CHAPTER 2

POLYNOMIALS
I

2.1Introduction

You have studied algebraic expressions, their addition, subtraction, multiplication and
division in earlier classes. You also have studied how to factorise some agebraic
expressions. You may recall the algebraic identities:

(X +yP =X + 22y +y?

(X=Y)? =X =20 + ¥
and X —y?=(x+y) (x-y)
and their usein factorisation. In this chapter, we shall start our study with a particular
type of algebraic expression, called polynomial, and the terminology related to it. We
shall also study the Remainder Theorem and Factor Theorem and their use in the

factorisation of polynomials. In addition to the above, we shal study somemorealgebraic
identities and their use in factorisation and in eval uating some given expressions.

2.2 Polynomialsin OneVariable
Let us begin by recaling that a variable is denoted by a symbol that can take any real

1
value. We use the letters x, y, z, etc. to denote variables. Notice that 2x, 3x, — X, -3 X

are algebraic expressions. All these expressions are of the form (a constant) x x. Now
suppose we want to write an expression which is (a constant) x (avariable) and we do
not know what the constant is. In such cases, we write the constant as a, b, c, etc. So
the expression will be ax, say.

However, there is a difference between a letter denoting a constant and a | etter
denoting avariable. Thevalues of the constants remain the same throughout aparticular
situation, that is, the values of the constants do not change in agiven problem, but the
value of avariable can keep changing.
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Now, consider a square of side 3 units (see Fig. 2.1). 3
What isits perimeter? You know that the perimeter of asquare
is the sum of the lengths of its four sides. Here, each side is
3units. So, itsperimeter is4 x 3, i.e., 12 units. What will bethe
perimeter if each side of the squareis 10 units? The perimeter
is4 x 10, i.e.,, 40 units. In case the length of each side is x 3
units (see Fig. 2.2), the perimeter is given by 4x units. So, as Fig. 2.1
the length of the side varies, the perimeter varies.

Can you find the area of the square PQRS? It is
XX X = x? square units. x*isan algebraic expression. Youare S X R
also familiar with other algebraic expressions like
2%, X2 + 2%, X3 — x* + 4x + 7. Note that, all the algebraic
expressions we have considered so far have only whole
numbers asthe exponents of the variable. Expressionsof this
form are called polynomialsin onevariable. Intheexamples P X Q
above, the variable is x. For instance, X* —x* + 4x + 7 isa Fig. 2.2
polynomial in x. Similarly, 3y? + 5y is a polynomial in the o
variabley and t2 + 4 isapolynomial in the variablet.

In the polynomial X + 2x, the expressions x? and 2x are called the terms of the
polynomial. Similarly, the polynomial 3y? + 5y + 7 hasthreeterms, namely, 3y?, 5y and
7. Can you write the terms of the polynomial —x3+ 4x*+ 7x—2 ? This polynomial has
4 terms, namely, =, 4x?, 7x and —2.

Each term of a polynomial has a coefficient. So, in =@ + 4x2 + 7x — 2, the
coefficient of x3is—1, the coefficient of x2is 4, the coefficient of x is 7 and -2 is the
coefficient of X° (Remember, x° = 1). Do you know the coefficient of x in x> —x + 7?
Itis—1.

2isasoapolynomial. Infact, 2, -5, 7, etc. are examples of constant polynomials.
The constant polynomial 0 is called the zer o polynomial. This plays avery important
roleinthe collection of all polynomials, asyou will seeinthe higher classes.

1
Now, consider algebraic expressionssuch asx + X \/; +3and ?/7 + Y. Doyou

1
know that you can write x + XX + x*? Here, the exponent of the second term, i.e.,

xtis—1, whichisnot awhole number. So, thisalgebraic expression isnot apolynomial.

