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The other day, | wanted to travel from Bangaloreto Allahabad by train. Thereisno
direct train from Bangal oreto Allahabad, but there aretrainsfrom Bangaloreto Itars
andfromItars to Allahabad. Fromtherailway timetable| found that therearetwo trains
from Bangaloreto Itars and threetrainsfrom Itarsi to Allahabad. Now, in how many
wayscan | travel from Bangaloreto Allahabad?

There are counting pr oblemswhich come under the branch of Mathematics called
combinatorics.

Supposeyou havefivejarsof spicesthat you want to arrange on ashdf inyour kitchen.
You would liketo arrangethejars, say three of them, that you will beusing oftenina
more access ble position and theremaining two jarsin aless accessible position. In how
many wayscanyoudoit?

In another situation suppose you are painting your house. If aparticular shade or colour
isnot available, you may be ableto createit by mixing different coloursand shades.
While creating new colours this way, the order of mixing isnot important. It isthe
combination or choiceof coloursthat determinethe new colours; but not the order of
mixing.

To giveanother similar example, when you go for ajourney, you may not takeall your
dresseswith you. You may have 4 sets of shirtsand trousers, but you may takeonly 2
sets. In such acaseyou are choosing 2 out of 4 setsand the order of choosing the sets
doesn’t matter. In these examples, we need to find out the number of choices in which it
can bedone.

Inthislessonweshall consider simple counting methods and usethem in solving such
smplecounting problems.
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Z4|OBJIECTIVES

After studyingthislesson, you will beableto:
« find out the number of waysinwhich agiven number of objectscan bearranged;
o  satetheFundamenta Principleof Counting;

definen! and evaluateit for defferent valuesof n;

Statethat permutation isan arrangement and writethemeaning of "P ;

n!

(n=r)!

satethat P = and apply thisto solve problems;

showthat (i) (n+1)"R, ="*R, (i) "R., = (n-1)"R;

Statethat acombinationisasd ection and writethemeaning of "C, ;

di stingui sh between permutati onsand combinations;

derive "C,

n!
= m and apply theresult to solve problems,

derivetherdation "P. =r!"C;

verifythat "C. ="C,_, and giveitsinterpretation; and

derive"C, +"C_, =""'C, andapply theresult to solveproblems.

EXPECTED BACKGROUND KNOWLEDGE

. Number Systems
. Four Fundamental Operations

7.1COUNTING PRINCIPLE

L et usnow solvethe problem mentionedin theintroduction. Wewill writet , t, todenotetrains
fromBangaoretoltars and T , T,, T, for thetrainsfrom Itarsi to Allahabad. Suppose| take
t totravel fromBangdoreto Itars. ThenfromItarsi | cantakeT, or T, or T.. Sothepossibilities
aret T, t,T,andt, T wheret T, denotestravel from Bangaloreto Itarsi byt andtravel from
Itarsi to Allahabad by T.. Similarly, if | taket, to travel from Bangaoreto Itarsi, then the

possihilitiesaret, T, t,T,andt,T.. Thus, indl thereare 6(2x 3) possiblewaysof travelling

21

from Bangaoreto Allahabad.

Herewe had asmall number of trainsand thus could list all possibilities. Had there been 10
trainsfrom Banga oreto Itars and 15 trainsfrom Itars to Allahabad, thetask would have been
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very tedious. Herethe Fundamental Principleof Countingor smply theCountingPrinciple
comesinuse:

If any event can occur in m ways and after it happensin any one of these ways, a
second event can occur in n ways, then both the events together can occur in mxn
ways.

=VE][-WME How many multiplesof 5 aretherefrom 10t0 95 ?

Solution : Asyou know, multiplesof 5areintegershaving O or 5inthedigit to theextremeright
(i.e. the unit’s place).

Thefirst digit fromtheright can bechosenin 2 ways.
The second digit can beany oneof 1,2,3,4,5,6,7,8,9.
i.e. Thereare 9 choicesfor the second digit.

Thus, thereare 2x9 =18 multiplesof 5from 10to 95.

STl [Wa 8 | n a city, the bus route numbers consist of anatural number less than 100,
followed by one of thelettersA,B,C,D,E and F. How many different busroutesare possible?

Solution : Thenumber can be any oneof the natural numbersfrom 1 to 99.
Thereare 99 choicesfor the number.

Theletter can be chosenin 6 ways.

[0 Number of possible busroutesare 99x 6 =594.

. CHECK YOUR PROGRESS 7.1

(@ How many 3 digit numbersaremultiplesof 5?
(b) A coinistossed thrice. How many possible outcomesarethere?

(¢) If you have 3 shirtsand 4 pairsof trousersand any shirt can bewornwith any pair of
trousers, in how many ways can you wear your shirtsand pairsof trousers?

(d) A tourist wantsto go to another country by ship and return by air. She hasachoi ce of
5 different shipsto go by and 4 airlinesto return by. In how many ways can she perform
thejourney?

2. (a) In how many ways can two vacancies befilled from among 4 men and 12 womeniif
onevacancy isfilled by aman and the other by awoman?

(b) Flooring and painting of thewalls of aroom needsto be done. Theflooring can be
donein 3 coloursand painting of wallscan bedonein 12 colours. If any col our combination
isalowed, find the number of ways of flooring and painting thewalls of theroom.

Sofar, we have gpplied the counting principlefor two events. But it can be extended to
three or more, asyou can seefrom thefollowing examples:
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SCINT[WME There are 3 questionsin aquestion paper. If the questions have 4,3 and 2
solutionsvely, find thetotal number of solutions.

Solution : Herequestion 1 has4 solutions,
guestion 2 has 3 solutions

and question 3has 2 solutions.

0  Bythemultiplication (counting) rule,
total number of solutions

4Xx3%2
=24

Consi der theword ROTOR. Whichever way you read it, from left toright or
fromright to left, you get the same word. Such aword is known as palindrome. Find the
maximum possi blenumber of 5-letter palindromes.

