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COMPLEX NUMBERS

We started our study of number systems with the set of natural numbers, then the
number zero was included to form the system of whole numbers; negative numbers
were defined. Thus, we extended our number system to whole numbers and integers.

To solve the problems of the type p+d we included rational nhumbers in the system
of integers. The system of rational numbers have been extended further to irrationa
numbers as al lengths cannot be measured in terms of lengths expressed in rational
numbers. Rationa and irrational numbers taken together are termed as real numbers.
But the system of real numbers is not sufficient to solve all algebraic equations. There
are no real numbers which satisfy the equation x?+1 = 0 or x> = - 1. In order to
solve such eguations, i.e., to find square roots of negative numbers, we extend the
system of real numbers to a new system of numbers known as complex numbers. In
this lesson the learner will be acquinted with complex numbers, its representation and
algebraic operations on complex numbers.

After studying this lesson, you will be able to:

« describe the need for extending the set of real numbers to the set of complex
numbers;

« define a complex number and cite examples;
« identify the real and imaginary parts of a complex number;
« dtate the condition for equality of two complex numbers;

« recognise that there is a unique complex number x + iy associated with the
point P(x, y) in the Argand Plane and vice-versa;

« define and find the conjugate of a complex number;

« define and find the modulus and argument of a complex number;
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represent a complex number in the polar form;

perform agebraic operations (addition, subtraction, multiplication and division) on
complex numbers,

state and use the properties of algebraic operations ( closure, commutativity,
associativity, identity, inverse and distributivity) of complex numbers,; and

state and use the following properties of complex numbers in solving problems:

0] |zZl=0 < z=0and z, =z, U|[z,|=|z,|

M |d=17=[ i) |2, +2,I<l2,] + |2,
z|_|z|

i 2|=z] 2= (2, 20)

V) |zz/=[zlZ] V) u 2

EXPECTED BACKGROUND KNOWLEDGE

« Properties of real numbers.
« Solution of linear and quadratic equations
« Representation of a real number on the number line

« Representation of point in a plane.

1.1 COMPLEX NUMBERS

Consider the equation x? + 1 = 0. ..(A)
This can be written as x?2=-1
or X = i\/—_]_

But there is no rea numbers which satisfy x? = —1.In other words, we can say that
there is no real numbers whose square is — 1.In order to solve such equations, let
us imagine that there exist a number 'i' which equal to /-1 .

In 1748, a great mathematician, L. Euler named a number 'i* as lota whose square
is — 1. Thislota or 'i" is defined as imaginary unit. With the introduction of the new
symbol ‘i, we can interpret the square root of a negative number as a product of a
real number with i.

Therefore, we can denote the solution of (A) asx = i
Thus, -4 = 4(-1)
O  J-4=(-D(4) =+i22%2 =2i

Conventionaly written as 2i.

So, we have /-4 =2i. J-7 =T
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J-4, /-7 ae dl examples of complex numbers. MODULE - |
Consider another quadratic equation: Algebra
X2 -6x +13 =0

This can be solved as under:

(x-3)?+4=0 Notes
or, (x =3)?=-4
or, X—-3==%2i
or, X =32

We get numbers of the form x + yi where x and y are real numbers and i = ,/-1.

A complex number is, generaly, denoted by the leter z.

i.e. z=a+ bi, 'd is called the rea part of z and is written as Re (atbi) and 'b' is
called the imaginary part of z and is written as Imag (a + bi).

If a= 0 and b # 0, then the complex number becomes bi which is a purely imaginary
complex number.

1.
—T1, 5" J3 ad i ae al examples of purely imaginary numbers.
If a# 0 and b = 0 then the complex number becomes 'a which is a real number.
5 25and /7 are al examples of real numbers.

If a= 0 and b = 0, then the complex number becomes 0 (zero). Hence the rea
numbers are particular cases of complex numbers.

Simplify each of the following using -

0N V= () 254
Solution: (i) V== /36(-1) = 6i
(i) \/25../-4 =5x2i = 10i

1.2 POSITIVE INTEGRAL POWERS OF i

We know that
i2=-1
B=ili=-1i=-i

i4=(i9)2=(-1)2=1
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i5= (1920 = Li=i

i5=(i9)% = (-1)* = -1
i7 = (19%) = i
ie = (2% =1

Thus, we find that any higher powers of 'i' can be expressed in terms of one of four
values i, -1, —i, 1

If nisa pogtive integer such that n>4, then to find i, we first divide n by 4.
Let m be the quotient and r be the remainder.

Thenn=4m +r. where0 < r < 4.

Thus,
in = j@mn) = j4mjr
= (i9mir
=i (--i*=1)

If fact . /—ax+/-b

ivaxivb = i2Jab

= _Jab where a and b are positive real numbers.

SEnlJNWA Find the value of 1 + i + {0+ |%

Solution: 1 + i + j©+ %

=1+ (i9° + (i + (H)®
1+ (-1)°+ (-1)0+ (-1)B
1+ +1+(-0)
=1-1+1-1

=0

Thus, 1 + i+ {2 + % =0Q.
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SCIfJEMMY Express 8i° + 6i1° — 12i'! in the form of a + bi

Solution: 8i% + 6i% — 12i* can be written as 8(i?).i + 6(i?)® — 12(i?)°.i
= 8(-1).i + 6(-1)8 — 12(-1)5.i

= -8i + 6 — 12(-1).i
=-8i+6+12i
=6+ 4i

which is of the form of a + bi where'a is6 and 'b' is 4.

