cz = d.

REMARK 8.7.1 Equation 8.24 can be written in more symmetrical form

as
z y =z 1
1 oy 2 1
=0. 8.25
T2 Y2 22 1 ( )
x3 y3 =23 1

Proof. Let P be the plane through A, B, C. Then by equation 8.21, we
have P € P if and only if AP is a linear combination of AB and AC' and so
by lemma 8.6.1(i), using the fact that AB x I@;«é 0 here, if and only if AP

is perpendicular to AB x AC. This gives equation 8.23.
Equation 8.24 is the scalar triple product version of equation 8.23, taking
into account the equations

—_—

AP = (z—m)i+ (y—w)j+ (z— 2k,
AB = (w2 —x1)i+ (12— v1)i+ (22 — 20k,

AC = (g —x1)i+ (y3 —y1)j + (23 — z21)k.

REMARK 8.7.2 Equation 8.24 gives rise to a linear equation in x, y and
z:
ar + by + cz = d,
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where ai + bj + ck # 0. For

r—rn Y-y z—z2
T2 —T1 Y2 —Y1 22—21 | =
r3 —T1 Y3 — Y1 23— 2
T Yy < r1 Y1 21
T2 —T1 Y2 — Y1 22— 21 — | X2 —T1 Y2— Y1 k2 — 21 (826)
3 —T1 Ys—Yr 23— 2 I3 —T1 Y3 —Yr 23— %1

and expanding the first determinant on the right—hand side of equation 8.26
along row 1 gives an expression

ax + by + cz
where
P Y2 — Y1 22— 21 h— _ T2 —X1 22— 21 | T2 —T1 Y2— U1
Ys—y1 23—z | r3—T1 23— 21 r3—T1 Y3 — Y1

But a, b, ¢ are the components of AB x Zé’, which in turn is non—zero, as
A, B, C are non—collinear here.
Conversely if ai + bj + ck # 0, the equation

ar +by+cz=d

does indeed represent a plane. For if say a # 0, the equation can be solved
for x in terms of y and z:

T _d _b _c

a a a
Y = 0 +y 1 +z 0 )
z 0 0 1

which gives the plane
P=Py+yX +2Y,

where Py = (—g, 0,0) and X = —gi +jand Y = —%i+ k are evidently
non—parallel vectors.

REMARK 8.7.3 The plane equation ax + by + cz = d is called the normal
form, as it is easy to prove that if P and P, are two points in the plane,

then ai + bj + ck is perpendicular to ]31732. Any non—zero vector with this
property is called a normal to the plane. (See Figure 8.17.)
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By lemma 8.6.1(ii), it follows that every vector X normal to a plane
through three non—collinear points A, B, C is parallel to AB x TC’, since
X is perpendicular to AB and AC.

EXAMPLE 8.7.1 Show that the planes
r4+y—2z=1 and x+3y—2z=4

intersect in a line and find the distance from the point C' = (1, 0, 1) to this
line.

Solution. Solving the two equations simultaneously gives

1 5 3 1

=——+4 = =—-—= 2
r=—5tgr Y=g 5% (8.27)
where z is arbitrary. Hence
1, 3 5 1
. CLok = iy s i liik
zityj+ 2 Sl pi+z(Gi-5i+k),

which is the equation of a line £ through A = (—%, —%, 0) and having

direction vector %i — %j +k.
We can now proceed in one of three ways to find the closest point on £

to A.
One way is to use equation 8.17 with B defined by

. 5.1
AB=2i— Sj+ k.
gt

Another method minimizes the distance C' P, where P ranges over L.
A third way is to find an equation for the plane through C, having
5

g1 — % j -+ k as a normal. Such a plane has equation

S5t —y+2z=d,
where d is found by substituting the coordinates of C in the last equation.
d=5x1-0+2x1=T.

We now find the point P where the plane intersects the line £. Then cP
will be perpendicular to £ and C'P will be the required shortest distance
from C to L. We find using equations 8.27 that

1 5 3 1

5(—54-52) - (5 - 5z)+2z: 7,
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Clli + blj + Clk . X
agi + baj + cok

a1z +by+cz=d axx+ by + coz=do
0) - Y

Figure 8.18: Line of intersection of two planes.