Solution : Thefirst letter from the right can be chosen in 26 ways because there are 26
alphabets.

Having chosen this, the second | etter can be chosenin 26 ways

[0 Thefirsttwoletterscanchosenin 26x 26 = 676 Ways

Having chosenthefirst two letters, thethird | etter can be chosenin 26 ways.
0 All thethreeletterscan bechosenin 676x 26 =17576 Ways.

It impliesthat the maximum possible number of fiveletter palindromesis17576 becausethe
fourth | etter isthe same asthe second letter and thefifth | etter isthe same asthefirst | etter.

How many 3-digit numberscan beformed withthedigits1,4,7,8and 9if the
digitsarenot repeated.

Solution : Three digit number will have unit’s, ten’s and hundred’s place.

Out of 5 given digits any one can take the unit’s place.

Thiscanbedonein5ways. (1)

After filling the unit’s place, any of the four remaining digits can take the ten’s place.
Thiscan bedonein4 ways. .. (i)

After filling in ten’s place, hundred’s place can be filled from any of the three remaining digits.
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Thiscan bedonein 3ways. ... (iii) MODULE - |

Algebra
[0 By counting principle, thenumber of 3digit numbers= 5x4x3 = 60

Let usnow statethe General Counting Principle

If therearen eventsand if thefirst event can occur in m ways, the second event can

occur in m, ways after thefirst event has occured, thethird event can occur in m, | Notes
waysafter the second event hasocurred, and soon, then all then eventscan occur in

mXxXm,x ...xm._, Xm, ways.
Supposeyou cantravel from aplace Ato aplaceB by 3 buses, from place B

to place C by 4 buses, from place C to place D by 2 busesand from place D to place E by 3
buses. In how many ways can you travel fromAto E?

Solution : Thebusfrom Ato B can beselected in 3ways.
Thebusfrom B to C can be selected in 4 ways.
Thebusfrom Cto D canbeselected in 2 ways.
Thebusfrom D to E can be selected in 3ways.

So, by the General Counting Principle, onecantravel fromAtoEin 3x4x2x3 ways=72
ways.

. CHECK YOUR PROGRESS 7.2

(8 What isthe maximum number of 6-letter palindromes?

(b) What isthe number of 6-digit palindromic numberswhich do not haveOinthefirst
digit?
2. (a@) Inaschool thereare5 English teachers, 7 Hindi teachersand 3 French teachers. A

three member committeeisto beformed with oneteacher representing each language. In
how many ways can this be done?

(b) Inacollege students union dection, 4 studentsare contesting for the post of President.
5 studentsare contesting for the post of Vice-president and 3 studentsare contesting for
the post of Secretary. Find the number of possibleresults.

3. (8 How many threedigit numbersgreater than 600 can beformed usingthedigits1,2,5,6,8
without repeating thedigits?

(b) A person wantsto makeatimetablefor 4 periods. He hastofix one period each for
English, Mathematics, Economicsand Commerce. How many different timetablescan
he make?

7.2PERMUTATIONS

Suppose you want to arrange your bookson ashelf. If you have only one book, thereisonly
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oneway of arrangingit. Supposeyou have two books, one of History and one of Geography.

You can arrange the Geography and History booksin two ways. Geography book first and the
History book next, GH or History book first and Geography book next; HG. In other words,
therearetwo arrangements of the two books.

Now, supposeyou want to add aMathematics book also to the shelf. After arranging History
and Geography booksin one of thetwo ways, say GH, you can put M athematics book in one
of thefollowingways. MGH, GMH or GHM. Similarly, correspondingtoHG, you havethree
other waysof arranging the books. So, by the Counting Principle, you can arrange Mathematics,

Geography and History booksin 3x 2ways= 6 ways.

By per mutation wemean an arrangement of objectsin aparticular order. Intheaboveexample,
wewere discussing the number of permutations of one book or two books.

Ingenerd, if youwant to find the number of permutationsof n objects n>1, how canyou do
it? Let usseeif wecanfind ananswer tothis.

Similar to what we saw in the case of books, there is one permutation of 1 object, 2x1
permutations of two objectsand 3x 2x1 permutationsof 3 objects. It may bethat, thereare
nx(n-1)x(n-2)x...x 2x1 permutations of n objects. Infact, itisso, asyou will seewhen
weprovethefollowing result.

Ao =Wl Thetotal number of permutationsof nobjectsisn(n-1) ....2.1.

Proof : We haveto find the number of possiblearrangements of ndifferent objects.

Thefirst placein an arrangement can befilled inn different ways. Onceit hasbeen done, the
second place can befilled by any of the remaining (n-1) objects and so this can be done in
(n=1) ways. Similarly, once the first two places have been filled, the third can be filled in (n-2)
waysand so on. Thelast placeinthe arrangement can befilled only in oneway, becauseinthis
caseweareleft with only one object.

Using the counting principle, the total number of arrangements of n different objectsis
n(n-1)(n-2)......... 21 . (7.1)

The product n (n—1) ... 2.1 occurs so often in Mathematics that it deserves a name and
notation. Itisusually denoted by n! (or by |n read asn factorial).

n=n(mn-1)..321

Hereisan exampleto help you familiariseyourself with thisnotation.

Evaluate () 3! (b) 2 +4  (c) 2x3

Solution: () 3=3x2x1=6
(b) 22=2x1=2

4 =4x3x2x1=24
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Therefore, 2+ 4 =2+24=26
(© 21 x3l=2x6=12
Noticethat n! satisfiestherdation

n! = nx(n-1)! .. (7.2)

Thisisbecause, n(n—-1)!=n[(n-1).(n-2)... 2.1]
=n.(n-1).(n-2)..2.1
=n!
Of course, theaboverdationisvaidonly for n > 2 because 0! hasnot been defined sofar. Let
usseeif wecan define 0! to be consistent with therelation. Infact, if wedefine
o=1 .. (7.3)
thentherelation 7.2 holdsforn=1a so.