L 1
Again, \/x + 3 can bewritten as x2 + 3. Here the exponent of x is > whichis

not a whole number. So, is J;( + 3 a polynomia? No, it is not. What about
\3/7 +y*?Itisalso not apolynomial (Why?).
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If thevariablein apolynomial isx, we may denote the polynomial by p(x), or q(x),
or r(x), etc. So, for example, we may write :

p(X) =2x2+ 5x -3
qx) =x -1
ry) =y +y+1
Ju) =2—-u-—u?+ 6w
A polynomial can have any (finite) number of terms. For instance, x'*° + x*9+ ...
+ X2 + x+ lisapolynomia with 151 terms.

Consider the polynomials 2x, 2, 5x3, —-5x2, y and w*. Do you see that each of these
polynomialshasonly oneterm? Polynomialshaving only oneterm are called monomials
(“mono’ means ‘onge’).

Now observe each of thefollowing polynomials:

p(x) = x + 1, g = x —x, rey) =y® + 1, t(u) = u® — 2

How many terms are there in each of these? Each of these polynomials has only
two terms. Polynomials having only two termsare called binomials (‘ bi’ means‘twao’).

Similarly, polynomials having only three terms are called trinomials
(‘tri’ means ‘three’). Some examples of trinomials are

POy =x+x° 4, 40 =42 +x =X,

r(uy= u+u?-2, tly) =y*+y+5.

Now, look at the polynomial p(x) = 3x” —4x® + x + 9. What is the term with the
highest power of x ? It is 3x’. The exponent of x in thisterm is 7. Similarly, in the
polynomial q(y) = 5y® — 4y2 — 6, the term with the highest power of y is 5y¢ and the
exponent of y inthistermis6.Wecall the highest power of thevariablein apolynomial
as the degree of the polynomial . So, the degree of the polynomial 3x’ —4x® + x + 9

is 7 and the degree of the polynomial 5y° —4y? — 6 is 6. The degree of a non-zero
constant polynomial is zero.

Example 1 : Find the degree of each of the polynomials given below:

(i) X®*-x*+3 (i)2-y*—y + 27 (iii) 2
Solution : (i) The highest power of the variableis 5. So, the degree of the polynomial
is5.
(i) The highest power of the variableis 8. So, the degree of the polynomial is 8.

(iii) The only term here is 2 which can be written as 2x°. So the exponent of xis 0.
Therefore, the degree of the polynomial isO.
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Now observe the polynomials p(x) = 4x + 5, (y) = 2y, r(t) =t + \/5 and
S(u) = 3—u. Do you see anything common among all of them? The degree of each of
these polynomialsis one. A polynomial of degree oneiscalled alinear polynomial.
Some morelinear polynomialsinonevariableare 2x—1, \/5 y+1,2—u.Now, try and
find alinear polynomial in x with 3 terms? You would not be able to find it because a
linear polynomial in x can have at most two terms. So, any linear polynomial in x will
be of the form ax + b, where a and b are constants and a # 0 (why?). Similarly,
ay + b isalinear polynomial iny.

Now consider the polynomials:
2X2+ 5, 5x2+ 3x + m, x?and X% + %x
Doyou agreethat they are all of degreetwo? A polynomial of degreetwoiscalled
a quadratic polynomial. Some examples of a quadratic polynomial are 5 — y?,
4y + 5y? and 6 —y —y? Can you write aquadratic polynomial in one variable with four
different terms? You will find that a quadratic polynomial in one variable will have at
most 3 terms. If you list a few more quadratic polynomials, you will find that any
guadratic polynomial in x is of the form ax2 + bx + ¢, wherea = 0 and a, b, c are
constants. Similarly, quadratic polynomial iny will be of theform ay? + by + c, provided
a=0and a, b, c are constants.

We call a polynomial of degree three acubic polynomial. Some examples of a
cubic polynomial inx are4x3, 2x3+ 1, 5x3 + x2, 63— X, 6 — X3, 2@ + 4x2 + 6x + 7. How
many terms do you think a cubic polynomial in one variable can have? It can have at
most 4 terms. These may be written in the form ax® + bx? + cx + d, where a# 0 and
a, b, c and d are constants.

