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BINOMIAL THEOREM

Suppose you need to cal culate the amount of interest you will get after 5 yearson asum
of money that you haveinvested at the rate of 15% compound interest per year. Or
supposewe need to find the size of the population of acountry after 10 yearsif weknow
theannua growth rate. A result that will help infinding these quantitiesisthebinomial
theor em. Thistheorem, asyou will see, hel psusto calculatetherationa powersof any
real binomial expression, that is, any expressioninvolving two terms.

Thebinomid theorem, wasknown to Indian and Greek mathematiciansinthe 3rd century
B.C. for some cases. The credit for theresult for natural exponents goesto the Arab
poet and mathematician Omar Khayyam (A.D. 1048-1122). Further generalisation to
rationa exponentswasdone by the British mathematician Newton (A.D. 1642-1727).

Therewasareasonfor looking for further generdisation, gpart from mathematicd interest.
Thereasonwasitsmany applications. Apart fromtheoneswementioned at thebeginning,
thebinomial theorem has several applicationsin probability theory, calculus, and in
approximating numberslike (1.02)7, 3¥3, etc. We shall discussafew of them inthis
lesson. Beforediscussing Binomia Theorem, weshall introduce the concept of Principle
of Mathematica Induction, whichweshall beusingin provingtheBinomia Theoremfor
apostiveintegra index. Thisprindpleisa soussful inmaking generdisationsfrom particular
Satements/results.

After studyingthislesson, you will beableto:

«  datethePrincipleof (finite) Mahematical Induction;

«  verifythetruth or otherwise of the statement P(n) for n=1;
o verifyif P(k+1) istrue, assumingthat P(k) istrue;

. use principle of mathematical induction to establish the truth or otherwise of
mathematical statements;
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«  datethebinomia theoremfor apositiveintegra index and proveit using the principle of
mathematica induction;

«  writethebinomial expansionfor expressionslike (x + y)" for different valuesof xandy
using binomid theorem;

writethegeneral term and middleterm (s) of abinomid expansion;

writethebinomid expansonfor negativeaswell asfor rational indices;

. applythebinomia expansionfor finding approximateva uesof numberslike 3/9, /2, 3/3
etc; and

50
apply thebinomial expansionto evaluatedgebraic expressionslike %- - H , Wherexis

sosmall that x2, and higher powersof x can be neglected.

EXPECTED BACKGROUND KNOWLEDGE

. Number System
. Four fundamental operationson numbersand expressions.
o  Algebraicexpressonsandtheir smplifications.

. Indicesand exponents.

8.1 WHAT IS A STATEMENT ?

Inyour daily interactions, you must have made several assertionsin theform of sentences. Of
these assertions, theonesthat areeither trueor falseare called statement or propositions.
For instance,

“lam 20 years old” and “If x=3, then x> = 9” are statements, but “When will you leave ?” And
‘How wonderful!” are not statements.

Noticethat astatement hasto be adefinite assertion which can betrue or false, but not both.
For example, *x- 5 =7’ is not a statement, because we don't know what x, is. If x=12,itis
true, but if x=5, “itis not true. Therefore, ‘*x—5=7" is not accepted by mathematicians as a
Satement.

But both *x—5=7 [0 x=12" and x—5 =7 for any real number X’ are statements, the first one
true and the second onefalse.
Whi chof thefollowing sentencesisastatement ?

(1) Indiahas never had awoman President.

(if) 5isan even number.

(iii)x">1

(iv) (a+b)?=a?+2ab + b?
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Solution : (i) and (ii) are statements, (i) being trueand (ii) being false. (iii) isnot astatement,
sincewe can not determinewhether itistrueor fal se, unlessweknow therange of vauesthat
x andy can take.

Now look at (iv). Atfirst glance, you may say that it isnot a statement, for the very same
reasonsthat (iii) isnot. But look at (iv) carefully. Itistruefor any valueof aand b. Itisan
identity. Therefore, inthiscase, even though we have not specified therange of valuesforaand
b, (iv) isastatement.

Some statements, like the one given bel ow are about natural numbersingenera. Let uslook a
the statement given below :

1+2+,.4n=20*D

Thisinvolvesagenerd naturd number n. Let uscdl thisstatement P (n) [Pstandsfor proposition].

1+1
Then P (1) would be1=—]( > )

Similarly, P(2) would bethe statement

oo 224D

and so on.

Let uslook at someexamplesto help you get used to thisnotation.

If P (n) denotes o> n-1, write P (1), P (k) and P (k+1), where ik O N -
Solution : Replacingn by 1, kand k + 1, respectively in P (n), we get
PL):2t>2-1,ie,2>1
P(K):2>k-1
Pk+1):2x+1>(k+1)-1,ie,2¢*1>k

SETlIEYRY If P () isthe statement

n(3n-1)

‘1+4+7+3n-2) =

write P (1), P(k) and P(k + 1).

Solution : To write P(1), the terms on the left hand side (LHS) of P(n) continue till
3x1-2, i.e., 1.So, P (1) will have only one term in its LHS, i.e., the first term.

1x(3x1-1) _1

Also, theright hand side (RHS)of P(1) = 5
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Therefore, P(1) is1=1.
Replacingn by 2, we get

2x(3x2-1)
P(2):1+4-# i.e,5=5.

Replacing nby kand k + 1, respectively, we get

k(3k - 1)
2

PK+1):1+4+7+ ... +(3k=2)+[3(k+1)-2]

PR :1+4+7+..+(3k=-2)=

_ (k+D)[3(k+1)-1]
2

(k+D[(3k+2)
2

. CHECK YOUR PROGRESS 8.1

Determinewhich of thefollowing arestatements:
@1+2+4 .. +27>20 (b)1+2+3+....... +10=99

e, 1+4+7+.. +Ck+1)=

(¢) Chennai ismuch nicer thanMumbai. (d) WhereisTimbuktu ?

1 1 _ n
(e) 1x2+"'+n(n+1) B n+1 forn=>5(f) cosecH <1

2.  Giventhat P(n) : 6isafactor of n®+5n, writeP(1), P(2), P(k) and P(k+1) wherekis
anatura number,

3. WriteP(1), P(k) and P(k+ 1), if P(n)is:
@2>n+1 B (A+X">1+nx
(©)n(n+l) (n+2)isdivisbleby 6. (d)(x"—y") isdivisibleby (x-Y).

n5 n3 7n
(e) (ab)"=a" b Hl=*t="* 5 |isanatural number.

4. WriteP(2), P(2), P(k) and P(k +1), if P(n) is:

1 b o4 1 _n
@ 1x2 7 n(n+l) n+1

(b) 1+3+5+..... +(2n-1) =n?
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(© (1x2)+(2%x3)+...+4n(n+1) <n(n+1?
1,1, 1 _n
@  1x373x5 (2n-D@2n+1) 2n+1

Now ,whenyou aregiven astatement likethe onesgiven in Examples2 and 3, how would you
check whether itistrue or false ? One effective method is mathemati cal induction, whichwe
shdl now discuss.