Suppose you want to arrange your English, Hindi, Mathematics, History,
Geography and Science books on ashelf. In how many ways canyou doit?

Solution : We haveto arrange 6 books.
The number of permutationsof nobjectsisn! =n. (n-1).(n-2)...2.1

Heren =6 and therefore, number of permutationsis6.5.4.3.2.1=720

~
L@‘ CHECK YOUR PROGRESS 7.3

5
1. (aEvauate: (i)6' (ii))7! (iii))7'+3! (iv)6! x4 (v) 30
(b) Which of thefollowing statementsaretrue?
(i) 2! x 3! =6! (i) 2! + 4! =6
(iii) 3! divides4! (iv) 41-21=21

2. (&) 5students are staying in adormitory. In how many ways can you alot 5 bedsto
them?

(b) In how many ways can the letters of the word “TRIANGLE’ be arranged?

(¢) How many four digit numberscan beformedwith digits 1, 2, 3and 4 and with distinct
digits?

7.3PERMUTATION OFr OBJECTSOUT OFn OBJECTS

Suppose you havefive story books and you want to distribute one each to Asha, Akhtar and
Jasvinder. In how many ways can you do it? You can give any one of thefivebookstoAsha
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and after that you can give any one of the remaining four booksto Akhtar. After that, you can
give oneof the remaining three booksto Jasvinder. So, by the Counting Principle, you can
distributethebooksin 5x4x3ie60 ways.

More generdly, supposeyou haveto arranger objectsout of n objects. In how many wayscan
youdoit?Let usview thisin thefollowing way. Supposeyou haven objectsand you haveto
arranger of theseinr boxes, one object in each box.

n ways n—1 ways n—r+1ways

r boxes

Fig.7.1

Supposethereisonebox. r = 1. You can put any of then objectsinit and thiscanbedonein
nways. Supposetherearetwo boxes.r =2. You can put any of theobjectsin thefirst box and
after that the second box can be filled with any of the remaining n— 1 objects. So, by the
counting principle, thetwo boxescan befilledinn(n- 1) ways. Similarly, 3 boxes can be filled
inn(n-1) (n—2) ways.

Ingenerd, wehavethefollowing theorem.

LlaCe g= 4 The number of permutationsof r objectsout of nobjectsis
n(n-1)---(n—-r+1).
Thenumber of permutations of r objects out of nobjectsisusualy denoted by "P .

Thus,
"P =n(n-1)(n-2)..(n-r+1) ...(7.4)

Proof : Supposewe haveto arranger objectsout of ndifferent objects. Infactitisequivaent
tofilling r places, each with one of the objects out of the givenn objects.

Thefirst place can befilled in n different ways. Oncethishas been done, the second place can
befilled by any one of theremaining (n-1) objects, in (n—1) ways. Similarly, the third place
canbefilledin (n—2) ways and so on. The last place, the rth placecan befilledin[n—(r-1)] i.e.
(n-r+1) different ways. You may easily see, asto why thisisso.

Using the Counting Principle, we get the required number of arrangementsof r out of nobjects
isn(n-2)(n-2)........... (n-r+1)

4

BRI Evauae: (9P, ()P, © 3 (@ R,
2

Solution : @ ‘P, =4(4-1) =4x3=12.

(b) °P,=6(6-1) (6-2)=6x5x4=120.
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R _4(4-1)(4-2) _ 4x3x2 _
© g T 3@-y 3x2

(d) °P,x°F, =6 (6-1) (6-2)x5(5-))
=6x5x4x5x4 = 2400

SE I [FMIN] [T you have 6 New Year greeting cards and you want to send them to 4 of your
friends, in how many ways can thisbe done?

Solution : We haveto find number of permutations of 4 objectsout of 6 objects.
Thisnumberis °P, =6(6-1) (6-2) (6-3) = 6.5.4.3=360

Therefore, cards can be sent in 360 ways.

Consider theformulafor "P , namely,"P_ =n(n-1) ... (n—r + 1). Thiscan be obtained by
removingthetermsn—r,n—r-1,...,2, 1 from the product for n!. The product of these terms
is(n-r)(n-r-1)..2.1,i.e., (n-r)!.

nl nn-)(n-2)..(n-r+)(n-r)...2.1
NOW, "~y = (n-r) (n-r-1)..2.1

= n(n-)(n-2)...(n—-r +1)

= "p

r

So, usingthefactorial notation, thisformulacan bewritten asfollows:

n n!

" (n-1)!

=l (¥l Find thevalueof "P,.

Solution : Herer =0. Usingrelation 7.5, we get

..(7.5)

L
R o 1
SEPJIFMVY Show that (n+1)"P = ™P |
nl (n+Ynl
i : n = (n+1 -
Solution: (n+1)"P, = ( )(n—r)! -
(n+1)!

= [(n+1)_(r +1)]! [Writingn—ras[(n+1)—(r+1)]

n1p (By definition)
r+l y
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Py
1. @ Evaluate: (i) ‘P, (i) °R, (iii)3_P2 (iv) °R,x°P, (v) "P,
Notes

(b) Verify each of thefollowing statements:
@) 6x°P, = °P, @i  axR=TR,
(iii) °P,x P, = P, @i R+ P="PR
2. (8 (i) What isthe maximum possible number of 3- letter wordsin English that do not
contain any vowel ?

(i) What isthe maximum poss ble number of 3- letter wordsin English which do not have
any vowel other than ‘a’?

(b) Supposeyou have 2 cotsand 5 bedspreadsin your house. In how many ways can
you put the bedspreads on your cots?