4 17 11

— 11 — (2 Lr 1l
so z = 3z. Hence P = (3, 1%, 1)

It is clear that through a given line and a point not on that line, there
passes exactly one plane. If the line is given as the intersection of two planes,
each in normal form, there is a simple way of finding an equation for this
plane. More explicitly we have the following result:

THEOREM 8.7.3 Suppose the planes
ax+by+ciz = dy (8.28)
asx + boy + coz = do (8.29)

have non—parallel normals. Then the planes intersect in a line L.
Moreover the equation

/\(ala: 4+ b1y +c1z — dl) + u(agm + boy + c2z — dg) =0, (8.30)
where A and p are not both zero, gives all planes through L.

(See Figure 8.18.)
Proof. Assume that the normals a1i + b1j + c1k and aoi + boj + cok are
non—parallel. Then by theorem 8.4.3, not all of

by
by c2

ar b

Al - a9 b2

(8.31)

) A2:'
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are zero. If say A1 # 0, we can solve equations 8.28 and 8.29 for z and y in
terms of z, as we did in the previous example, to show that the intersection
forms a line L.

We next have to check that if A\ and p are not both zero, then equa-
tion 8.30 represents a plane. (Whatever set of points equation 8.30 repre-
sents, this set certainly contains L.)

(Aa1 + pag)x + (Aby + puba)y + (Aer + peg)z — (Ady + pda) = 0.
Then we clearly cannot have all the coefficients
Aar + pag,  Aby + pbe,  Acy + pca

zero, as otherwise the vectors aji+ b1j + c1k and aoi + b2j + cok would be
parallel.

Finally, if P is a plane containing £, let Py = (¢, yo, 20) be a point not
on L. Then if we define A and u by

A = —(agwg + bayo + c220 — d2), = a1xo + biyo + c120 — du,

then at least one of A and p is non—zero. Then the coordinates of Py satisfy
equation 8.30, which therefore represents a plane passing through £ and Fy
and hence identical with P.

EXAMPLE 8.7.2 Find an equation for the plane through Py = (1, 0, 1)
and passing through the line of intersection of the planes

r+y—2z=1 and x+3y—2z=4.
Solution. The required plane has the form
Mr+y—2z—1)+pz+3y—2—4)=0,

where not both of A and p are zero. Substituting the coordinates of Py into
this equation gives

=2 +pu(—=4) =0, A= —-2u.
So the required equation is
—2pu(r +y—2z—1)+p(x+3y—2—4) =0,

or
—z+y+32z2—-2=0.

Our final result is a formula for the distance from a point to a plane.
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ar+by+cz=d
0 - Y

x
Figure 8.19: Distance from a point Py to the plane ax + by + cz = d.

THEOREM 8.7.4 (Distance from a point to a plane)
Let Py = (xo, Yo, 20) and P be the plane

ar + by +cz = d. (8.32)

Then there is a unique point P on P such that ]7073 is normal to P. Morever

lazo + byo + czo — d|

PP =
va? +b% +c?

(See Figure 8.19.)
Proof. The line through Py normal to P is given by

P = Py + t(ai + bj + ck),
or in terms of coordinates
r=xz9+at, y=yo+bt, z=z+ct.
Substituting these formulae in equation 8.32 gives

a(zo + at) + b(yo + bt) + c(z0 +ct) = d
t@® +0*+c*) = —(azo+ byo + czo — d),

SO

. axo + byo +czo — d
- a2 + b2 + c2
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Then

PP = RP| = ||t(ai+bj+ck)]
= [t]Va?+ 2 + 2

|ax0+byo+czo—d\\/ﬁ
- a? + b2 + 2 @t bt
lazo + byo + czo — d

Va2 + b2 +c?

Other interesting geometrical facts about lines and planes are left to the
problems at the end of this chapter.

8.8

PROBLEMS

. Find the point where the line through A = (3, —=2,7) and B =

(13, 3, —8) meets the zz—plane.
[Ans: (7,0, 1)]

Let A, B, C' be non—collinear points. If E is the mid—point of the

. . c e AF
segment BC and F' is the point on the segment EA satisfying 77 = 2,
prove that

1
F=S(A+B+0).

(F is called the centroid of triangle ABC'.)