"\
Le:‘ CHECK YOUR PROGRESS 1.1

1 Simplify each of the following using 'i'.
(@ J-27 (b) -+V-9  (c) V-13

2. Express each of the following in the form of a + bi
@5 (b) -3i (c) 0

3. Simplify 10i® + 6i® —12i%
4. Show that i™ + i™* + {™2 + ™3 = 0 for all mON -

1.3 CONJUGATE OF A COMPLEX NUMBER

Consider the equation:
X2-6x+25=0 (@)
or, (x-3)2+16=0
or, (x-3)2=-16

or, (x-3)=z%-16=+.16.(-1) .
or, X =3 % 4i
The roots of the above equation (i) are 3 + 4i and 3 — 4i.
Consider another equation:
X2+2x+2=0 (i1)
or, x+1)2+1=0
or, x+1)?=-1

or, (X +1) =+ /[-1=4i

or, X==1=i
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The roots of the equation (ii) are —1+i and —1—i.
Do you find any similarity in the roots of (i) and (ii)?

The equations (i) and (ii) have roots of the type a + bi and a — bi. Such roots are
known as conjugate roots and read as a + bi is conjugate to a — bi and vice-versa.

The complex conjugate (or simply conjugate) of a complex number z = a + bi is
defined as the complex number a — bi and is denoted by 7.

Thus, if z=a+ bi then z =a - bi.

Following are some examples of complex conjugates:

0] If z=2+ 3i, then z = 2 - 3i
(i) Ifz =1+, then 7 =1 +i
(i) If z=-2 + 10i, then 7 = —2-10i

1.3.1 PROPERTIES OF COMPLEX CONJUGATES

0] If z is area number then z = Z i.e., the conjugate of a real number is the
number itself.

For example, let z = 5
This can be written as
Z=5+0i
0O Zz=5-0i=5
O Z=5=7.
(i) If zisapurelyimaginary number then z= - z
Forexample,if z=3i
Thiscanbewrittenas
Z=0+3i
O 7Zz=0-3i =-3i

=-Z
0 7Z =—1.
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(i) Conjugateof theconjugateof acomplex number isthenumber itself.
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e, (z)=2

For example, if z=a+ bi then

Z=a-hi

Agin (2) = (a-bi) =a+bi

Findtheconjugateof each of thefoll owingcomplex number:
0] 3-4i (i) 2
i+1

i) (2+i) W ="

Solution : (i) Letz=3-4i
then z=(3-4i) =3+4i

Hence, 3 + 4i isthe conjugate of 3—4i.
(i) Letz=2ior0+2i
ten z=(0+2i) =0-2i
Hence, -2i isthe conjugate of 2i.
(iii) Lee z=(2+i)?
ie z=(2?+(1)>+2(2)(i)
=4-1+4i
=3+4i

Then Z=(3+4i) =3-4i
Hence, 3—4i is the conjugate of (2 +1)?

i+1

i Llet z=— = + =i
© .

N =
N |-
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(1 1. 1 1.
then z=|=-+=i|= =—=i
2 2 2 2
ence, 5 5 Or — istheconjugateof —

omplex Numbers

@

1.4 GEOMETRICAL REPRESENTATION OF A COMPLEX NUMBER

Let z=a+ bi be acomplex number. Let two mutualy
perpendicular linesxox' andyoy' betakenasx-axisandy-axis
respectively, Obeingtheorigin.

L et Pbeany pointwhaosecoordinatesare(a,b). Wesaythat the
complex z=a+ bi isrepresented by thepoint P(a, b) asshown

inFig. 1.1 X

If b=0, then zisreal and the point representing complex
number z=a+ 0i isdenoted by (a,0). Thispoint (a, 0) lies
onthex-axis.

So, xox' is called the real axis. In the Fig. 1.2 the point
Q (a, 0) represent the complex number z=a+ 0i.

N
If a=0, thenzispurely imaginary and thepoint representing
complex number z =0 + bi isdenoted by (0, b). The point
(O, b) liesonthey-axis.
So,yoy'iscdledtheimaginaryaxis.In Fig.1.3, the point
R (0, b) representsthe complex number z=0+ bi.

Theplaneof twoaxesrepresentingcomplex numbersaspointsis «

calledthecomplex planeor Argand Plane.

Thediagramwhichrepresentscomplex numberinthe
ArgandPlaneiscalled Argand Diagram.

Example 1.5

Represent complex numbers2 + 3i and 3 + 2i inthe
sameArgandPlane.

Solution:

S><

P(ab)

Fig.1.1

Q@0)

Y Fig. 1.2

S><

R(0)

ok—o—>

Fig.1.3

1. 2+3iisrepresented by thepoint A (2,3)

2. 3+2iisrepresented by thepoint B (3, 2) Clearly,
thepointsA and B aredifferent

<<
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Examplel.6

Represent complex numbers 2 + 3i and
—2 -3iinthe same Argand Plane.

Solution:

1. 2 + 3i is represented by the point
P(273)

2. -2 -3i is represented by the point
Q (_2!_3)

PointsPand Qaredifferentandlieinthel
quadrantand 111 quadrant respectively.

Examplel.7

Representcomplex numbers2 +3iand2-3iin
thesameArgand Plan

Solution:

1. 2+ 3iisrepresented b the point R(2, 3)
2. 2-3iisreprestned by the point S(2,-3)

Examplel.8

Representcomplex numbers 2 + 3i,-2-3i,
2-3iinthe same ArgandPlane

Solution:

@ 2+3i isrepresented by thepoin
P(273)

(b) —2-3iisrepresented by the point
Q (_2!_3)
(© 2-3iisrepresented by the point

R (2,-3) Q(-2-3)

X &

P(2,3)

S

Fig. 15

< €

v g 2-3)

Fig. 1.6

P23)

R
P N
wi
DL

e e ; R(z,_3)

Fig. 1.7

1.5 MODULUS OF A COMPLEX NUMBER

Wehavelearnt that any complex number z=a+ bi canberepresented by apointintheArgand
Plane. How canwefind thedistanceof thepoint fromtheorigin?Let P(a, b) beapointinthe
planerepresentinga+ bi. Draw perpendicularsPM and PL onx-axisandy-axisrespectively.