(c) Youwant to send Diwali Greetingsto 4 friendsand you have 7 greeting cardswith
you. In how many wayscanyou doit?

3.  Showthat "P_, ="P,.

n

4. Showthat (n-r)"P ="P

+1°

7.4PERMUTATIONSUNDER SOME CONDITIONS

Wewill now see examplesinvolving permutationswith someextraconditions.

=eld MY Suppose 7 studentsare staying in ahall in ahostel and they are allotted 7
beds. Among them, Parvin does not want abed next to Anju because Anju snores. Then, in
how many ways can you alot the beds?

Solution : Let thebedsbenumbered 1to 7.
Casel: Suppose Anjuisallotted bed number 1.
Then, Parvin cannot be allotted bed number 2.
So Parvin can beallotted abedin 5 ways.

After dlotingabed to Parvin, theremaining 5 students can be dlotted bedsin 5! ways.
So, inthis casethe beds can beallotted in 5x5!ways= 600 ways.

Case2: Anjuisallotted bed number 7.

Then, Parvin cannot bedl otted bed number 6

AsinCase 1, thebedscan beallotted in 600 ways.
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Case 3: Anjuisallotted one of the beds numbered 2,3,4,5 or 6.

Parvin cannot be allotted the beds on the right hand side and left hand side of Anju’s bed. For
example, if Anjuisalotted bed number 2, bedsnumbered 1 or 3 cannot beallotted to Parvin.

Therefore, Parvin can beallotted abed in 4 waysin al these cases.
After alotting abed to Parvin, the other 5 can be allotted abed in 5! ways.
Therefore, in each of these cases, thebeds can beallottedin 4x5 = 480 ways.
0  Thebedscanbedlottedin

(2% 600 + 5% 480) ways= (1200 + 2400) ways= 3600 ways.

SE T [SYMPRIN how many ways can an animal trainer arrange5lionsand 4tigersinarow
sothat no two lionsaretogether?

Solution : They haveto bearranged inthefollowingway :

L T L T L T L T L

The 5 lions should be arranged in the 5 places marked ‘L.
Thiscanbedonein 5! ways.

The 4 tigers should be in the 4 places marked ‘T".
Thiscan bedonein 4! ways.

Therefore, thelionsand thetigerscan bearranged in 5! x 4! ways= 2880 ways.

SE [ [CYMISE T here are 4 booksonfairy tales, 5 novelsand 3 plays. In how many wayscan
you arrange these so that books on fairy tales aretogether, novelsaretogether and playsare
together and inthe order, books on fairytales, novelsand plays.

Solution : Thereare4 booksonfairy talesand they haveto be put together.

They can bearrangedin 4! ways.
Similarly, thereare5noves.
They can bearrangedin 5! ways.
Andthereare 3 plays.

They can bearrangedin 3! ways.

So, by the counting principleall of them together can bearrangedin 4!x 5!x 3! ways= 17280
ways.

Supposethere are4 booksonfairy tales, 5 novelsand 3 playsasin Example
7.15. They haveto bearranged so that the books on fairy talesare together, novel saretogether
and playsaretogether, but we no longer requirethat they should bein aspecific order. In how
many ways can thisbe done?
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Solution : First, weconsider the booksonfairy tales, novel sand playsassingleobjects.

=

Thesethree objectscan bearranged in 3!lways= 6 ways.

Let usfix one of these 6 arrangements.

Thismay giveusaspecific order, say, novels _. fairytaes _. plays.

Given thisorder, the books on the same subject can bearranged asfollows.
The 4 booksonfairy tales can be arranged among themselvesin 4! = 24 ways.
The5novelscan bearrangedin 5! = 120 ways.

The 3 playscanbearrangedin 3! = 6 ways.

For agiven order, thebooks can bearranged in 24x120x 6 =17280 ways.

Therefore, for al the 6 possible orders the books can be arranged in 6x17280 =103680
ways.

I nhow many wayscan4 girlsand 5 boysbearranged inarow so that all the
four girlsaretogether?

Solution : Let 4 girlsbeoneunit and now thereare6 unitsinal.
They can bearranged in 6! ways.
In each of these arrangements4 girlscan bearrangedin 4! ways.
0  Tota number of arrangementsinwhich girlsare dwaystogether
=6! x 4!
=720 x 24
=17280
How many arrangements of the letters of the word ‘BENGALI’ can be made
(1) if thevowe sare never together.
(i) if thevowe sareto occupy only odd places.
Solution : There are 7 letters in the word ‘Bengali; of these 3 are vowels and 4 consonants.

(i) Considering vowelsa, e, i asoneletter, wecan arrange4+1 | ettersin 5! waysin each
of which vowelsaretogether. These 3 vowels can be arranged among themselvesin 3!
ways.

S x 3
120 x 6 =720

O  Tota number of words

(ii) Thereare4 odd placesand 3 even places. 3 vowelscan occupy 4 odd placesin ‘R,

ways and 4 constants can bearranged in ‘P, ways.
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0 Number of words = 4P3><“P4 =24x24
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= 576.

\ ¥ § CHECK YOUR PROGRESS 7.5 Notes

1.  Mr. GuptawithMs. Guptaandther four childrenistravelling by train. Twolower berths,
twomiddleberthsand 2 upper berthshave been dlotted to them. Mr. Guptahasundergone
akneesurgery and needsalower berth whileMs. Guptawantsto rest during thejourney
and needs an upper berth. In how many ways can the berths be shared by thefamily?

2. Consider theword UNBIASED. How many wordscan beformed with theletters of the
word inwhich no two vowel saretogether?

3.  Thereare4bookson Mathematics, 5 bookson English and 6 books on Science. In how
many way's can you arrange them so that books on the same subject are together and
they arearranged inthe order Mathematics — English —  Science.