8.2 THE PRINCIPLE OF MATHEMATICAL INDUCTION

Inyour daily life, you must be using various kinds of reasoning depending on the situation you
arefaced with. For instance, if you aretold that your friend just had achild, you would know
that it iseither agirl or aboy. In this case, you would be applying general principlesto a
particular case. Thisform of reasoningisan exampleof deductivelogic.

Now let usconsider another situation. When you look around, you find studentswho study
regularly, do well in examinations, you may formulatethegenera rule (rightly or wrongly) that
“any one who studies regularly will do well in examinations”. In this case, you would be formulating
agenerd principle(or rule) based on severa particular instances. Such reasoning isinductive,
a process of reasoning by which general rules are discovered by the observation and
consderation of severa individua cases. Suchreasoningisusedinal thesciences, aswell asin
Mathematics.

Mathematical inductionisamorepreciseform of thisprocess. Thisprecisonisrequired because
astatement isaccepted to betrue mathematically only if it can be shown to betruefor each and
every casethat it refersto. Thefollowing principlealowsusto check if thishappens.

Note that condition (ii) above does not say that P(K) is true. It says that whenever P(K)
is true, then P(k + 1) is true’.

Let ussee, for example, how the principle of mathematica induction alowsusto concludethat
P(n) istruefor n= 11.

By (i) P(2) istrue. AsP(1) istrue, wecanput k= 1in(ii), SoP(1+1),i.e., P(2) istrue. As
P(2) is true, we can put k = 2 in (ii) and conclude that
P(2+1),i.e,P(3)istrue. Now putk=3in (ii), soweget that P(4) istrue. It isnow clear that
if wecontinuelikethis, weshall get that P(11) istrue.

Itisasoclear that inthe above argument, 11 doesnot play any specid role. We can provethat
P(137) istrueinthe sameway. Indeed, itisclear that P(n) istruefor all n> 1.
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Binomial Theoremn

Let usnow see, through examples, how we can apply the principle of mathematical inductionto
provevarioustypesof mathematica statements.

Example 8.4 oY=y

n
1+2+43+---+n =§(n +1) , wherenisanatural number.

Solution: Wehave

n
P(n):1+2+3+...+n:§(n+1)

1
Therefore, P(1) is ‘1= > (1+1)’, whichistrue,.

Therefore, P(1) istrue.
Let usnow seg, if P(k + 1) istruewhenever P(K) istrue.

Let us, therefore, assumethat P(K) istrue, i.e.,

k
1+2+3..+k= E(k+1) (i)
_ (k+1(k+2)
Now, P(k+ 1)is1+2+3+..+k+ (k+ 1) = .
It will betrue, if we can show that LHS=RHS
TheLHSof P(k+ 1)=(1+2+3..+K + (k+1)
k .
= E(k+1) +(k+1) ...[From (i)]
k
= —+1
(k+1) (2 )
_(k+D(k+2)
- 2

=RHSof P (k+1)
So, P(k+ 1) istrue, if we assumethat P(K) istrue.

SinceP(1) isdsotrue, both the conditionsof the principleof mathematica induction arefulfilled,
we concludethat the given statement istruefor every natural number n.
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As you can see, we have proved the result in three steps — the basic step [i.e., checking (i)],
thelnduction step [i.e., checking (ii)], and hencearriving at theend resuilt.

SN [CY XN Prove that

12+222+322+4.2+ ...+ n2"=(n-1).2"*"1+ 2,
wherenisanatura number.
Solution : HereP(n) is1.2' +2.22+3.2°+ ... +n.2"= (n—-1) 2™ +2
Therefore, P(1) is 1.2'=(1-1)2*1+2,i.e.,2=2.
So, P (1) istrue.
Weassumethat P(K) istrue, i.e.,

12042224+ 328+ ..+ k2= (k= 1)2¢*1 + 2 ()
Now will provethat P(k + 1) istrue.
Now P(k+ 1) is

122 +222+ 328+ .+ k2+ (k+1)2k1=[(k+1)-1]2 ®k*1*D + 2

=k2k2+ 2
LHSof P(k+ 1) = (1.2 +2.22 + 3.2 + ... + k2k + (k + 1) 2<*1

=2 (k=D +(k+D)]+2
=2 (20 +2 [Using ()]
=k2? +2
=RHSof P (k+ 1)
Therefore, P(k+ 1) istrue.

Hence, by the principle of mathematical induction, thegiven statement istruefor every natural
number n.

=SEN X For ever natural number n, provethat (XZ”‘l + y2”‘1) isdivisibleby (x+Y),
wherex, y [JN.

Solution: Let usseeif wecan apply theprincipleof induction here. Let uscal P(n) thestatement
‘(3 + y*"*isdivisibleby (x+y)',

ThenP(1) is* (xz'l + yH) isdivisibleby (x+V)’, i.e., “(x+Yy) isdivisibleby (x +Y)’, which is
true.

Therefore, P(1) istrue.
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Let usnow assumethat P(K) istruefor somenatura numberk, i.e., (x** + y***)isdivisible
by (X +Y).

Thismeansthat for somenatural numbert, x** + y** = (x + y)t
Thm, X2k—l = (X+ Y)t _ y2k—l

Wewishtoprovethat P(k +1) istrue, i.e., ‘[ x* D + y2kD2isdivisibleby (x+y)’ is true.

Now,
NG y2(k+1)—1 = 32k 4 y2k+1
- X2k—1+2 + y2k+l
- XZ.X2k—1 + y2k+l
= 2[(x+ y)t — y2Y 4 y2H [From (1)]
=X (X+ ) L= Xy yH
=X (x+ ) L= Xy ytyH

=X (X Y=y ¢ - y?)
= (x+y)[¥t—(x-y) y*7]
whichisdivisibleby of (x+).
Thus, P (k+1) istrue.

Hence, by the principle of mathematica induction, the given statement istruefor every natura
number n.

=rello[3 W@ Provethat 2" > n for every natural number n.
Solution: WehaveP(n): 2"> n.
Therefore, P(1) : 2'>1,i.e,2>1, whichistrue.

Weassume P(k) to betrue, that is,
2>k ()

Wewishto provethat P(k+ 1) istrue,i.e. 2<*1>k+ 1.
Now, multiplying bothsides of (i) by 2, weget
241> 2k
0 21> k+1,sincek> 1.
Therefore, P(k+ 1) istrue.

Hence, by the principle of mathematica induction, the given statement istruefor every natural
number n.
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Sometimes, we need to prove astatement for all natural numbers greater than aparticular
natural number, say a (asin Example 8.8 below). In such a situation, we replace P(1) by
P(a+ 1) inthestatement of the principle.

=el gl RN Prove that

n?> 2(n+ 1) for all n> 3, wherenisanatura number.
Solution: For n > 3, let uscall thefollowing statement
P(n):n*>2(n+ 1)

Sincewehaveto provethegiven statement for n > 3, thefirst relevant statement isP(3). We,
therefore, seewhether P(3) istrue.

P(R):3*>2x4,i.e9>8.
So, P (3) istrue.
Let usassumethat P(k) istrue, wherek >3, thatis
Kk>2k+1) L @)
Wewishto provethat P (k+ 1) istrue.
Pk+1):(k+1)2>2(k+2)
LHSof P (k+ 1) = (k+ 1)2
=k*+ 2k+ 1
>2(k+1D+2k+ 1 ~[By(i)]
>3+2k+1,since2 (k+ 1) >3.
=2(k+ 2),
Thus, (k+ 1)2>2(k+2)
Therefore, P(k+ 1) istrue.