Now, that you have seen what a polynomial of degree 1, degree 2, or degree 3
lookslike, can you writedown apolynomial in onevariable of degreen for any natural
number n? A polynomial in one variable x of degree nis an expression of the form

ax"+ta X" +...+ax+a
wherea, a, a,, ..., a aeconstantsanda_ = O.

In partlcular ifa =a =a,=a,=...=a =0(al the constants are zero), we get
thezer o polynomial, WhICh |sdenoted by O What isthe degree of thezero polynomial ?
The degree of the zero polynomial is not defined.

So far we have dealt with polynomials in one variable only. We can aso have
polynomials in more than one variable. For example, x* + y? + xyz (where variables
are X, y and 2) is a polynomial in three variables. Similarly p2 + g + r (where the
variablesare p, g andr), ¥ +Vv2 (where the variables are u andv) are polynomialsin

three and two variables, respectively. You will be studying such polynomialsin detail
later.
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EXERCISE 2.1

1. Which of the following expressions are polynomials in one variable and which are
not? State reasons for your answer.

() He—3x+7 (i) y? + 2 (iii) 3yt +ty2 (iv)y+%
(V) X10+y3+t50

2. Writethe coefficients of x? in each of the following:
() 2+xX+x (i) 2—x+x (iii) gx2+x (iv) \ﬁx—l

3. Giveoneexampleeach of abinomial of degree 35, and of amonomial of degree 100.
4. Writethe degree of each of the following polynomials:

(i) 5e+4x+T7xX (i) 4—y?
(iii) 5t—ﬁ (iv) 3
5. Classify thefollowing aslinear, quadratic and cubic polynomials:
i) »X+x (i) x =8 () y+y+4 (iv) 1+x
(v) 3t (vi) r? (vii) 7x3

2.3 Zeroesof a Polynomial
Consider thepolynomial  p(x) = 5x® — 2x* + 3x — 2.
If we replace x by 1 everywhere in p(x), we get
p(1) = 5x (1f -2x (1)*+3x (1) -2

=5-2+3-2
=4
So, we say that the value of p(x) atx = 1is4.
Smilarly, p(0) = 5(0)* - 2(0)? + 3(0) -2

=2
Canyou find p(-1)?
Example 2 : Find thevalue of each of thefollowing polynomialsat theindicated value
of variables:
(i) px)=5-3+7a x=1.
(i) ay) =3y -4y +Ilay=2
(i) ptt) =4t*+58 -2 +6at=a.
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Solution : (i) p(X) = 5x*=3x + 7
The value of the polynomial p(x) atx = 1 isgiven by
p(1) = 5(1)> -3(1) +7
=5-3+7=9
(i) q) = 3y* -4y + Vi1
The value of the polynomial q(y) aty = 2 isgiven by

q(2) = 32° —4(2) + V11 =24-8+ 11 =16 + 11
(iii) p(t) =4t*+5t*-t>+ 6
The value of the polynomial p(t) at t = a isgiven by

p(a=4a¢+5a8 —-a2 +6

Now, consider the polynomial p(x) = x — 1.
What isp(1)? Notethat: p(1)=1-1=0.
Asp(l) =0, we say that 1 is azero of the polynomial p(x).
Similarly, you can check that 2 is azero of q(x), where g(x) = x — 2.
In general, we say that a zero of a polynomial p(x) isanumber ¢ such that p(c) = 0.

You must have observed that the zero of the polynomia x — 1 is obtained by
equating it to O, i.e.,, x— 1 = 0, which gives x = 1. We say p(x) = 0 is a polynomial
equation and 1 istheroot of the polynomial equation p(x) = 0. Sowe say 1 isthe zero
of the polynomial x — 1, or aroot of the polynomial equationx—1=0.