4.  Thereare3Physicsbooks, 4 Chemistry books, 5 Botany booksand 3 Zoology books.
In how many ways can you arrange them so that the books on the same subject are
together?

5. 4boysand 3 girlsareto besesatedin 7 chairs such that no two boysaretogether. In how
many ways can this be done?

6.  Findthe number of permutations of the letters of the word ‘“TENDULKAR?, in each of
thefollowing cases:

(i) beginningwith T and endingwith R.
(i1) vowd sare awaystogether.

(iii) vowel sare never together.

7.5 COMBINATIONS

Let usconsider theexampleof shirtsand trousersasstated in theintroduction. Thereyou have
4 setsof shirtsand trousersand you want to take 2 setswith you whilegoing on atrip. In how
many wayscanyoudoit?

Let usdenotethesetsby S, S, S, S,. Thenyou can choosetwo pairsinthefollowingways::
1 {s.s} 2. {s.s} 3. {s.s}
4. {s, s} 5 {s..s.} 6. {s,.s}

[Observethat {3, S,} isthesameas {S,, S}1. So, thereare 6 ways of choosing the two sets

that you want to takewith you. Of course, if you had 10 pairsand you wanted totake 7 pairs,
itwill bemuch moredifficult to work out the number of pairsinthisway.
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Now asyou may want to know the number of waysof wearing 2 out of 4 setsfor two days, say
Monday and Tuesday, and the order of wearing is aso important to you. We know from

section 7.3, that it can bedonein “P, =12 ways. But notethat each choice of 2 setsgivesus
two ways of wearing 2 setsout of 4 setsasshown below :

1. {S,S} - SonMondayandS, onTuesday or S, on Monday and S, on Tuesday
2. {S,S} - SonMondayandS,onTuesday or S,on Monday and S on Tuesday
3. {S,S} - SonMondayandS, onTuesday or S, on Monday and S on Tuesday
4. {S,§} - SonMondayand S, onTuesday or S, on Monday and S, on Tuesday
5
6

it

{S,S} - S onMonday and S, on Tuesday or S, on Monday and S, on Tuesday
{S,S} - S,onMonday and S, on Tuesday or S, on Monday and S, on Tuesday
Thus, thereare 12 ways of wearing 2 out of 4 pairs.

Thisargument holdsgood in general aswe can seefromthefollowing theorem.

Aol fc ARl | et n>1 beaninteger and r < n. Let us denote the number of ways of
choosingr objectsout of nobjectsby "C. . Then

"C, =— .. (7.6)

Proof : We can chooser objects out of nobjectsin "C_ ways. Each of ther objects chosen

can be arranged in r! ways. The number of ways of arranging r objectsisr!. Thus, by the
counting principle, the number of waysof choosingr objectsand arranging ther objectschosen

canbedonein "C r! ways. But, thisisprecisely "P . Inother words, wehave
"P =rl"C, - (7.7)
Dividing bothsidesby r!, weget theresult in thetheorem.

Hereisan exampleto helpyouto familiariseyourself with "C_ .

SE T [SYMICR EVal uate each of thefollowing :

€) 5C2 (b) 5C3
6C3
(c) 4C3 + 4C2 (d) ‘C
2
5 5
. <. °P, 54 c P, _543
: C,=—2="""=10 T -
Solution: (a) °C, A 12 () "G, 3 123
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4 4
(©) 4C3+4C2:£+i:—4'3'2+£:4+6:10
3 2 123 12

6
] P, 654 am 43
= _3="""=90 C,=—"=
@ 3 123 d 2
°C,_20_10
‘c, 6 3

S]] [SW@0B- nd the number of subsets of the set {1,2,3,4,5,6,7,8,9,10,11} having 4
dements.

Solution : Here the order of choosing the elements doesn’t matter and this is a problem in
combinations.

We haveto find the number of ways of choosing 4 e ementsof thisset which has 11 elements.
By relaion (7.6), thiscan bedonein

ne 111098

122096 _33h
‘T 1234 Ways.

SN YMEN 12 pointslieonacircle. How many cyclic quadrilaterals can bedrawn by
usingthesepoints?

Solution : For any set of 4 pointswe get acyclic quadrilateral. Number of waysof choosing 4
pointsout of 12 pointsis *C, = 495. Therefore, wecan draw 495 quadrilaterals.

SEl WA | N abox, thereare 5 black pens, 3 white pensand 4 red pens. In how many
ways can 2 black pens, 2 white pensand 2 red pens can be chosen?

Solution : Number of ways of choosing 2 black pensfrom 5 black pens
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0  BytheCounting Principle, 2 black pens, 2 white pens, and 2 red pens can be chosenin
10x3%x6 =180 ways.

=

A question paper consists of 10 questionsdivided into two partsAand B.
Each part containsfive questions. A candidateisrequired to attempt six questionsin all of
which at least 2 should befrom part Aand at |east 2 from part B. In how many ways can the
candidate sdlect the questionsif hecan answer dl questionsequally well?

Solution : Thecandidate hasto select six questionsinall of which at least two should befrom
Part A and two should befrom Part B. He can select questionsin any of thefollowingways:

Part A Part B
(i) 2 4
i) 3 3
i) 4 2

If the candidate follows choice (i), the number of ways in which he can do so is
°C,x °C, =10x5=50

If the candidate follows choice (ii), the number of ways in which he can do so is
°C,x °C, =10x10=100.

Similarly, if thecandidatefollowschoice(iii), then the number of waysinwhichhecandosois
°C,x°C, =50.
Therefore, the candidate can select the question in 50 + 100 + 50 = 200 ways.

=yelnlo][SyM28A committee of 5 personsisto beformed from 6 men and 4 women. In how

many ways can this be donewhen

(i) atleast 2women areincluded?