Let OM =aand MP=h. Wehaveto find thedistance of Pfromtheorigin.

MODULE - |
Algebra

MATHEMATICS



Complex Numbers

MODULE - | y
N
Algebra 0 oP=+oM2 + MP2
T . P(a,b)
= a2 + 2 |
b .
Notes OPiscalled themodulusor absol uteval ueof the l ox
complex number a+bi. ) ole—a—m ~
O M odulusof any complex number zsuch
that z=a+ bi, alJR, blIR isdenoted by \y/ Fig. 1.8
|z|andisgivenby /g2 + p?
0 |z|=latib|= /@ +p?
15.1 Propertiesof Modulus
€) |z|=0 =« z=0.
Proof : Letz=a+ bi, allR, b[OR
then |z]| = /a2+b2
|Z|=0 = a®*+b* =0
o a=0andb =0 (since & and b? both are positive)
- z=0
0)  1Z=7
Proof : Letz=a+hi
then |z]= /g2 + b2
0 |z=+a +(-b%) =+a® +b?
Thus, |z|= vVa? +b? =|z| ()
© lz[=]|-z|
Proof : Letz=a+bithen|z|= /a2 + p?
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. MODULE - |
~z=-a-bithen |-z|=/(-a)2 +(-b)? Algebra
= la2+b2
Thus |z]= V& +b° =) ()

Notes
By (i) and (ii) it canbeproved that o

lz|=]-z|=]Z] (i)
Now, wecons der thefollowingexamples:

SENJENREN Find themodulusof z and z ifz=-4+3i

Solution: z=-4+3i,then|z|= ,/(-4)* + (3)°
= J16+9=4/25=5

and Z=-4-3i

then,  [7)=y(-4)? +(-3)* =16+9=25=5

Thus |z|=5=]z|

SCIT NIV Find the modulusof zand-zifz=5+2i

Solution: z=5+2i,then-z=-5-2i
|4 =+5" +22 =29 and |-7 = |/(-5)* +(-2)? =29

Thus, |z |= /29 =}

SCITJ[¥MER Find the modulus of z,—zand 7z wherez=1+2i

Solution:z=1+2ithen-z=-1-2iand z =1-2i

|z|=V1* +2% =5
F2=+(-1)*+(-2)* =5
and Z=V(®*+(-2)* =5

Thus |1z|=|-z|=~5=|2]
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Algebra
() 1+ (i) 2m (iii)0 (iv)%i

Solution: (i) Letz=1+i

Notes

ten |z|= 12+12 =./2
Thus |1+i]=+/2
(ii) Let z=2m or 21+ Oi

Then |z |=4/(2m)? + (0)® =2m

Thus, |2m|=2m
If zisreal then|z|=z

(i) z=00r0+0i

then  |z|=4/(0% +(0)% =0

Thus, |z|=0
If zisOthen|z|=0

1. 1.
Letz=—=j or O0—-=i

2
then 2= 02+(—£) :%

Thus, “_i

If zispurelyimaginary number,then z # | Z |.

el EIMKN Find theabsol uteval ueof theconjugateof thecomplex number
z=-2+3i
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Solution : Let z=-2+ 3ithen 7z =-2-3i

Absolutevalueof z =| z|=|-2-3i|= \/(—2)2 +(-3)2 =,/4+9 = J13

SedNWEE Find the modulus of the
complex numbersshowninanArgand Plane

; 4
(Fig.1.9) Q42 F’(B)
Solution: (i) P(4, 3) representsthecompl ex :
number z=4+3i X' ¢—f——— T N

432:0 123 4
0 |z|= /4% +3% = /25 : .
Sedecccns +5(3,-3)
or |z]=5 R(-1-3)
' Fig. 1.9
(i) Q(-4, 2) represents the complex y
numberz=-4+2i
0 |4=v(-47+2% = J16+4 = J20
o |7= 245
(i) R(-1,-3) represents the complex numberz =—1 - 3i
O 1z|={(-D* +(-3)* =41+9
or |z|=4/10
(iv)  S(3, —3) represents the complex number z =3 -3i
0 |zI=y3*+(-9* =9+9
o |z|=418=3/2
A\
Le:‘ CHECK YOUR PROGRESS 1.2
1. Findtheconjugateof each of thefollowing:
(a)-2i (b)-5-3i () -2 (d) (=2 +i)?
2. Represent thefoll owingcomplex numberson Argand Plane:
€) (i) 2+0Oi (i)—3+0i (iii)0-0i (iv) 3-0i

MODULE - |
Algebra
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b (@()o+2 @i)0-3i (i) 4i (iv)-5i

(© 0] 2+5iand5+2i (i) 3-4iand -4+ 3i
(i) —7+2iand2-7i (iv) —2-9iand-9-2i

@ 0 1+iand-1-i (i) 6+5iand—6-5i
(i) -3+4iand3-4i (iv) 4-iand-4+i

e 0) l+iand1-i (i) —-3+4iand-3-4i
(i) 6-7iand6+7i (iv) -5—iand-5+i

3. (@) Findthemodul usof following complex numbers:

0) 3 @iy (@(+1@-i) (ii) 2-3i (iv) 4+.5
(b) For thefollowing complex numbers, verifythat |z|=| z |

0) -6 +8i (ii) -3-7i

(© For the following complex numbers, verifythat|z|=|-Z |

@) 14 +i (i) 11-2i

(d) For the following complex numbers, verifythat |z |=|-z|=| Z |

@  2-3i i) —6-i i)y 7-2i

1.6 EQUALITY OF TWO COMPLEX NUMBERS

L et usconsider two complex numbersz, =a+bi and z,=c+disuchthatz, =z,
wehave a+ bi =c+di
or (@-c)+(b-d)i=0= 0+0i
Comparingreal andimaginary partsonbothsides, wehave
a-c=0,0r a=c
U real part of z,=redl part of z,
and b-d=0 or b=d
0 imaginary partof z, =imaginary partof z,

Therefore, wecan concludethat two complex numbersareequal if andonlyif their real parts
and imaginary partsarerespectivley equal.