Now, consider the constant polynomial 5. Can you tell what its zero is? It has no
zero because replacing x by any number in 5x° still gives us 5. In fact, a non-zero
constant polynomial has no zero. What about the zeroes of the zero polynomia? By
convention, every real number is a zero of the zero polynomial.

Example 3 : Check whether —2 and 2 are zeroes of the polynomial x + 2.
Solution : Let p(x) =x + 2.

Thenp(2) =2+2=4, p(-2) = 2+2=0

Therefore, —2 isa zero of the polynomial x + 2, but 2 isnot.

Example 4 : Find a zero of the polynomial p(x) = 2x+ 1.

Solution : Finding a zero of p(X), is the same as solving the equation

px) =0
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1
Now, 2x+l=09iva5usx=——2

o L
"2
Now, if p(x) =ax + b, a# 0, isalinear polynomial, how can we find a zero of
p(x)? Example 4 may have given you someidea. Finding azero of the polynomial p(x),
amountsto solving the polynomial equation p(x) = 0.

isazero of the polynomial 2x + 1.

Now, p(X) = 0 means ax+b=0,a%#0

So, =—Db

. b

ie., X=—=—":
a

b
SO, x = —5 isthe only zero of p(X), i.e., alinear polynomial has one and only one zero.
Now we can say that 1 isthezero of x—1, and —2 isthe zero of x + 2.

Example 5 : Verify whether 2 and O are zeroes of the polynomial X — 2x.

Solution : Let p(X) =x2—2x
Then p(2)=22-4=4-4=0
and p(0)=0-0=0

Hence, 2 and 0 are both zeroes of the polynomial ¥ — 2x.
Let usnow list our observations:
(i) A zeroof apolynomial need not be 0.
(i) Omay be azero of apolynomial.
(i) Every linear polynomial has one and only one zero.
(iv) A polynomial can have more than one zero.

EXERCISE 2.2
1. Findthevalue of the polynomial 5x —4x¢ + 3 at
@i x=0 (i) x=-1 (i) x=2
2. Findp(0), p(1) and p(2) for each of thefollowing polynomials:
0 py)=y-y+1 (i) p(t) =2+t + 2>t
(ii)) p(x) =x (iv) p(¥) = (x-1) (x +1)
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3. Verify whether thefollowing are zeroes of the polynomial, indicated against them.

1 4
) px)=3+1, x= _1_3 (i) p() =5x—m, x= T
@iy px)=»x-1, x=1,-1 (iv) p(¥) =(x+1) (x-2), x=-1,2

. m
(V) p(x)=x, x=0 (Vi) p() =Ix +m, x= T
(vii) p(x) =3¢ -1, x= —715725 (viii) p(¥) =2x+1, x:—;
4. Findthe zero of the polynomial in each of the following cases:

@) p(x)=x+5 (i) px)=x-5 (i) p(X) =2 +5
(iv) p(x) =3x-2 (V) p(x)=3x (vi) p(x) =ax,a#0

(vii) p(x) =cx +d, c#0, c,d arerea numbers.

2.4Remainder Theorem

L et us consider two humbers 15 and 6. You know that when we divide 15 by 6, we get
the quotient 2 and remainder 3. Do you remember how this fact is expressed? We
write 15 as
15=(6x2)+3
We observethat the remainder 3 islessthan the divisor 6. Similarly, if we divide
12 by 6, we get
12=(6x2)+0

What is the remainder here? Here the remainder is O, and we say that 6 is a
factor of 12 or 12 isamultiple of 6.

Now, the question is: can we divide one polynomial by another? To start with, let
us try and do this when the divisor is a monomial. So, let us divide the polynomial
2x3+ x2 + x by the monomial x.

NG

We have 2+ X+X)+X= —+—+~—
X X X
=2¢+x+1
In fact, you may have noticed that x is common to each term of 2x3 + x* + X. So
we can write 2)¢ + ¥ + xas x(2¥ + x+ 1).