(i) amost 2 women areincluded?
Solution : (i) When at least 2women areincluded.
The committeemay consist of

3women, 2men: It canbedonein “C, x °C, ways.
or, 4women, 1 man: It canbedonein *C, x °C, ways.
or, 2women, 3men: It canbedonein ‘C, x °C, ways.
[0  Tota number of waysof formingthecommittee

=‘c,.c,+'C,°C,+'C, . °C,

=6x20 + 4x15 + 1x6

=120+ 60 + 6 =186
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(i ) When atmost 2women areincluded MODULE - |

Algebra
The committeemay consist of

2women, 3men: It canbedonein “C,.°C, ways

. 4 6
or, 1woman,4men:Itcanbedonein “C.°C, ways i

or, 5men:Itcanbedonein °C, ways
0  Tota number of waysof formingthecommittee
=“C,.°C,+"C,.°C,+°C,
=6%x20 +4x15+6
=120+ 60+ 6 =186
The Indian Cricket team congistsof 16 players. It includes 2 wicket keepers

and 5 bowlers. In how many ways can a cricket eleven be selected if we haveto select 1
wicket keeper and atleast 4 bowlers?

Solution : Weareto choose 11 playersincluding 1 wicket keeper and 4 bowlers
or, 1wicket keeper and 5bowlers.
Number of waysof selecting 1 wicket keeper, 4 bowlersand 6 other players

= 2C1'5C4'9C6

— ox 5x4x3x2.1 9x8x7x6x5x4
43.2.1. 6x5x4x3x2x1

9"8"; =840

=2x5x

Number of ways of selecting 1 wicket keeper, 5 bowlersand 5 other players
=’C,°C,.°C,

Ox8x7x6%x5 Ox8x7x6
X =2x1x =

=2xIx=_— " = = —_— =
BEx4x3x2x1 4x3x2x1

252

(]  Tota number of waysof selectingtheteam
= 840 + 252 = 1092
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r
CHECK YOUR PROGRESS 7.6

a) Evduate:

9

(i) =*C, (i) °C, (iii) °C, + °C, (iv) G—CZ

(b) Verify each of thefollowing statement :

0) °C,=°C, (i) ‘C,x °C,="C,

(iii) ‘c,+°C,=°C, vy “c,+*c,="C,

Find the number of subsets of theset {1, 3,5, 7, 9, 11, 13, ..., 23}each having 3

dements.

Thereare 14 pointslying on acircle. How many pentagons can be drawn using these
points?

Inafruit basket thereare5 apples, 7 plumsand 11 oranges. You haveto pick 3fruitsof
each type. In how many ways can you make your choice?

A question paper consistsof 12 questionsdivided into two partsA and B, containing 5
and 7 questionsrepectively. A student isrequired to attempt 6 questionsin al, selecting
at least 2 from each part. In how many ways can astudent sel ect aquestion?

Out of 5 men and 3 women, acommittee of 3 personsisto beformed. In how many
wayscan it beformed selecting (i) exactly 1 woman. (ii) atleast 1 woman.

A cricket team consistsof 17 players. It includes 2 wicket keepersand 4 bowlers. In
how many ways can aplaying eleven be selected if we haveto select 1 wicket keeper
and atleast 3 bowlers?

Tofill up 5 vacancies, 25 applicationswererecieved. Therewere7 S.C. and 8 O.B.C.
candidates among the applicants. If 2 postswerereserved for S.C. and 1 for O.B.C.
candidates, find the number of waysin which selection could be made?

7.6 SOME SIMPLE PROPERTIESOF"C,

Inthissectionwewill provesomesimplepropertiesof "C, whichwill makethe computations
of these coefficientssimpler. Let usgo back againto Theorem 7.3. Using relation 7.7 we can
rewritetheformulafor "C, asfollows:

n n!

C = n=1)! ..(7.8)
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Se NN Find thevalue of "C

sincewe havedefined Ol = 1.

Theformulagivenin Theorem 7.3 wasused in the previous section. Aswewill seeshortly, the
formulagivenin Equation 7.8 will beuseful for proving certain propertiesof "C, .

"C,="C,. (7.9

r

Thismeansjust that the number of waysof choosingr objectsout of n objectsisthesameas
the number of ways of not choosing (n—r) objectsout of n objects. In the exampl e described
intheintroduction, it just meansthat the number of ways of selecting 2 sets of dressesisthe
same as the number of ways of rejecting 4 — 2 = 2 dresses. In Example 7.20, this means that
thenumber of ways of choosing subsetswith 4 e ementsisthe same asthe number of ways of
rejecting 8 e ements since choos ng aparticul ar subset of 4 e ementsisequiva ent to rgecting
itscomplement, which has8 e ements.

Let usnow provethisrelation using Equation 7.8. Thedenominator of theright hand sideof this
equationisr! (n—r)!. Thisdoesnot changewhenwereplacer by n—r.

(n=-nL[n=(n=-n]'=(n-r)lr!
Thenumerator isindependent of r. Therefore, replacingr by n—r in Equation 7.8 we get result.

How istherelation 7.9 useful ? Using thisformula, we get, for example, *®C isthesame as
10C.,.. The second valueis much moreeasier to cal culate than thefirst one.

Example7.27 |SYEE

@ 'C, © “c,

Solution : (&) Fromrelation 7.9, we have
‘c,='C,.='C,=—"—=21

(b)Smilaly  *°C,=*C,,_,="C, =10

11.10
llC :11C B :llC - :55
(C) 9 11-9 2 12
12.11
(d) lZC10 =12C12—1o =12C:2 = 12 =66
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MngglétEa' | Thereisanother rlation satisfied by "C, - whichisaso useful. We havethefollowing relation:
n—1Cr_1_|_n—1Cr :nCr ....(7.10)
) i (n-1)! (n-1)!
Notes TC+C, = (n=n)!(r -1! * (n=r=1!r!

(n=-1)! N (n-1)!
(n=-r)(n=-r=-i(r-! r(n-r-=-(r -1!