Hence, by the principle of mathematical induction, the given satement istruefor every natura
number n> 3.

=eTglel[t AU sing principle of mathematical induction, provethat

> n 7n
% + 3 + EE isanatural number for dl natural numbersn.

Solution:

Let P(n): % + 3 + EE beanatural number.
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@ 513 15[lsanaturai number.

1+l_3+5+7 g 1 whichi aturdl ber
T 15 15 ,whichisanatural num

1,
or, 5

Notesf | P(1)istrue.

Let P(K) : %J’g*EEisanatural number betrue ... (i)
5 3
(k+D°  (k+1)°  7(k+D)

Now
5 3 15

=l[k5 +5k* +10k® +10k? + 5k +1]+l[k3 +3k? +3k +1]+ Blk +1E
5 3 15 15¢C
5 3
= PSS (k4+2k3+3k2+2k)+%+}+l
5 3 15 3 15C

5
4 3 2 -
_ E%+§+_5 (k*+2ke 432 +2k)+1 gy

k> k3 7k
_+_+_
By (I) 1 isanatura number.

also k4 + 2k3 + 3k? + 2k Isanatura number and 1isasoanatural number.

0 (i) beingsumof natura numbersisanatural number.
0  P(k+ 1)istrue, whenever P(K) istrue.

0  P(n)istruefor dl natura numbersn.

* n® 7n
Hence, qu tt = E isanatural number for al natural numbersn.
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Usng theprincipleof mathematica induction, provethat thefoll owing statementshold for
any natural number n:
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@ 1P+2°+3F +........ +n? :g(n+1)(2n+1)
(b) P+22+3+....... +n°=(1+2+...4+n)°
(©) 1+3+5+... +(2n-1) =n?

(d) 1+4+7+........ +(3n—2):g(3n—1)

2. Usingprincipleof mathematica induction, provethefollowing equaitiesfor any naturd

number n:

1 1 1 n
(a) + +....+ =

1x2 2x3 n(n+1) n+1

1 1.1 1 Con
(b) D el P -

13 35 57 (2n-D(2n+1) 2n+1
© (1x2)+(2><3)+....+n(n+1):W

3
3. Forevery natural number n, provethat

(8 n*+5n is divisibleby 6. (b) (x"—1) isdivisibleby (x—1).
(c) (n® +2n)isdivisibleby 3.  (d) 4divides(n*+2n®+n?).

4.  Provethefollowinginequaitiesfor any natural number n:
@3 =2n+1 (b) 4 > 15n

(c) 1+ 2+....+n<%(2n+1)2

5.  Provethefollowing statementsusinginduction:

€) 2"> n?forn = 5, wherenisany natural number.

1 1

1 13
- 4 o>
(b) 1 2 on” 24 for any natura number n greater than 1.

6. Provethat n(n?-1) isdivisible by 3 for every natural number n greater than 1.

To provethat astatement P(n) istruefor every n LI N, both thebasic aswell astheinduction
stepsmust hold.

If even oneof these conditionsdoesnot hold, then the proof isinvalid. For instance, if P(n) is

(a+b)" <a"+Db"" fordl reasaandb, then P(1) iscertainly true. But, P(k) being truedoes
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not imply thetruth of P (k+ 1). So, the statement isnot truefor every natural number n. (For
instance, (2+3)° ¢ 2° +3°).

n
Asanother example, take P(n) toben> 3 +20.

Inthiscase, P(1) isnot true. But theinduction step istrue. Since P(k) being true.
k
—+20
0 k> >

O k+1>£+20+1>5+20+1:k—+1+20
2 2 2 2

O P(k+1) istrue.

n
Or if wewant astatement whichisfalsefor all n, thentake P(n) tobe N < > +20,

And, asyou can see, P(n) isfalsefor large values of n say n = 100.

8.3 THE BINOMIAL THEOREM FOR A NATURAL EXPONENT

Youmust havemultiplied abinomid by itsdf, or by another binomia. Let ususethisknowledge
to do someexpansions. Consider thebinomial (x + y). Now,

(x+y)' =x+y

(X+y)P? = (xX+y) (X+y)= X+ 2%y +y

(X+y)P =(X+y) (x+yP=xX+3¢ + 3y +y

(X+y)* = (x+y) X+ yP= X+ ACY + 6y + 4y + y*

X+ y)P=(x+Yy) (X+ y)*= x>+ 5x?y + 10x3%y?+ 10x?%y° + 5xy* + P
and soon.

In each of the equations above, theright hand sideiscalled the binomia expansion of theleft
hand side.

Notethat in each of the above expansions, we have written the power of abinomial inthe
expanded form in such away that the termsarein descending powers of thefirst term of the
binomial (whichisxintheabove examples). If you look closely at these expansions, you
would also observethefollowing:

1.  Thenumber of termsintheexpansonisone morethan the exponent of thebinomial. For
example, intheexpansion of (x + y)*, the number of termsis>.

2.  Theexponent of xinthefirst termisthesame asthe exponent of thebinomial, and the
exponent decreases by 1 in each successiveterm of the expansion.
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3. Theexponent of yinthefirst termiszero (asy°= 1). The exponent of y in the second MODULE - |
termis1, anditincreasesby 1in each successivetermtill it becomesthe exponent of the Algebra
binomid inthelast term of theexpansion.

4.  Thesumof theexponentsof xandyin eachtermisequd to theexponent of thebinomial.
For example, inthe expansion of (x + y)°, the sum of the exponents of xand yineach

termisb. el
If we usethecombinatoria co-efficients, we canwritetheexpansion as
(X+y)P=3C, X +3Cxy+3Cxy + *Cy

(X +y)* =4Cx* + *C X%y + “C ¥y + ‘Cxy° + *C,y*

(X + y)® =3C X + °C Xy + SC X372 + *Cx%* + °C xy* + °C, V",

and soon.

More generally, we can writethe binomial expansion of (x+ y)", wherenisapositive
integer, asgiveninthefollowing theorem. Thisstatement iscalled thebinomial theorem
for anatural (or positiveintegral) exponent.