We say that x and 2x2 + x + 1 arefactorsof 2¢ +x2 + x, and 2¢ + X2+ xisa
multiple of x aswell asamultiple of 2x2 + x + 1.
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Consider another pair of polynomials 3x* + x + 1 and x.
Here, B+ x+ 1) +x=3+x) + X+ X + (1+X).
We see that we cannot divide 1 by x to get a polynomial term. So in this case we
stop here, and note that 1 is the remainder. Therefore, we have
+x+1={xx(3x+1} +1

Inthiscase, 3x + 1isthe quotient and 1 isthe remainder. Do you think that xisa
factor of 3x? + x + 1? Since the remainder is not zero, it is not a factor.

Now let us consider an example to see how we can divide a polynomial by any
non-zero polynomial.
Example 6 : Divide p(x) by g(X), where p(x) = x+ 3x* —1andg(X) = 1 + x.
Solution : We carry out the process of division by means of the following steps:

Step 1: Wewrite the dividendx + 3x?— 1 and the divisor 1 + xin the standard form,
i.e., after arranging the terms in the descending order of their degrees. So, the

dividend is 3x*+ x—1 and divisor is X + 1.

Step 2 Wedividethefirst term of thedividend

by the first term of the divisor, i.e., we divide 3x?2 ) )
3% by x, and get 3x. Thisgivesusthefirstterm =~ 3x = first term of quotient
of the quotient.

Step 3: Wemultiply thedivisor by thefirst term 3x
of the quotient, and subtract this product from X+ 1 J 3+ x_1
the dividend, i.e., we multiply x + 1 by 3x and

subtract the product 3x? + 3x from the dividend 3 + 3x
3x? + x — 1. This gives us the remainder as —
—2x — 1. -2x-1

Step 4 : We treat the remainder —2x — 1

asthe new dividend. Thedivisor remains

the same. We repeat Step 2 to get the

next term of the quotient, i.e., wedivide — =_2 New Quotient
the first term — 2x of the (new) dividend X _ =3x-2

by thefirst term xof thedivisor and obtain = Second term of quotient

— 2. Thus, — 2 is the second term in the

guotient.
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Step 5: Wemultiply thedivisor by the second (x+1)(-2) [-2x-1
term of the quotient and subtract the product
fromthedividend. That is, wemultiply x + 1
by — 2 and subtract the product — 2x — 2
from the dividend — 2x — 1. Thisgivesus 1
as the remainder.

This process continuestill the remainder is 0 or the degree of the new dividend isless
than the degree of the divisor. At this stage, this new dividend becomes the remainder
and the sum of the quotients gives us the whole quotient.

Step 6 : Thus, the quotient in full is 3x — 2 and the remainder is 1.
Let uslook at what we have done in the process above as a whole:

3x-2

x+1f g0y 1

3x° + 3X

-2x-1

—-2x-2
+ o+

1

Noticethat 3+ x—1=(x+1)(3x-2)+1
i.e, Dividend = (Divisor x Quotient) + Remainder
In general, if p(x) and g(x) are two polynomials such that degree of p(x) > degree of
g(x) and g(x) = 0, then we can find polynomials g(x) and r(x) such that:
P() = g(¥a(x) + r(x),
wherer(X) = 0 or degree of r(x) < degree of g(x). Here we say that p(x) divided by
g(Xx), gives g(X) as quotient and r(x) as remainder.
In the example above, the divisor was alinear polynomial. In such asituation, let us
seeif thereisany link between the remainder and certain values of the dividend.
In p(x) = 3x2+ x—1, if wereplace x by -1, we have
p(-1) =3-D*+ (-1 -1=1
So, the remainder obtained on dividing p(x) = 3x* + x— 1 by x + 1 is the same as the
value of the polynomial p(x) at the zero of the polynomial x + 1, i.e., —1.
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Let us consider some more examples.
Example 7 : Divide the polynomial 3x*—4x*—3x -1 by x — 1.
Solution : By long division, we have:

3XE-—x2-x-4

x=1] g0 a4 31
_3X4:_3X3

- —-3x-1

— X3+ X2
+ —

—-xX*-3x-1

2
— +
X+ X

—4x-1
_+4Xi 4
-5
Here, theremainder is—5. Now, the zero of x—11is 1. So, puttingx=1in p(x), we see
that
p(1) = 3(1)*-4(1)*-3(1) -1
=3-4-3-1
= —5, which isthe remainder.
Example 8 : Find the remainder obtained on dividing p(x) =x3+ 1 by x + 1.