. Prove that the points (2, 1, 4), (1, —1, 2), (3, 3, 6) are collinear.

If A= (2,3, —1) and B = (3, 7, 4), find the points P on the line AB
satisfying PA/PB = 2/5.

A (18,2, 3) and (3,4, ~))

Let M be the line through A = (1, 2, 3) parallel to the line joining
B =(-2,2,0) and C = (4, —1, 7). Also N is the line joining £ =
(1, -1, 8) and F = (10, —1, 11). Prove that M and N intersect and
find the point of intersection.

[Ans: (7, —1, 10).]
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10.

11.

12.

13.
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. Prove that the triangle formed by the points (-3, 5, 6), (=2, 7, 9) and

(2, 1, 7) is a 30°, 60°, 90° triangle.

. Find the point on the line AB closest to the origin, where A =

(=2, 1, 3) and B = (1, 2, 4). Also find this shortest distance.

. 16 13 35 150
[AnS. (_ﬁ’ e ﬁ) and ﬁ]

. A line V is determined by the two planes

r+y—2z=1, and x+3y—2z=4.
Find the point P on N closest to the point C' = (1, 0, 1) and find the
distance PC.

[Ans: (%, %, %) and —Vfg’o.]

. Find a linear equation describing the plane perpendicular to the line

of intersection of the planes x +y — 2z =4 and 3z — 2y + z = 1 and
which passes through (6, 0, 2).

[Ans: 3z + Ty + 5z = 28]

Find the length of the projection of the segment AB on the line L,
where A = (1,2, 3), B = (5, =2, 6) and L is the line C'D, where
C=(7,1,9)and D = (-1, 5, 8).

[Ans: 7]

Find a linear equation for the plane through A = (3, —1, 2), perpen-
dicular to the line £ joining B = (2, 1, 4) and C = (-3, —1, 7). Also
find the point of intersection of £ and the plane and hence determine

the distance from A to £. [Ans: bz+2y—3z =7, (%, %, %) , \/%.]

If P is a point inside the triangle ABC', prove that
P=7rA+sB+tC,

where r+s+t=1andr>0,s>0,¢t>0.

If B is the point where the perpendicular from A = (6, —1, 11) meets
the plane 3z + 4y + 5z = 10, find B and the distance AB.

. _ (123 —286 255 _ 59
[AHS. B = (W’ 50 ﬁ) and AB = \/ﬁ]
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14.

15.

16.

17.

18.

19.
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Prove that the triangle with vertices (-3, 0, 2), (6, 1, 4), (=5, 1, 0)
has area % 333.

Find an equation for the plane through (2, 1, 4), (1, —1, 2), (4, —1, 1).
[Ans: 2z — Ty + 6z = 21.]

Lines £ and M are non—parallel in 3—dimensional space and are given
by equations
P=A+s5X, Q=B+tY.

(i) Prove that there is precisely one pair of points P and @ such that
?C) is perpendicular to X and Y.

(ii) Explain why PQ is the shortest distance between lines £ and M.
Also prove that

| (X xY)- AB|
X x Y|

PQ =

If £ is the line through A = (1, 2,1) and C = (3, —1, 2), while M
is the line through B = (1,0, 2) and D = (2, 1, 3), prove that the
shortest distance between £ and M equals \}%.

Prove that the volume of the tetrahedron formed by four non—coplanar
points A; = (x4, yi, zi), 1 <1i <4, is equal to

1 —_— —_— ——

6 ‘ (AlAQ X A1A3)- A1A4’,
which in turn equals the absolute value of the determinant

1 21 1 =

LIl z2 y2 2
6|1 23 y3 =23
1 24 ya 2z

The points A = (1,1,5), B = (2,2,1), C = (1, =2,2) and D =
(=2, 1, 2) are the vertices of a tetrahedron. Find the equation of the
line through A perpendicular to the face BC'D and the distance of A
from this face. Also find the shortest distance between the skew lines

AD and BC.
[Ans: P = (1 +1t)(i+j+ 5k); 2v/3; 3]