Theorem 8.1

X+y)"="C x"+"Cx™yt+nCx™?y?2+ .. +"C xy™!'+"C y"..(A)
where nON andx, y 0 R.
Proof : Let ustry to provethistheorem, using the principle of mathematical induction.
Let statement (A) bedenoted by P(n), i.e.,
Pin: x+y)"="Cx"+"Cx ™y +"Cx"y?+"Cx"y?3+.,
+'C_ xy™+"C y" ()
Let usexaminewhether P(1) istrueor not.
From (i), wehave
P(1): (x+y)'='1Cx+'C y=1xx+1lxy
e, X+yl=x+y
Thus, P(1) holds.
Now, let usassumethat P(K) istrue, i.e.,

P(k): (x + y)k=*Cxk+ K x <ty + K x*?y 2+ KCxy3+ . +
*C Xyt +*C y*X (i)
Assuming that P(K) istrue, if we provethat P(k + 1) istrue, then P(n) holds, for al n. Now,

(x+Y)™ = (X y)(x+ ) = 00 y) (FCxE + FCX Ty +5C Xy +

W Cy TG
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— k k+1 k k k k k k-1,,2 k k-1,,2 k k-2,,3

=CXTTHIC X Y+ CX Y+ C XYy +C XYy +°C XYy +
k 2. ,k-1 4 k k k k k k+1

Gy Gy Gy + TGy

Le (xty)i= “Cx T+ (fCo + "C)X Y +(“C+ C,)x Ty* +

wH(C R C Xy + C v ! (i)
From Lesson 7, you know that“C =1="'C, (iV)
and ‘C,=1=*1C,,

Also, KCHKC _ = WIC
Therefore, “c,+'c,=*¢c, .. )

kC1 + kC2 :k+1 C2

Using(iv) and (v), wecanwrite(iii) as
(X+ y)k+l — k+1COXk+1 + k+1Cley+ k+1C2Xk—1y2 +

k+1, k k+1 k+1
LIy 4T, Ly

which showsthat P(k +1) istrue.
Thus, we have shown that (a) P(1) istrue, and (b) if P(k) istrue, then P(k+1) isalso true.

Therefore, by the principleof mathematical induction, P(n) holdsfor any valueof n. So,
we have proved the binomid theorem for any natural exponent.

This result is supported to have been proved first by the famous Arab poet Omar
K hayyam, though no one has been ableto trace hisproof sofar.

Wewill now take someexamplestoillustrate the theorem.

SEITo [t MION \//rite the binomial expansion of (X + 3y)°.

Solution : Herethefirst terminthebinomid isx and thesecond termis 3y. Usingthebinomial
theorem, we have

(x+ 3y)° = °C,x° + °Cx* (3y)" + °C,x*(3y)? + °C,x*(3y)® + °C,x(3y)* + °C,(3y)°
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= 1x X% +5x* x 3y +10x° % (9y?) +10x* x (27y°®) + 5x % (81y*) +1x 243y°
= x° +15x*y +90x%y? + 270x°y> + 405xy” + 243y°
Thus, (x+3y)* = x> +15x*y + 90x°y? + 270x°y® + 405xy” + 243y°

=yl [I MM Expand (1+a)" intermsof powersof a, whereaisarea number.
Solution : Takingx=1andy = ain the statement of the binomial theorem, we have
(L+a)"="C,(1)" +"C,()""a+"C,()"*a’ +..+"C,,(ha"" + "C,a"
e, (1+ar=1+"Ca+"C,a*+..+"C ja"'+"Ca" ..(B)
(B) isancther form of the statement of thebinomial theorem.

The theorem can also be used in obtaining the expansions of expressions of the type

Heo 20 L1 2 (230 o

aD 03 2t

Let usillustrateit through an example.

1
=SETlo] Yl \\/rite the expansion of E%Jf;g ,Wherex,y # 0.

Solution : Wehave:

oy 10 . oyl .. oydmo , . oydmd
+2g=1C +4C C
HCYHT BT EBHH 2 ExHEVH

4 2
—1xy_+4xy_x1+6xy_x_2+4xB_B<i3 i
x* X Yy x? Yy (X[ Y Yy

iN

',y . 6
I S i

XX X oxyy

=T [SYS MR T he popul ation of acity grows at the annual rate of 3%. What percentage
increaseisexpectedin 5 years ? Givetheanswer up to 2 decimal places.
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MODULE - I | solution : Supposethepopulationisaat present. After 1 year it will be

Algebra
3 a=al+ 3 F
at+t—a=all+—
100 O 100C
aB
Notes After 2years, it will be 1005 1OOBaD 100%

e S 2E o H

100 100[C

a2 d
Similarly, after Syears, itwill be 1000

Using the binomial theorem, and ignoring termsinvolving morethan 3 decimal places,
weget

3
a@_...ﬁg = a[1+ 5(0.03) +10(0-03)2] = ax1.159

So, theincreaseis 0.159x100% _@ x100x i =15.9% in5years.

1000 100
Using binomial theorem, eval uate
(i) 1024 (i) 97°
Solution :
(i) 102¢  =(100+2)*
=4C, (100)* + “C,(100)%.2 + “C,(100)2.2% + “C, (100).2° + “C, .2*
= 100000000 + 8000000 + 240000 + 3200 + 16
= 108243216
@) (97° =(100-3)°

= °C,(100)* - °C, (100)2.3+ C,(100).3? - °C,.3°

= 1000000 — 90000 + 2700 — 27
=1002700 — 90027
= 912673
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. CHECK YOUR PROGRESS 8.3

Writetheexpans on of each of thefollowing :
(@ (2a+b)3*  (b) (-3y)° (c) (4a-5b)* (d) (ax+ by)"

MODULE - |
Algebra

2. Writetheexpansonsof : Notes

@@-% (O %ﬁé (©) (L +2xy

3. Writetheexpansionsof :

@&t E (b)Bax—_H(C) Q@%%Q

4.  Supposel invest Rs. 1lakh at 18% per year compound interest. What sumwill | get
back after 10 years? Give your answer up to 2 decimal places.

5.  Thepopulation of bacteriaincreasesat therate of 2% per hour. If the count of bacteria
a9am.is1.5x10°, findthenumber at 1 p.m. on the same day.
6.  Usingbinomial theorem, eva uate each of thefollowing:

(i) (102)* (ii) (99)* (i) (LO2? (i) (0.98)

84 GENERALANDMIDDLETERMSINABINOMIAL EXPANS ON

Let usexaminevarioustermsintheexpansion (A) of (x +y)",i.e.,in

(X+Y)' = "Cyx" + T XLy + 1C, X2y + (Cx TPy + .+ 1C_xy™ L+ C, "
We observethat

thefirsttermis "C,x",i.e, "C_,x"y°;

thesecondtermis "C x"'y, i.e, "C, x""'y*;

thethirdtermis "C,x"2y?,i.e, "C,,x"?y?;

and soon.

From the above, we can generalisethat
the (r + 1)"termis "C ,,,X" "Y' ,i.e, "C.x""y".

If wedenotethistermby T .., wehave
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Tr+1 = n(:r Xﬂ—f yr

T, isgenerally referredto asthegener al term of thebinomia expansion.

Let usnow consider some examplesand find the general termsof someexpansions.

1
SE[J YN Find the (r + 1)t" term in the expansion of EL<2 +;§ , Wherenisanatural

number. Verify your answer for thefirst term of theexpansion.

Solution : Thegenerd term of theexpansionisgivenby :
Tr+1 = nCr (Xz)(n_r) B];H
Xt

o 1
nCr X2n 2r —

X

n(:r XZn—3r . (|)

Hence, the (r + 1)thtermintheexpansionis"C x**.

1
Onexpanding EL<2 + ;g , we notethat thefirst termis (X?)" or x*.

Using (i), wefind thefirst term by puttingr = O.
SinceT,=T,,,

—n 2n-0 — ,2n
U T,="Cx™ " =x

Thisverifiesthat theexpressionfor T _ iscorrectforr + 1= 1.

eI lIMICH Find thefifth termin the expansion of
1-2x

0o 3 O
Solution : Usinghere T, =T whichgivesr +1=5,i.e,r=4.