Ingeneral a+bi=c+diifandonlyifa=candb=d.
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Properties: z, =z, O |z, |=]z |
Let z=a+biandz,=c+di

z, =z, givesa=candb=d

Now |z|=+a*+b® and |z,|=+/c?+d’
= .a? + b? [sincea=candb=d]

0 Iz1=1z)
For what value of x andy, 5x + 6yi and 10 + 18i areequal ?
Solution: Itisgiventhat

5x+6yi=10+ 18i
Comparingreal andimaginary parts, wehave

5x =10 orx=2
and 6y=18 ory=3

For x =2andy = 3, thegiven complex numbersareequal .

1.7 ADDITION OF COMPLEX NUMBERS

If z, =a+bi andz, = ¢+ di aretwo complex numbersthentheir sum z + z,isdefined by
z, +z,=(a+c)+(b+d)
For example, if z, =2+ 3i and z,=—4 + 5i,
then z +z,=[2+(-4)]+[3+5]i
=-2+38i.
| Example1.16 [ELIY
@) (3 + 2i) + (4-3i)
(D) (2+5i)+(-3-71))+(1-1)
Solution: (i) 3+2i))+(@4-3)=B+4)+(2-3)i=7-i
(i) (2+5)+(-3-7i)+(1-i)=(2-3+1)+(5B-7-1)i
=0-3i
or 2+5)+(-3-7T)+(1-1)=-3i

MODULE - |
Algebra
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Algebra 1.7.1 Geometrical Represention of Addition of TwoComplex Numbers
L et two complex numbersz, and z, be represented by the points P(a, b) and Q(c, d).
Theirsum, z, +z, isrepresented by thepoint R (a+ ¢, b+ d) inthe same Argand Plane.
Notes| JOINOP, OQ, OR, PR and QR.

Draw perpendicularsPM, QN,
RL fromP, Q, Rrespectvely on
X-axis.

Draw perpendicular PK toRL

In AQON
ON=c
and QN =d. R(a+c, btd)
InAROL In APOM _
QAcd~
RL=b+d PM =b
andOL =a+c OM =a K
Fab)
Al PK =ML
=OL-OM 7B N ™M L ? X
—a+cCc—a
| Fig. 1.10
=c=0ON Y
RK = RL - KL
=RL-PM
=b+d-b
=d=ON.

In AQON and ARPK,

ON = PK, QN = RK and OQNO = ORKP = 90°
[ AQON L ARPK

O OQ=PRand OQ | PR

O OPRQisaparalelogramand ORitsdiagonal.

Therefore, wecan say that the sum of two compl ex numbersisrepresented by the
diagonal of aparallelogram.

MATHEMATICS




Complex Numbers
SE KA Provethat |z, +2,|< |z, | +]|z,]| MODULE - |

Algebra
Solution: We haveproved that thesum of two complex numbersz, and z, represented
by thediagonal of aparallelogram OPRQ (seefig. 1.11).

In AOPR

OR<OP+ PR Notes-"---“
or OR< OP+0Q (sinceOQ=PR)
or |z, +z,|<|z,|+]|z,|

SEPlJlYmeY If z =2+3iandz, =1+,

verifythat |z, +z,]| <]z, |+|z,]

Solution: z =2+ 3i and z,= 1 + i represented by the points (2, 3) and (1, 1)
respectively. Their sum(z, +z,) will be represented by thepoint (2+1,3+1)i.e.(3,4)

Verification

|2, = 2> + 3 = /13 = 3.6 approx.
)| = /2% + 3% = /13 = 3.6 approx.
|zl+22|:x/m=\/£:5

|z,|+|z,|=36+141=501
O |z,+z,|<|z|+]z,]
1.7.2 Subtraction of the Complex Numbers
L et two complex numbersz, = a+ bi and z, = ¢ + di berepresented by the points (a, b)
and(c, d) respectively.
O (z,)-(z,)=(a+bi)—(c+di)
=(a-c)+(b-d)i
which represents a point (a—c, b —d)
O The differencei.e. z—z, is represented by the point (a—c, b—d).

Thus, tosubtract acomplex number fromanother, wesubtract corresponding
real andimaginary partsseparately.
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SEpllNMERFindz -z, ineach of followingif:

@ z,=3-4i, z,=-3+Ti

(b) z,=-4+7i z,=-4-5i

Solution: (a) z,—z,= (3 -4i) - (-3 + 7i)
=(3-4i)+(3-7i)
=(B+3)+(4-7i
=6+ (-11i) =6-11i

(b) z-2z,=(4+ 7i)—(-4-5i)

=(-4+ 7i) + (4 +5i)i
= (-4 +4) + (7 +5)i
=0+12i =12

What should be added toi to obtain 5?

Solution: Letz=a+bi beaddedtoi toobtain 5+ 4i

O I+ (a+bi)=5+4i

or, a+(b+1)i=5+4i

Equatingrea andimaginary parts, wehave

a=5andb+1 =4 o0or b=3

O z=5+3i istobeaddedtoitoobtain 5+ 4i

1.8 PROPERTIES: WITH RESPECT TO ADDITION OF

COMPLEX NUMBERS.