(n=1! 01 +}E
(n—r—l)!(r—l)!Eh—r rE

(n=1! O n LC
(n=r=!(r -1! Hn—r)r E

n(n-1!
(n=r)(n=r=!r(r -1)!

n!
= (n=r)ir! =G
Evaluate:
(@ °c,+°C, (b) °c,+°C,
(c) °C,+°C, (d) *C,+“C,

Solution : (a) Letususerelation (7.10) withn=7,r = 2. So, °C,+°C,='C, =21
(b) Heren= 9, r = 2. Therefore, °C, + °C, = °C, =36
(c) Heren= 6, r = 3. Therefore, °C,+°C,=°C, =20

(d) Heren= 11, r = 3. Therefore, °C, +° C, =*'C, =165

To understand therelation 7.10 better, let us go back to Example 7.20 In thisexamplelet us
calculate the number of subsetsof theset, {1, 2, 3,4,5, 6,7, 8,9, 10, 11} . Wecan subdivide
them into two kinds, those that contain a particular element, say 1, and those that do not
contain 1. Thenumber of subsetsof the set having 4 elementsand containing 1 isthesameas
the number of subsetsof {2,3,4,5,6,7,8,9, 10, 11} having 3 elements. Thereare *°C, such

subsets.
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The number of subsets of the set having 4 elementsand not containing 1 isthe sameasthe
number of subsetsof theset{2,3,4,5,6,7,8,9,10,11,} having 4 elements. Thisis*°C, . So, the
number of subsetsof {1, 2,3,4,5,6,7,8,9, 10, 11} having four elementsis*°C,+°C, . But,
thisis *'C, aswehave seenintheexample. So, *°C,+°C,="C, . Thesameargument works
for the number of r—element subsetsof aset withn elements.

Thisreletion was noticed by the French M athemati cian Blaise Pascal and was usedinthe so
caled Pascal Triangle, given below.

n=0 1

n=1 1 1

n=2 1 2 1

n=3 1 3 3 1

n=4 1 4 6 4 1
n=>5 1 5 10 10 5 1

Thefirst row consists of singleelement °C; =1. The second row consistsof ‘C,and 'C; .
From thethird row onwards, therulefor writing the entriesis asfollows. Add consecutive
elementsinthe previousrow and writetheanswer betweenthetwo entries. After exhaugting dl
possible pairs, put the number 1 at the begining and the end of therow. For example, thethird
row isgot asfollows. Second row containsonly two el ements and they add up to 2. Now, put
1 before and after 2. For the fourth row, we have 1+ 2= 3,2+ 1 = 3. Then, we put
1+2=3,2+1=3. Thenwe put 1 at the beginning and the end. Here, we are able to
caculate, for example, °C, °C..., from?C , °C , °C, by using therelation 7.10. Theimportant
thingisweareabletodoit using addition alone.

Thenumbers "C, occur ascoefficentsin thebinomial expansions, and therefore, they arealso

caled binomial coefficentsaswewill seeinlesson 8. In particular, the property 7.10 will be
used inthe proof of thebinomia theorem.

If "C,="C,, findn,

Solution : Using "C, ="C_, weget
n-10=12

o, n=12+10=22
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. CHECK YOUR PROGRESS 7.7

(a) Findthevalueof "C__.I1s"C,,="C, ? (b) Showthat "C, = "C,

2. Bvduae:
@ °C; (b) “C,q
(0 *C, (d) *C,,
3. BEvduate:
(8 'C,+C, (b) °C, + °C,
(©) °C, + °C, (d) “C,+*C,
4. If *C =*C,,,, findthevaueofr. 5.1f ®c ="C ,,find'C,

PROBLEMSINVOLVING BOTH PERMUTATIONSAND COMBINATIONS

Sofar, wehave studied problemsthat invol ve either permutation a one or combination alone,
Inthissection, wewill consider someexamplesthat need both of these concepts.

SN WAOR There are 5 novelsand 4 biographies. In how many wayscan 4 novelsand 2
biographies can be arranged on ashelf ?

Soluton : 4 novels can be selected out of 5in °C, ways. 2 biographies can be selected out of
4in “C, ways.
Number of ways of arranging novelsand biographies

= °C,x*C,=5x6=30

After selecting any 6 books (4 novel sand 2 biographies) in one of the 30 ways, they can be
arranged onthe shelf in 6! = 720 ways.

By the Counting Principle, thetotal number of arrangements= 30x 720 = 21600

SE]][SWIR From 5 consonants and 4 vowel s, how many words can beformed using 3
consonantsand 2 vowels ?

Solution : From 5 consonants, 3 consonants can beselected in °C, ways.
From 4 vowels, 2 vowels can be selectedin “C, ways.

Now with every selection, number of waysof arranging 5l ettersis °P,
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MODULE - |
— 5 4 5
U Total number of words = °C,x"C,x’P, Algebra
_ 5><4x4><3X5!
2x1 2x1

= 10x6x5x4x3x2x1= 7200

. CHECK YOUR PROGRESS 7.8

Thereare5 Mathematics, 4 Physicsand 5 Chemistry books. In how many wayscan you
arrange 4 Mathematics, 3 Physicsand 4 Chemistry books.

Notes

(a) if the books on the same subjects are arranged together, but the order in which the
books are arranged within a subject doesn’t matter ?

(b) if bookson the same subjects are arranged together and the order inwhich booksare
arranged within subject matters ?

2.  Thereare9 consonantsand 5vowels. How many wordsof 7 |etters can beformed using
4 consonentsand 3 vowels?

3. Inhow manywayscanyouinviteat least oneof your six friendsto adinner?

4. Inanexamination, an examineeisrequiredto passinfour different subjects. In how many
wayscan hefail?

. Fundamental principleof counting states.