-2
Alson=6andleta= ?X3-
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L

C

_6x5 16  .,_80 2

X—XX

2 81 27

80 12
27

. CHECK YOUR PROGRESS 8.4

For anatural number n, writethe (r + 1)* terminthe expansion of each of thefollowing:

Thus, thefifthtermintheexpansionis -

@ (2x+y)" () (22°-1)"

n 1
© (-3 @ D+7§

2. Findthespecifiedtermsin each of thefollowing expansions:

@ (1+2y); 6thtem (b))  (2x+3)";4thterm
K 2H
© (2a-b)*; 7thterm  (d) o i~ ok 4thterm
© B<3 - iz g ; Bthterm
0O x°0

Now that you arefamiliar withthe genera term of an expansion, let ussee how wecan obtain
themiddleterm (or terms) of abinomial expansion. Recall that the number of termsina
binomia expansonisawaysone morethan theexponent of thebinomid. Thisimpliesthat if the
exponent iseven, the number of termsisodd, andif the exponent isodd, the number of terms
iseven. Thus, whilefinding the middle term in abinomial expansion, we come acrosstwo
Cases,

Casel: Whenniseven.

To study such asituation, let uslook at aparticular valueof n, say n= 6. Then the number of
termsintheexpansonwill be7. From Fig. 8.1, you can seethat there arethreetermson either
sideof thefourthterm.
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middle term

000,0,000,
| |

3terms 3terms

Fig. 8.1

n
In generd, when theexponent n of thebinomia iseven, thereare 5 termsonether sdeof the

n n
EANSIE P+ 15 termisthemi
2 [th term. Therefore, the 2 [th termisthemiddleterm.

Case2: Whennisodd

Let ustaken= 7 asan exampleto seewhat happensin thiscase. Thenumber of termsinthe
expansionwill be8. Looking at Fig. 8.2, doyou find any onemiddieterminit? Thereisnot.
But we can partition thetermsinto two equa partsby alineasshowninthefigure. Wecall the
termson either side of the partitioning linetaken together, the middle terms. Thisisbecause
therearean equal number of termson either side of thetwo, taken together.

O

(O  3terms

Q)

O — middle terms
Q]

O

O — 3terms
Q|

Fig. 8.2

Thus, inthiscase, therearetwo middle terms, namely, thefourth,

. +1 o +3
i.e., E%Eandtheflfth, i.e, E%Eterms
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3+1 3+3
Similarly,if n= 13, thenthe %1% Eth andthe E% Eth terms, i.e., the 7th and 8th terms

aretwomiddleterms, asisevident fromFig. 8.3.

From the above, we concludethat

OO O0OO0OO0OQOOOOOO0OO

Fig. 8.3

S +1f
When theexponent n of abinomial isan odd natural number, then the 52 [th and

+3
énTEth termsaretwo middletermsin thecorresponding binomial expansion.

Let usnow consider someexamples.

e[ XMV Fi nd the middle term in the expansion of (X2 + y?)®

Solutuion : Heren = 8 (an even number).

Therefore, the % +1Eth, i.e,the5thtermisthemiddieterm.

Puttingr =4inthegeneral term T, = °C (x®®"y",
T,="C,(x*)**(y*)* = 70x°y®

1
ENNEEREY Find the middleterm(s) in the expansion of EQXZ + ;Q .

P+1 [P+3
Solution : Heren= 9 (an odd number). Therefore, the[T—~ ﬁh and BTﬁh aremiddle

terms.i.e T5 and T6 aremiddleterms.

For finding T,and T,, puttingr = 4andr =5inthegeneral term

1
Tr+1 = 9Cr(2X2)9—r (;)6’

i
T,=°C,(2x%)° E;Q
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9x8x7x6
=TT T T (32X XBEH -
Ax3x2 ( ) = E 4032 x°

— 2)9-5 Ullﬁ— 3
and T =9, (2x) B;H—ZOEX

Thus, thetwo middleterms are 4032 xfand 2016 x3.

. CHECK YOUR PROGRESS 8.5

Find themiddleterm(s) intheexpansion of each of thefollowing:

@) (2x+ )™ (b) B+§x%§

1
© B+ @ o)
2. Findthemiddleterm(s) intheexpansion of each of thefollowing:

@ (a+b)’ ®  (2a-b)’

Px_4vH BT
© G50 @ Dl
8.5 BINOMIAL THEOREM FOR RATIONAL EXPONENTS

So far you have applied the binomial theorem only when the binomial hasbeenraisedtoa
power whichisanatura number. What happensif theexponent isanegativeinteger, orif itis
afraction? Wewill statetheresult that allows usto still haveabinomia expansion, but it will
haveinfinitetermsinthiscase.

Theresultisageneraised version of theearlier binomial theorem which you have studied.

Qo gs ks TheBinomial Theorem for a Rational Exponent.

If r isarational number, andxisareal number suchthat X< 1, then

(1+x) =1+rx+%x2+--- ..(D)

Wewill not provethisresult here, asit isbeyond the scope of thiscourse. Infact, even Sir
Issac Newton, who iscredited with stating this generalisation, stated it without proof intwo
letters, writtenin A.D. 1676. The proof was devel oped | ater, by other mathematicians, in
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stages. Among thosewho contributed to the proof of thistheorem were English mathematician
ColinMaclaurin (A.D. 1698-1746) for rationd vauesof r, Giovanni Francesco, M.M. Savemini
(A.D. 1708-1783) and the German mathematician Abraham G. Kasther (A.D. 1719 - 1800)
forintegra vauesof r, the Swissmathematician Leonhard Euler (AD 1707-1783) for fractiona
exponents and the Norwegian mathematician Neils Henrik Abel (1802-1829) for complex
exponents. Let usconsider some examplestoillustrate thetheorem.

SENSIINECE \Vrite the expansion of (1+x), when [} < 1.

Solution : Herer = -1 [withreferenceto (D) above].

Therefore,

(1+ x)_l =1+ (_1)X+ (_1)2(|_2) X2 + (_1)(_32)(_3) 3+

e, (X)) T=1-x+ X=X+ x'—-x°+ ...
Similarly, you can write the expansion (1 —X)=1+Xx+ X2+ x3+x*+ X3+ ....

Notethe above expansions. In case of (1 +X)al thetermshave positive and negative
signs alternate, while in the case of (1 —x)dl thetermshave positivesign.

You may have also observed thefollowing pointsabout the binomial expansion (D) in
generd;

1. Ifrisanatural number, then (C) and (D) coincidefor thecase | <1.

r(r-1) . r(r-1)
o etc. Thus, thecoefficients, I,

2l
in(D) look likecombinatorial coefficients.,

2. Notetha'C,=1 'C,=r, 'C, =

However, recal that 'C_is defined for natural numbersr and whole number sonly.
Therefore,

'C,"C,"C,, etc. haveno meaninginthe present context.

3.  Theexpression (D) will haveaninfinitenumber of terms.

4.  Thesum of the seriesonthe RHS of (D) may not be meaningful if x> 1.
For example, if we put x= 2in Example 1, we have
1+2)1=1-2+4-8+16-32+...

ie. %:(1—2)+(4—8)+(16—32)+...