1. Closure: The sum of two complex numberswill alwaysbe acomplex number.
Let z=a+biandz,=a +hj, a,b,a,b, R

Now, z +z,=(a +a,)+ (b, +b,)i whichisagainacomplex number.
Thisprovestheclosureproperty of complex numbers.

Thus, (1+1)+(2+3i)=(1+2) +(1+ 3)i =3+ 4i,whichisagain acomplex number.

Similarly, thedifferenceof two complex numberswill alwaysbeacomplex number. For
example, (2 +4i)—(1-4i)=(2-1) +{4—-(-4)}i=1+8i, whichisagainacomplex
number.
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2. Commutative: If z andz, aretwo complex numbersthen

MODULE - |
Algebra

2,+2,=2,+2
Let z,=a+bhiandz,=a,+b,
Now z,+z,=(a +bji)+(a+byj)

=(a +a)+ (b +h)
=(a,+a)+(b,+b)i [commutative property of real numbers]
=(a,+ b))+ (a,+bji)
=z,+2,
e 2,+2,=2,+2,
Hence, addition of complex numbersiscommutative.
For example, if z =8+ 7i and z,= 9 - 3i then

z,+2,=(8+7i)+(9-3i) and  z,+2z,=(9-3i)+(8+7i)

=(8+9)+(7-3)i and =(9+8)+(-3+7)i
or 2, +z,=17+4i andz,+z =17 +4i
Weget, 2,+2,=2,+2

Now, z,-z,=(a +b i)-(a,+a,i)
=(a—a,) +(b,—b)i
and  z,-z,= (a,+hb))-(a, +bj)
=(a,—a) *+(b,—b)i
=—(a,—ay)—(b,—b)i
=—(a, *+ b))+ (a,+b,)
U Z,-2,# 27,

Hence, subtraction of complex numbersisnot commutative.

Forexample, if z, =8+7i and  z,=9-3ithen
z,-2,=(8+7))-(9-3i)) ad z,-z,=(9-3i)-(8+7i)
=(8-9)+ (7 +3)i and =(9-8)+(-3-7)i
or z,-z,=-1+10i and z,-z,=1-10i

21—22;"—'22—21
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3. Associative
Ifz,=a +bji, z,=a,+Db jiandz,=a,+b, arethree complex numbers, then
z2,+(z,+2)=(z,+z) +z,
Now z +(z,+z)
=(a, +b,i) +{(a,+b,i) + (a,+ b,i)}
= (g, +bji) +{(a,+a) + (b, +by)i}
={at(a +a)} +{b+(b,+ by}
={(a,+a)+ (b, +b)i} + (a,+bji)
={(a +Dbji) + (a +Db,i)} + (a,+ bji)
= (z,+z)+z,
Hence, theassociativity property holdsgoodinthecaseof addition of complex numbers.
Forexample, if z,=2+3i,z,=3iandz,=1-2i, then
z,+(z,+2) =(2+3i) + {(3i) + (L - 2i)}
=(2+3i)+(1+1)
= (3+4i)
and  (z,+z)+z, ={(2+3i)+(3i)}+(1-2i)
= (2 + 6i) + (1 - 2i)
= (3 + 4i)
Thus, z +(z,+2z) = (z,+2,) +z,

Theequdity of twosumsi stheconsequenceof theassoci ati veproperty of addition of complex
numbers.

Likecommutativity, it canbeshown that associ ativity a sodoesnot hold goodinthecaseof
subtraction.

4. Existenceof Additiveldentitiy
If X +yi beacomplex number, thenthereexistsacomplex number (0+0i)
suchthat (x +yi) + (0+0i) =x + yi.
Let  z,=x+yibetheadditiveidentity of z =2+ 3i then
z2,+2,=2

ie (2+3)+(x+yi)=2+3i

MATHEMATICS
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or (2+x)+(3+y)i=2+3i

or (2+x)=2and3+y=3

or x=0andy=0

e z,=x+yi =0+0iistheadditiveidentity.

e if z=a+ bi isany complex number, then
(a+bi) + (0+0i)=a+hi

i.e.  (0+0i) istheadditiveidentity.
z,—-7,=(2+3i)-(0+0i)

=(2-0)+(3-0)i
=2+3i=2z
O z,=0+0iistheidentity w.r.t. subtractional so.

as (@+bi)-(0+0i)=a+hi
5. Existence of Additivelnverse

For every complex number a + bi there exists a unique complex number —a— bi such that
(@+bi)+(-a—bi)=0+0i

eg.Letz, =4+5iandz,=x +Yi betheadditiveinverseof z,
Then, z,+2,=0

or (4+5i)+(x +yi)=0+0i

or 4+x)+(5+y)i=0+0i

or 4+x=0and5+y=0

or X=—-4andy=-5

Thus, z,=-4-5iisthe additive invese of z, =4+ 5i
Ingenerd, additiveinverseof acomplex number isobtai ned by changingthesignsof rea and
imaginary parts.

Considerz,-z,=0

or (4+50)—(x+yi)=0+0i

or (4-x)+(5-y)i=0+0i

or 4-x=0and5-y=0

MODULE - |
Algebra
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or x=4 andy=5
e z,-2,=0givesz,=4+5i
Thus, insubtraction, thenumber itsalf istheinverse.

e (a+bi)—(a+bi)=0+0ior0

7~
L‘:‘ CHECK YOUR PROGRESS 1.3

1. Simplify:

@ (V2+48)+ (-4 Al

3 6
©  (1+i)—(1-6i) @  (V2=3&)-(-2-7)
2. Ifz =(5+i)and z,=(6+ 2i), then:
(@find z, +z, (b)find z,+ 2, (Qlsz,+z,=z,+27?
(d)find z, -z, (e)find z,-z, (f)lsz,-z,=2,-2,7?