If therearen eventsand if thefirst event can occur inm, ways, the second event can
occur inm, ways after thefirst event has occurred, thethird event can occur inm, ways
after the second event has occurred and so on, then all then eventscan occur in

m x m x mx ... x M _ x mways.
. Thenumber of permutations of n objectstakenadll at atimeisn!

|
] "p = nl
(n=r)!

. "P, =n!

nl
ri(n—r)!

«  Thenumber of waysof selectingr objectsout of n objects 'C =

° nCI’ = nCn—r
. 'C+'C_,="C

r
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e SUPPORTIVE WEB SITES

http: //mww.wikipedia.org

http://mathwor | d.wolfram.com

qa TERMINAL EXERCISE

1
2.

10.

11.

12.

13.

14.
15.

Thereare8 true- fal sequestionsin an examination. How many responsesarepossible?

The six faces of adie are numbered 1,2,3,4,5 and 6. Two such dice are thrown
smultaneoudly. In how many ways can they turnup ?

A restaurant has 3 vegetables, 2 salads and 2 types of bread. If a customer wants 1
vegetable, 1 salad and 1 bread, how many choicesdoeshe have ?

Supposeyou want to paper your walls. Wall papersareavailablein 4 diffrent backgrounds
colourswith 7 different designs of 5 different colours on them. In how many wayscan
you select your wall paper ?

In how many ways can 7 students be seated inarow on 7 seats ?

Determinethenumber of 8 |etter wordsthat can beformed from theletters of theword
ALTRUISM.

If you have 5windowsand 8 curtainsin your house, in how many ways can you put the
curtainson thewindows?

Determinethe maximum number of 3- |etter wordsthat can beformed from thel etters of
theword POLICY.

Thereare 10 athl etes participating in arace and there are three prizes, 1st, 2nd and 3rd
to beawarded. In how many ways can these be awarded ?

In how many ways can you arrange the letters of theword ATTAIN sothat the Tsare
together?

A group of 12 friends meet at a party. Each person shake hands oncewith all others.
How many hand shakeswill bethere. ?

Supposethat you own ashopwhich sdistdevisons. You aresdling 5 different kinds of
television sets, but your show case hasenough spacefor display of 3televison setsonly.
In how many ways can you select thetelevision setsfor the display ?

A contractor needs4 carpenters. Five equally qualified carpentersapply for thejob. In
how many ways can the contractor makethe selection ?

In how many ways can acommitte of 9 can be selected from agroup of 13?

In how many ways can acommittee of 3 men and 2 women be selected from agroup of
15 men and 12 women ?
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16.

17.

18.

19.

20.

In how ways can 6 persons be selected from 4 grade 1 and 7 grade |1 officers, soasto
includeat least two officersfrom each category ?

Out of 6 boysand 4 girls, acommittee of 5 hasto beformed. In how many wayscanthis
bedoneif wetake:

(& 2girls.

(b) atleast2girls.

TheEnglish aphabet has 5 vowel sand 21 consonants. What isthe maximum number of

words, that can beformed from the al phabet with 2 different vowelsand 2 different
consonants?

From 5 consonantsand 5 vowel's, how many words can beformed using 3 consonants
and 2vowels?

Inaschool annua day function avariety programmewas organi sed. It was planned that
therewould be 3 short plays, 6 recitalsand 4 dance programmes. However, the chief
guest invited for thefunction took much longer timethan expected tofinish hisspeech. To
finishintime, it was decided that only 2 short plays, 4 recitalsand 3 dance programmes
would be perfomed, How many choiceswere availableto them ?

(@) if the programmes can be perfomed in any order ?
(b) if theprogrammes of the same kind were perfomed at astretch?

(c) if the programmes of the same kind were perfomed at astrech and considering the
order of performance of the programmes of thesamekind ?
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Algebra /\\
|v| ANSWERS

@) CHECK YOUR PROGRESS7.1
1. (3180 (b) 8 () 12 (d) 20

Notes

2. (a)48 (b) 36

CHECK YOUR PROGRESS7.2

1. (@ 17576 (b) 900

2. (@ 105 (b) 60

3. (d 24 b)) 24

CHECK YOUR PROGRESS7.3

1. (a(i)720 (i) 5040 (iiii) 5046 (iv)17280  (v)10
(b) () False (i) Fase (iii) True (iv) Fase

2. (a)120 (b) 40320  (c) 24

CHECK YOUR PROGRESS7.4

1. @()12 (i) 120 (iii) 4 (iv) 7200 (v)n!
(b) (i) False (i) True (iiil) False (iv) Fase

2. (a)(i) 7980 (i) 9240 (b) 20 (c) 840

CHECK YOUR PROGRESS7.5

1. 96 2.1152 3.2073600 4. 2488320

5. 144  6.(1)5040  (ii)30240 (i) 332640

CHECK YOUR PROGRESS7.6
1. @ (i) 286

(i) 126

(iii) 84

2
v) 5

(b) (i) True
(ii) False
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(iii) Felse MODULE - |
Algebra
(iv) True
2. 1771
3. 2002 :
4. 57750 Notes
5. 805
6. () 30
(i) 46
7. 3564
8. 7560
CHECK YOUR PROGRESS7.7
1. (@n,No
2. (a) 126
(b) 1001
(c) 715
(d) 455
3. (a 56
(b) 126
(©) 120
(d) 286
4. 3
5. 56
CHECK YOUR PROGRESS7.8
1 (a)600
(b) 207 3600
2. 6350400
63
4, 15
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MODULE -1 | TERMINAL EXERCISE
Algebra 1 056
2, 36
3. 12
Notes 4, 140
5. 5040
6. 40320
7. 6720
8. 120
9. 720
10. 120
11. 66
12, 10
13. 5
14, 715
15. 30030
16. 371
17. @ 120
(b) 186
18. 50400
19. 12000
20. (8 65318400
(b) 1080
() 311040
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