1
ie, —=-1-4-16-..
e, 3 )
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Therefore, for (D) to hold, itisnecessary that || < 1.

MODULE - | whichisclearly fase.
Algebra

Let uslook at somemore examplesof thisbinomial expansion.

Notes | F=¥eTToIX: W00 Expand (x + y)', wherer isarational number and % <

3
Hence expand (3 + 5p)?°, when | P| < 5

Solution : (X+Y)' =XrEL+XH - (1)
0 xO

<1, wehave

Sinceitisgiventhat ‘%

B__'_yH 1t H_I_r(r—l)B_g r(r—l)(r—Z)B_g

DXD 2 [OxO X0

Therefore, from (1), wehave

oo =3 Bor DO DT,
Oxg 2 [OxO xd E

ie,(X+y) =x" +rxy+ (2| D ZYZ+WX' V2 H(2)

3
Now, to solve the second part of the question, notethat | p| < 5

5 2
If ‘?p <1 thenputting X=3, y=5p, r = In(2), weget
2. -7 .
(3+5p)? :32/5+§(3)5 1(5[3)1 SES 2= 38 (5p) +.
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20 30
32/5+(3) 3/5(2p)+ H_ (3)—8/525p + ..

32/5 +3—3/5(2 p) _3—3/5 p2 + ..

Theresult wehavejust obtained in Example8.20isanother form of thebinomia theoremfor a
rational exponent. Let usrestateit formally.

If r isarationa number and <]

3 A (=]

Notethat you could have expanded (x + y)" differently if ‘% >1 were true. Inthis

<1 and (x+y) =y %+§% =y Hry Thx+.

X
case, you would have had ‘;

Consequently, we havethefollowing result:

For arational number r, an expression like (ax + by)" can beexpanded in two different
ways, depending on whether

%<1

by

=Sl Wal Expand (X + y)° when

<1

‘_y <1 or
ax

X
<land (ii) ‘;

() ‘%

<1  using(E)wehave

Solution: (i) Since%

(= )( )-522 (=9)(=6)(=7) Xy 4

(o y) = oy« (D .

2 3
:i_ﬂ+l5y _ 35y N
x x* X NG
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MODULE -
X
Algebra (i) Since|y <1 wehavetowrite(x + y)®intheform (y+x)=.
Using (E), wecanwrite
(y+x7°=y°+(-5)y""x
Notes

, (96 v+ (=9)(=6)(-7) e +
2 3

_ i_§+15x2 _35x3

Y Yy Y
Notethat in (i), we have obtal ned the expans onin ascending powersof ywhilein (i), wehave
obtai ned the expans on in ascending powersof x.

761
\ ¥ f§ CHECK YOUR PROGRESS 8.6

1.  Expandesachof thefollowing:

1
() (L-p)*for | p|<1 (b) (1+ 3 for | X[ <3

6 1
(© (1-52)° ,fOI’| Z| <g

2. Expandeachof thefollowing:

-2 2X 1 X 1
(8 (27-6x)3 . for| | < (b) (2a+x), for| | <

1 2
(© (2+3y)71f0f| y| >3

3. (8 Statetheconditionunder whichtheexpansion of (x+2y)=° will bevalidin
() ascending powersof x.
(i) ascending powersof y.

Also, writedown theexpansionin each case.

-4

(b) Expand, (3+6y) 3 , stating therange of vauesof yfor which theexpansionisvalid.
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89 USE OF BINOMIAL THEOREM IN APPROXIMATIONS

Asyou haveseen, thebinomia expang onssometime haveinfinitely many terms. In such cases,
for further calculations, an approximateva ueinvolving only thefirst few termsmay be enough
for us. Let usillustrate somesituationsin which wefind the approximate val ues.

=ETnlo] ISt 228 Find the cuberoot of 1.03 up to three decimal places.
Solution : Wewant tofind (1_03)2 up to threedecimal places.

1
Now (1.03)¥2 = (1+0.03)3

Since|0.03|< 1, from (E), we have

i

Ho0.03)2 +... 0]

(1+0.03)"° =1+1(0.03)+
3 2

Now, we need to approximate the value up to threedecima places. Sinceanon-zero digitin
thefourth decima place may affect thedigit in thethird placein the processof rounding off, we
need to consider those termsin the expansion which produce anon-zero digit in thefirst,
second, third or fourth decimal place.

Therefore, we cantakethe sum of thefirst threetermsinthe Expansion (i), and ignoretherest.

10 24
0 (10914001435 3500009

= 1+0.01-0.0001
= 1.0099
= 1.010, taking the value up to threedecimal places.

Now, thedigit after thethird decimal placeisgreater than 5, so we haveincreased thethird
decimal placeby 1.

Thus, the cuberoot of 1.03, up to threedecimal places, is1.010.

SETN ISR PRR A ssuming Y to be so small that y? and higher powers of y can be neglected,

-3

find the value of (1-2y)?*(4+5y) 2 -

1
Solution : Notethat yisvery smal. So, wecan assumethat | y | < 5 Then, usngthebinomial

theorem, we get
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=
(|

) S
(1-2y)? = 1+§(—2y) 38 Hop.

3EI]31D

ey =42« 3Rg oy Fal 2 H 2 0L
2!

Since we can neglect terms containing y? and higher powersof y, wehave

ER 4
(1-2y)a =1+2(-2y) =1-2y, and

-3 -3 -5

(4+5y)2 =@ ~>(®)* (5)

_ 115
8 64
Thus, thegiven product isapproximately

——yHE@ oyei-2y-Sye 2y

3" 0 64D 64" 16

1 77
~§ @y again neglecting theterm containing y.

-3

2 1 77
So, (1-2y) 3 (4+5y) 2 is 3 102 Yy, if weneglect thetermsinvolving y? and higher

powersof y.

Q
A\ f§ CHECK YOUR PROGRESS 8.7

1.

Find thevalue of each of thefollowing up to three decimal places.

(@) (1.02)2 (b) (LO1)® () (0.97)*
(d) 37.60 [Hint : (7.60)3= (8-0.4)]

1

(e) 4/82 [Hint: (82)% = (81+1)% = 3§+ o1 ]

D:”zh—‘

-1 -1 -1
(f)(24) 2 [Hint: (24) 2 =(25-1) 2 ]
Assuming z to beso small that »2 and higher powers of z can be neglected, find the
vaueof

(@ (3+227°  (b)(1+32)3 (1-52)7
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N1+z+(1-2)%"3

1+ 2)+y1+z

MODULE - |

1+1,401-2, Algebra
2 3

[ Hint:LHS~(1+Z)+(1+;Z) ]

1 Notesﬂf
(1-2)3 + (11-52)°

J16-1z

{|LET USSUM UP

o  Thestatement of the principleof mathematica induction namely.

P(n), astatement involving anatural number n, istruefor al n> 1, wherenisafixed
natural number, if

(i) P (1) istrue, and
(ii) Whenever P(K) istrue, then P (k+ 1) istruefor KO N.