3. Ifz,=(1+i),z,=(1-1i)and z,=(2+ 3i), then:

(@ find z, +(z,+z,) (b) find(z,+2z) +z,

(©lsz,+(z,+2)=(z,+2)+2? (d) findz,-(z,-z,)

(e) find (z,-2,) -z, f)lIsz,-(z,-2)=(z2,-2))-2,?
4, Findtheadditiveinverseof thefollowing:

(@) 12-7i (b) 4-3i

5. What shoud be added to (—15 + 4i) to obtain (3 -2i)?

6.  Showthat {(3+ 7 - (5+ 2i)} = (3+7) - (5+2)

1.9 ARGUMENT OF A COMPLEX NUMBER

Let P(a, b) represent thecomplex number z=a+ bi,al] R, b[JR, and OPmakesanangle
Bwiththepositivedirectionof x-axis.

Draw PM O OX

MATHEMATICS



Complex Numbers

Let OP=r Y
Inright AOMP P(ab)
OM =a r/[
O rcosé=a
rs$nB=b v Fig. 1.11
Thenz=a+ bi canbewrittenas z=r (cos0 +i sinB) (1)

b
wherer= /g2 + p2 ad tanezgl

(b
O =tan} =
o (aj

Thisisknown asthe polar form of thecomplex number z,and r and © are respectively
calledthemodul usand argument of thecomplex number.

1.10 MULTIPLICATION OF TWO COMPLEX NUMBERS

Twocomplex numberscanbemultiplied by theusual lawsof additionandmultiplicationasis
doneinthecaseof numbers.

Let z, =(a+bi)andz,= (c+ di) then,
z,.z,= (a+ bi).(c+di)
=a(c+di)+bi(c+d)
or =ac+ adi + bci + bdi?
or = (ac — bd) + (ad + bc)i. [sincei? =-1]
If (a+bi)and(c+ di)aretwocomplex numbers, their product isdefined asthe complex

number (ac — bd) + (ad + be)i
O @+2a-3), ) (V3+i)¥3-i) (iii) (3 2iy?

Solution:
0] 1+2)(1-3i)= {1-(-6)}+ (-3 +2)i
=7—i

MODULE - |
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MODULE-1 | )  (V3+i)(V3-i)={3- (-1} + (-V3+B)

Algebra
= 4+0i
@iy  (3-2i)2 = (3-2i) (3-2i)
= (9 - 4) + (=6 —6)i
Notes
=5-12i

1.10.1 Propertiesof Multiplication
12,2,1=12,|.17,|

Letz =r (cosb, +isinB)andz,=r(cosd,+isinb,)

O |zl|:rl\/coszel+sin261:r1
Smilatly, |z, |=r,
Now, z,z,=r (cosB, +ising,).r(cosO, +ising,)

=r,r,[(cost,cosH,—sinb, sinB,) + (cosd,sinB, + sinB,cos, )i]
=rr[cos(0,+8,) +isin(6, +0,)]

[Since cos(B, +6,) = cosb,cosb, —sinb, sinb, and
sin(B, +6,) =sinB,cost, + cosh, sinb,|

12,:2,1% 117,4/c0S* (8, +8,) +sin*(8, +8,) = nyr,

O |2,-2,|= 111, =[z4].]z,
andargumentof z,z,=6,+6, =arg(z)+ag(z)
Find the modulus of the complex number (1 +1) (4 - 3i)
Solution: Letz=(1+1) (4-3i)
then [z|=|(@+i) (4-3i)
=|@+0)].[(4-30)] (since [z,z,|=z,|lz,|)

But |1+i|=12+12 =2
|4-3i|= /4% +(-3)* =5
0  |z|=+25=5/2
MATHEMATICS




1.11DIVISION OF TWO COMPLEX NUMBERS

Division of complex number sinvolvesmultiplyingboth numerator and denominator
with theconjugateof thedenominator. Wewill explainit through an example.

Let  z =a+biand z,=c+dithen.

a+bi
c+di

(c+di #0)

4
z,

at+bi _ (at+bi)(c-di)
c+di (c+di)(c—di)

(multiplyingnumerator and denominator withtheconj ugateof thedenominator)

_(ac+bd)+(bc-ad)i
B ¢’ +d?

a+bi _ac+bd bc-ad.
= + i
c+di c*+d* c*+d?

=CNWY Divide 3+i by 4-2i

_ +i (3+i)(4+2)
Solution: % = (4-2i)(4+2i)

Thus,

Muultiplying numerator and denominator by theconjugateof (4—2i) weget

_10+10i

Thus,
1.11.1 Propertiesof Division

Z
Z,

_ 1zl
|z,

MODULE - |
Algebra

Notes
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MODULE -1 | Proof: z,=r (cosB,+ising,)

Algebra z,=r,(cosB,+ising,)

|z,|= rl\/cos2 8, +sin’B, =,

Notes| Similarly, |z, |=r,
and  arg(z)=6, andarg(z,)= 6,

z, _ ry(cosB, +ising,)

Then, 7 r,(cos8, +ising,)

_ 1,(cos@, +ising,)(cosH, —ising,)
" 1,(cosd, +ising,)(cosd, —ising,)

_ I, (cosB, cosb, —icosh, sinB, +isin6, cosh, +sinb, sinb,)
r, (cos’ @, +sin®0,)

i@cos@lcosé?2 +sing,sing,) +i(siné, cosd, —cosé, sing, ) E
r2

- :_:[cos(el -8,) +isin(8, -8,)]

Z

Thus = z,

I . Il
= 1 Joos’(8,-9,) +sin’(6,-6,) =

2

N Argument of ;

=SE 1ol [N W22 nd the modul us of the complex number

2+i
3-i

|

) 2+
Solution: Letz= ;
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1.12 PROPERTIES OF MULTIPLICATION OF TWO

COMPLEX NUMBERS

1.Closure

If z, =a+bi and z,= ¢+ di betwo complex numbersthentheir product z,z,isalso
acomplex number.

2. Cummutative
If z, =a+bi and z, = c+ di betwo complex numbersthenz z,=z,z..
Forexample, letz =3+4iandz,=1-i
then z,z,=(3+4i) (1 -i)
=3(1—i) + 4i(1-i)
=3 - 3i + 4i — 42
=3-3i+4i-4(-1)
=3+i+4 =7+i
Again, zz =(1-i)(3+4i)
=(3+4i)—i(3+4i)
=3 +4i-3i-4i?
=3+i+4=7+i
U 272,=2,2
3. Associativity
Ifz,=(a+hi),z,=c+di andz,=(e+ fi) then

2(z,2,)=(2,2,))-Z,

MODULE - |
Algebra

£

Notes
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MODULE - | Letusverifyitwithanexample:

Algebra I z,=(1+i),z,=(2+i)andz,=(3+i) then

2(z,2)=(1+i){(2+i0) (3+i)}
=(1+i){(6-1)+(3+2)i}

Notes =(1+1)(5+5i)
=(5-5)+(5+5)i
=0+ 10i = 10i

and (z,.z,)z,={(1+i)(2+i)} (3+1)
={(2-1)+ (1 +2)i} (3+1)
=(1+3i)(3+1)
=(3-3)+(1+9)i
=0+ 10i =10i

0 2(z2)=@2)%

4. Existenceof Multiplicativeldentity: For every non-zero complex number z, =a+ bi
thereexistsa uniquecomplex number (1 +0i) suchthat

(a+bi).(1+0i)=(1+0i) (a+bi)=a+hi
Letz, =x+yi bethemultipicativeidentity of z=a+bi
Then zz =z
ie (a+hbi)(x+yi)=a+hi
or (ax —by) + (ay + bx)i =a + bi
or ax—by=aanday+bx=b
pr x=1andy=0
i.e z,=x+yi=1+0iisthemultiplicativeidentity.
Thecomplex number 1+ 0i istheidentity for multiplication.
Letusverify itwithanexample:
If z= 2+ 3i then
z.(1+0i)=(2+3i) (1+0i)
=(2-0)+ (3+0)i
=2+3i

MATHEMATICS
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5. Existenceof Multiplicativeinver se: Multiplicativeinverseisacomplex number that MODULE - |
whenmultipliedtoagiven non-zerocomplex munber yieldsone. Inother words, for every Algebra
non-zerocomplex number z=a+ bi, thereexistsauni quecomplex number (X +yi) suchthat
their productis(1+0i).

ie (@a+bi) (x+yi)=1+0i

or  (ax—by)+ (bx +ay)i =1 +0i Notes

Equatingrea andimagingparts, wehave
ax—by=1andbx+ay=0

Bycrossmultiplication

a _Re(z) _ -b Im(z)
- a2 + b2 - |Z|2 and y_a2+b2 |Z|2

Thus, themultiplicativeinverseof anon-zerocompelx numberz=(a+bi)is

Re(z) Im(z)

X+yi =
4 IZI
=relld Nl Find themultiplicationinverseof 2 —4i.

Solution: Let z=2-4j

Wehave, z=2+4i and|z” = [2% +(-4)?|= 20

O Requiredmultiplicativeinverseis

i = —2+4I = i+l|
5

|z|2 20 10
Verification:

If E +§| be the muliplicative inverse of 2-4i, there product must be equal to 1+ Oi

1.0 02 4D 40

Wehave, (2-4i) Br —'H— SE["’ +EH

=1+ 0i whichistrue.
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6. DistributiveProperty of Multiplication over Addition
Let z,=a+bji, z,=a+bji andz,=a+h,
Then z(z,+z)=22,+22,
Letusverifyitwithanexample:
Ifz,=3-2i, z,=-1+4i andz,=-3-ithen
z(z,+z) =@ -2i){(-1+4i)+(-3-i)}
=(3-2i) (-1+4i-3-1)
= (3-2i) (-4 +3i)
=(-12+6)+ (9 +8)i
= -6+ 17i
and z,z,= (3-2i)(-1 +4i)
=(-3+8)+ (12 +2)i
=5+ 14
Again  zz =(3-2i)(-3-1)
= (-9-2)+ (-3 +6)i
=-11+3i
Now zz +2z z,=(5+14i)+(-11+3i)
=-6+17i

O z2(z,+2)=22,+272,

\
@A‘ CHECK YOUR PROGRESS 1.4

1 Simplifyeachof thefollowing:

@  @+2)2-i) B  (2+i)?

(0 B+D)@A-i)(-1+i) (d) (2+3i) +(1-2i)

(e @a+2n+@+i () (1+0i)+(3+7i)
2. Computemultiplicativeinverseof each of thefollowingcomplex numbers:

(3) 3 4i (b) V3+7i © ;’:’:
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3. Ifz,=4+3i, z,=3-2iandz,=i+5,verifythatz(z,+z)=22,+z.z.

4. Ifz, =2+i,z,=-2+iandz,=2~ithenverifythat (z,.z,)z,=7,(z,z,)

§] LET USSUM UP

« z=a+biisacomplex numberinthestandardformwhereabORandi= ,/-1.

Any higher powers of 'i’ can be expressed in terms of one of the four valuei, -1, —i, 1.

Conjugate of a complex number z = a + bi is a— bi and is denoted by .