. For anatural number n,
(X+ y)n - nCO Xn + nC]_ Xn—ly+ nC2 Xn—2 y2 +. .+ nCn_l Xyn—l + nCn yn
ThisiscaledtheBinomial Theorem for apositiveintegral (or natural) exponent.

« Another form of the Binomical Theorem for a positive integral exponent is
(l+ar="C +"C a+"C,&+...+"C_ a~'+"C a"

«  Thegenerd termintheexpansionof (x+y)"is"C x™"y'andintheexpansionof (1+a)"
is"C a, wherenisanatural numberandO <r < n.

. If nisan even natural number, there is only one middle term in the expansion of
(x+y)".Ifnisodd, therearetwo middletremsintheexpansion.

. Theformulafor thegenera term can be used for finding the middle term(s) and some
other specifictermsinan expansion.

. Thestatement

(L+X)7= 1+ rx + r(r2|—1) @+ 0=D00=2)

where, r isarational number and | x| < liscaledthe Binomial Theormfor arational
exponent. Inthisexpansion, thenumber of termsisinfiniteif r isnot awhole number.

(X+ y)r =X +r Xr—1y+r%xr—2y2 + r(r _1)(r _2) Xr—3y3 +

3! ’
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. ) y
wherer isarational number and ‘;

<1, isanother form of theBinomial Theoremfor a

rational exponent.

o  Expressonslike(ax+by)" whererisarationa number, can beexpandedintwo different

<1

b
ways, depending on whether ‘ai <lor|—

e SUPPORTIVE WEB SITES

http: //mavww.wikipedia.org

by

http://mathwor|d.wol fram.com

TERMINAL EXERCISE

Verify each of thefollowing statements,using the principle of mathematica induction :
(& Thenumber of subsetsof aset withn elementsis2".

(b) (@a+b)">a"+b" On= 2, whereaand b are positivereal numbers.

a(r" -1
(ca+ar+ar?+..+ ar“'lz% ,wherer >1 and aisarea number.

(d) (x@-1) is divisible by (x+1) Ox O N -

(e) (10>1 + 1) isamultipleof 11.

[Hint: 10%¢1+ 1= 10%(10%!+ 1) -99]

(f) (4.10?" + 9.10°™* +5) isamultiple of 99.
(g) n(n>1) is amultiple of 24, when nis odd.

[Sincenisodd, assumethat P(2k + 1) istrue, as (2k + 3) isaways odd. Thentry to
provethat P(2k + 3) istrue.]

(h) (L +X)" > 1 + nx, wherex > 0.

(i) If fand g are polynomialsinx with real coefficientsandf+g # 0, then (f+g) divides
(f > +g*)OnON.

2. Writetheexpanson of each of thefollowing :
(@ (Bx+2y)° () (pP-9° (c)(1-%°

MATHEMATICS
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8.

2 0 10 5

(d) §+§XH (G)ETHEH (f)(3x-y?)
(@220 mBe-Lt8  (gesLiH
57 XE 5 ~xH sl

01 .0
(J)BX—2 XH

Writethe(r + 1)th termin the expansion of each of thefollowing, wheren[ N :

, 1
@ (@3-y?" o B2

Find the specified termsin the expans on of each of thefollowing :

(@) (1-2x)": 3rdterm[Hint : Herer = 2] (b) §< + %g - middleterm (s)

(©) (3x—4y)®: 4thterm (d) é/z—%a - middleterm (3)

(e) (—y?)*2: 4thterm () (1-3x®)%: middieterm (s)
(9) (-3x-4y)t: 5thterm (h) Writetherth termin the expansion of (X— 2y)®.
Writethe (r — 1) th term in the expansion of (1 + 2x)8.

If T , denotestherthtermintheexpansion of (1 +x)" in ascending powers of x (nbeing
anatural number) , provethat

r(r + 1)Tr+2:(n— r+1)(n-r)x T
[Hint: T ="C_ x"tandT _,="C  x"*]

r+1

k isthecoefficient of x'~* in the expansion of (1 + 2x)*°in ascending powers of xand
k ,,=4k.Findthevalueofr.

[Hint:k =*C_ 2"tand k ,, =°C,,,2""]

r+1

The coefficients of the5th, 6th and 7thtermsintheexpansion of (1+a)" (nbeinga
natural number) areinA.P. Findn.

[Hint: "C, - "C, = "C, - "C,]

Expand (1 +y +y?)~. lHint : (1+ y+ y2)4 ={(1+ y)+ y2}4]
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10.

12.

13.

14.

Binomial Theoremn

Writetheexpans on of each of thefollowing :

| x| <1

1
@ @-x7,|x|<1 (b) e

. 1 1
(©) (3-2)7*,|z|<3 (d)m,|x|<5

State the condition under which the expansion of (x-2y)= will bevalid in ascending
powersof y. Alsowritethe expansion.

-1
State the condition under which the expansion of (x-3y) 2 will bevalidin ascending

powersof x. Alsowritethe expansion.

Expand thefollowing, stating the condition of y under which theexpansionwill bevaid:

1 -2
@ +y) k) @B-y=

Find the value of each of thefollowing up to three decimal places, using the necessary
number of termsinthe expansion:

(@) (0.99) (b) (1.03)2

(© 326 [Hint: (26)% = (27—1)%»]
(d) Y127 [Hint: (127)" = (128-1)7]
© ¥ [Hint: (35): ={32+3°]

O Y3 [Hint: (31)¢ =(32-3°]

@ #1001 [Hint: (100)s = (1000+1)3]

Assumingyto beso smal that y2 and higher powersof y can be neglected, find thevaue
of each of thefollowing:

, 5 (1-4y)~ (1— 2y? )5
@  (1+5y)°(1+2y)? (b) 4y
1=3y +(1-y)s
© y4+_( )
y
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(n-1) MODULE - |
n n\n- n .
15. A student puts n = 0 in (1+x) =1+nX+Tx2+...+x and obtains Algebra
(1+x)°=1+0+0+..+x°, i.e. 1=1+1=2. Canyoudetect theerror in thissolution?
16. Assumingthat theexpansionsarepossible findthecoefficient of yin (1- 4y)? (1— 2y? )” z, |-
Notes

17. Provethat (1+ X+ X2+ X +_,_)(1— X+ x° =X +) =1+ xX°+ x4+ +..

[Hint: LHS=(1-x)*(Q1+x)1=(1-x)7
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2N
|v| ANSWERS
CHECK YOUR PROGRESSS8.1

1. (b),(e) and(f) are statements; (a) isnot, sincewehave not giventherangeof valuesof n,
and thereforewearenot inapositionto decide, if it istrueor not. (c) issubjectiveand
hence not amathematical statement. (d) isaquestion, not astatement.