«  Modulusof acomplex numberz=a+biis\/a® + b? i.e. |z|=|a + bi|= v/a® + b?

@]2z]=0 < z=0 0 z]=]7| © [2.+2,] <|z.]+|z,]

z=r (cosb + i sinB) representsthe polar form of acomplex number z = a+ bi where

4(b
r=.a? + p? ismodulusand 6 = tan 1(5] isitsargument.

z
Multiplicativeinverseof acomplex number z=a+bi is _| 2P

e SUPPORTIVE WEB SITES

http://mwww.wikipedia.org
http://mathwor d.wolfram.com

o
qﬁ TERMINAL EXERCISE

1. Findreal andimaginary partsof each of thefollowing:

N

@2+7i (b) 3+0i (o~

1
2+3

(d)5Si (€)
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MODULE - | 2. Simplifyeachof thefollowing:

Algebra (8)=3.4-27 (b) V=34-4+-72 (0) 3 -5i°+1
3. Formcomplex number whosereal andimaginary partsaregivenintheformof ordered
pairs.
Notes (a)z(3,-5) (b) z(0,-4) (©)z(8 m

4. Findtheconjugateof eachof thefollowing:

(a) 1-2i (b) - 1-2i () 6- +/2i
(d) 4 (€) - 4i

5. Findthemodulusof each of thefollowing:

(2) 1-i (b) 3+ i © —gi (d) -2+4/3

6. Express7il’—6i°+ 3i*-2i+ lintheform of a+ bi.
7. Findthevaluesof x andyif:

(@) (x-yi)+7-2i=9-i

(b) 2x +3yi=4-9i

(c)x—=3yi=7+9i
8. Simplifyeachof thefollowing:

. . . ol .02 .00 L
@@B+N)—-A-i)+(-1+1i) (b)B;HErB;—IHB;—ZlE

9. Writeadditiveinverseand multiplicativeinverseof each of thefollowing:

1+5i
@3-7  O11-2  ©3+2 @1-y2 O

10. Findthemodulusof each of thefollowing complex numbers:

1_+i (b) 5+ 2i
@37 J2+3

(€) (3+2i) (1-i) (d) (1-3i) (- 2i° +i2+3)
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11. For thefollowing pairsof complex numbersverifythat|z z,|=|z,]|z,|
(@z,=3-2i,z,=1-5i
(0)2,=3-7i,2,= Y3 -

2,

4 _ [zl
Z2

12. Forthefollowing pairsof complex numbersverifythat - 1Z,|
2

(@ z,=1+3i, z,=2+5i
(b)z,=-2+5i, z,=3-4i

MODULE - |
Algebra
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Algebra M ANSWERS

@ CHECK YOUR PROGRESS 1.1
1 (333 (b)-3i (© J13i

Notes

2. (@ 5+0i (b) 0-3i (C) 0+ 0
3. 12-4i

CHECK YOUR PROGRESS 1.2

1 (@2i (b) = 5 + 3i © -2 (d) 3+ 4i
3 0 § 2, O 3,0
> @ L) % GRILIN
(0, 4)
(0, 2)
——————>
(b)
(0’_3)
(0’_5)
y
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y
N
(2,5)
|
© 43 T |
I
X/!IIIIII:iI_!!iIIIIIII /X
-
| 1
(£9.-2) 4|- T |1
| __:_I (3,-4)
I
e
(-2-9) -
v
A
(d) _,___(6'_15>
(-3, 4}_ 7 |
(4,1 :_ LD i
'/!!!:l!l!: "!!."' >
' | LT T T @ '
> 5):._ | 13-4
v
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MODULE - | /3(
Algebra (® (6,7)
| _T————T
@ (-34) T |
17T |
Not I
N ST W ca .
X' é———————+——H >
(-5,-|1)f_ _:_ “TTa- i
| 4
a1
(_3!_4) __ I
______ —4(6,-7)
¥
3. @ ()3 (i) V10 (iif) V13 (iv) V21
CHECK YOUR PROGRESS 1.3
1 @ (2+B)+(\B-2) w6+
© 7 (@ V2(V2+1)+(7-V3)
2. (@ 11 + 3i (b) 11 + 3i (c) Yes
(d) -1 i (@ 1+i (f) No
3. (@4+3i (b) 4 + 3 (c) Yes
(d) 2 + 5i € -2—i (f) No.
4. @ -12 + 7i (b) -4 + 3i
5 18- 6i
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CHECK YOUR PROGRESS 1.4
) (ﬁ + 2) + (2@ - 1)i (b) 1+ 242

1 )
(d) E(_“ ) © %(3+ i)

2. (3 2—15(3 + 4i)

TERMINAL EXERCISE
1. (@2, 7
(b) 3,0

2. (a) -9

(b) -12./6i
(c) -4-3i
3. (a)3-5i
(b) 0 - 4i
(c) 8 + i
4. (@ 1+2i
(b) -1 + 2i

(©) 6+4/2i

(d) —4i
(e 4i

(c) -2+ 6i

1 :
() %(3— 7i)

1 . 1 .
(b) 5(J?.—?u) ©) a(—9—19|)
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MODULE - |

Algebra > @ 2
| @ (b) 9+ 12
3
Notes (© E (d) ﬁ
6. 9 + 4i

7. @x=2 y=-1

(b) x =2,y =-3

c)x=7,y=-3
8. @ 1+3i

b) Z+ 0

(b) S+

9.  (a)-3+7i, 5—18(3+ 7i)
(b) —11+ 2i i(—11+ 2i)
' 125
(©) —\/§—2i,%(x/§—2i)
(d) -1+ +/2i, %(1+ﬁi)
(e) 2—3i,%(2+3i)

0. @ % (b) £ /145 (c) /26 (d) 445
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