Notethat (fisuniversaly false.
2. P(1):6isafactorof 13+5.1
P(2) : 6isafactor of 23+ 5.2
P(K) : 6 isafactor of k®+ 5k
P(k+1) : 6isafactor of (k+ 1)3+ 5(k + 1)
3. (d P1):2>2
PK): 2> k+1
P(k+1):2¢1 > k+ 2
(b) PL:1+x>1+X
PK) : (L1 +x)* > 1+kx
Plk+ 1): (1+x)**1> 1+ (k+ Dx
(© P(1): 6isdivisbleby 6.
P(K) : k(k+ 1)(k+ 2) isdivisibleby 6.
P(k+ 1):(k+ 1) (k+2) (k+ 3)isdivisibleby 6
(d) P(1): (x-y)isdivisibleby (x-y).
P(K): (xX<—y¥) isdivisibleby (x-Y)
P(k+ 1): (x**—y**1)isdivisibleby (x-)
e P(1):ab=ab
P(k): (ab)k=a* b*
P(k+1): (ab)*** =ak bk
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1 1 7
e
® PD): 57375 isanatura number.

kK> k® 7k
P(K): 3 + 3 + 1 isanatural number.

MODULE - |
Algebra

(k+1)° N (k+1)° L T(k+D).
5

P(k+ 1): 3 15 isanatura number.

1 1
4. (@ PQ): —===

1Ix2 2
P2 L+ L 2
1x2 2x3 3
P(k):i+—1 +..+ 1 __ Kk
1x2 2x3 k(k+1) k+1
P(k+1):i+...+ S ! =kl
1x2 k(k+1) (k+D)(k+2) k+2
P@): 1=1°
P(2): 1+3=2°
(b) P(k): 1+3+5+...+(2k-1) =k?

P(k+1): 1+3+5+...+(2k -1) +[2(k +1) -1] = (k +1)?

P(D): 1x2<1(2)?
P(2): (1x2) +(2x3) < 2(3)?
(© P(k): (1x2) +(2x3) +...+ k(k +1) < k(k +1)°.
P(x+1): (1x2) +(2x3) +...+ (k +1)(k + 2) < (k +1)(k + 2)?

1 1

PQA): — ==

D 373

1 1 2

4+ ==

1x3 3x5 5

1 1 1 k
Attt =
1x3 3x5 (2k-1)(2k +1) 2k +1

P(k+1): 1 + ! +..+ 1 = K+l
1x3 3x5 (2k+1)(2k+3) 2k+3
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CHECK YOUR PROGRESS8.3

1. () 8a° +12a’b + 6ab? +b°

(b) x -18x"y+135x%y? —540x°y°® +1215x"y* —1458x°y° + 729y°

(c) 256a* —1280a%b + 2400a%b® — 2000ab® + 625b*

n-1,,n

(d) a"x" +na"'x" "y + (2 Y a"x"’y? +...+b"y"

2. (@ 1-7x+21x* -35x3 +365x* - 21x° + 7x° = X’

o) 1+ 7x, 21x* 35 3x' 21X 7X° X'
Oy T T Ty T Ty Ty

(C) 1+10x + 40x* +80x° + 80x* + 32x°

a> b5a'h 5a’m? 5a’h® 5ab’ b5
+ + + +

3 @ ot e Tes T3 Tas T

354375 N 590625 590625

(b) 2187x" — 25515x* +127575x -

NG x° NG

N 328125 78125

Xll X14

© x4+4x2+6+%+%

X5 3

X X Y V.Y
2 452 +102+10L+5 L + L
@ FtSEtIO IO 45t

4. Rs4.96lakh

162360
6. () 104060401

(i) 96059601
(ii) 1.061208

(iv) 0.941192
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CHECK YOUR PROGRESS8.4 MODULE - |

Algebra

1. (3 "C.2"" X"y

(b) nCr 2n—r a.2n—2r (_1)r

(© "C (-D'a’ Notes
(d) ncr 3n—r .X—Zr
2. (@ 1792y

(b) 15120x*

(© 14784a°h°

(d) 20
(e 35x
CHECK YOUR PROGRESS8.5
1. @ 8064x5y°
1120 o,
—X
(b) a1
(© 20
(d) —252x10

2. @ 35a4h?, 35a%0*
(o) 4032a°b* ~2016a%>

_105 X4 3 140 X3y4

(© 2 Yy, 3
462 462
@ %
CHECK YOUR PROGRESS8.6

1. @ 1+ 3p+6p*+ 10p3+ ....
(b) 1+4x+2¢+ ...
© 1-6z+ 32+ 42+ ...
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2 E+ﬁ+ 20 2 +
- @ 9 243 6561
1 3x 3%
- + —
(b) 8a® 16a* 16a°
11 2 __ 4
© gyt M4 5y a7y
Xloq 1 5x  15¢°
@ O 5y T eyt 128y
2y 1 10y  60y?
i <l:——F7+ —
(iN) X N N
(b) ly|< % 1377 -8(3) "y +56(3) "y +...
CHECK YOUR PROGRESS8.7
1. (a 1.041
(b) 0.971
© 1.130
(d) 1.968
© 3.009
() 0.204
) 110z
- @ 243 729
(b) 1+127
5z
1-—
© 5
10409
6l-——
@ 192

Binomial Theorem
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TERMINAL EXERCISE

MODULE - |
Algebra

2. (a) 243x° +810x"*y +1080x°y? + 720x°y® + 240xy* + 32y°

(b) p®-8p’q+28p°q* -56p°q* +70p°q’ -56p°q° +28p°q° -8pq’ +q°

(C) 1-8x+28x% —56x° + 70x"* —56x%° + 28x°—8x" + x®

(d) 14ax+20,2 4 1005 80 0 DA s B8 s
3 27 27 81 729

C) x6+3x4+Ex2+§+ 15 + 3 + 1
4 2 16x> 16x* 64x°

(f) 243x> - 405x*y? + 270x>y* —90x*y® +15xy® — y*°

( )X_8+X_5+§X2+§+1_6
9256 8 27 x X

(h) 4 = 7x° + 214 _§+§_£+l_i
X X X X X

5,1

(i) X" +5x*° +10x° +1O+F+F

1 4
) = —— +6x*—4x" +x?
0) e~

3_ (a) (_1)r nCr3n—an—ry2r
(b) nCrXBn —4r
4. (a) 84x2

o

©  -34560 xy?
d  -462y7, 462y
(e —220x%7y°

0 61236 Xi°

9 34560x2y*
(h) (_2)r—l 6Cr_1 X 7-r y r-1
(i) —Jr-2 8Cr—2 X 2
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MODULE-I |6 5 7.7,14
Algebra
8. 1+ 4y + 10y2+16y3+19y*+ 165 +10y5 + 4y” + |8
9. (a 1+4x+ 10X+ ...

(b) 1-3x+6x2-10+ ...

Notes 1.4 _ 10
© —t——z+— 7%+
81 243 729

1 2X+@X2—%X3+
C) 2 8 16

2
10. ﬂ<1:i3+6—¥+24¥ +...
X X X X
RIPTE 1 X 4 X +
L fay] T Fay eydmay 2423y
1 _y, 5y° 5y
12 —-2422 2 y|<2
@ 16 8 32 32 |y|
1 2X 5x?
(b) 32/3 + 9)(32/3 +81X32/3 +’|y| <3

13. (9 1.041

() 0.915
© 2.833
(d) 1.998
© 2.037
(f) 1.987
© 10.003

14. (8 1-13y

b 8+99y
(b) 64

© 1oy
24
15. Expansionisvaidwhennisanatural number. Here,n=0
16. 8.
304 MATHEMATICS