Solution : By longdivision,
XX—x+1

x+1f et

X3+ X2

-x +1

_X2_X
+ +

X+1
_x+1

0
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So, we find that the remainder is 0.
Here p(x) = x®+ 1, and theroot of x+ 1 =0 is x=-1. We see that
p(-1) = (-1)°*+1
=-1+1
=0,
which isequal to the remainder obtained by actual division.

Isit not asimple way to find the remainder obtained on dividing a polynomial by a
linear polynomial? We shall now generalise this fact in the form of the following
theorem. We shall also show you why the theorem istrue, by giving you aproof of the
theorem.

Remainder Theorem : Let p(x) be any polynomial of degree greater than or
equal to one and let a be any real number. If p(x) is divided by the linear
polynomial x — a, then the remainder is p(a).

Proof : Let p(x) be any polynomial with degree greater than or equal to 1. Suppose

that when p(x) is divided by x —a, the quotient is g(x) and the remainder isr(X), i.e.,
p(x) = (x—a) q() +r(x)

Since the degree of x —ais 1 and the degree of r(X) is less than the degree of x — a,

the degree of r(x) = 0. This means that r(X) is a constant, say r.

So, for every value of x, r(x) =r.
Therefore, pX) = (x—a)q(x) +r

In particular, if X = a, thisequation gives us
p(a) = (a—-a)qa) +r
=r,
which proves the theorem.
Let us use thisresult in another example.

Example 9 : Find the remainder when x* + x> — 2x* + x + lisdivided by x — 1.
Solution : Here, p(X) = x*+ x®*—2x*+ x + 1, and the zero of x—1is 1.
So, p(1) = (D*+(1)°-2(1)*+1+1

=2
So, by the Remainder Theorem, 2 is the remainder when x* + x> — 2x* + x + 1 is
divided by x—1.

Example 10 : Check whether the polynomial q(t) = 4t* + 4t> —t — 1 isamultiple of
2t+ 1.
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Solution : Asyou know, g(t) will be a multiple of 2 + 1 only, if 2t + 1 divides q(t)

1
leaving remainder zero. Now, taking 2t + 1 = 0, we havet = _E .

1 1y’ 1Y 1 1 1
= = _= o |- =|-1=—+1+--1=
Alsp q(zj 4[2j+4[2j (Zjl 414120
So the remainder obtained on dividing g(t) by 2t + 1is0.

So, 2t + 1 is a factor of the given polynomial q(t), that is (t) is a multiple of
2t + 1.

EXERCISE 2.3
1. Findtheremainder when X + 3x? + 3 + Lisdivided by
(i) x+1 (i) x—% (ii) x (iv) x+m (v) 5+ 2x
Find the remainder when x® —ax + 6x—aisdivided by x— a.

Check whether 7 + 3xisafactor of 3x® + 7x.

2.5 Factorisation of Polynomials

Let usnow look at the situation of Example 10 above more closely. It tellsusthat since

2

for some polynomial g(t). Thisisaparticular case of the following theorem.

the remainder, Q(—Ej =0, (2t + 1) isafactor of q(t), i.e., q(t) = (2t + 1) g(t)

Factor Theorem : If p(x) isapolynomial of degreen > 1 and ais any real number,
then (i) x—aisafactor of p(x), if p(a) =0, and (ii) p(a) =0, if x—aisafactor of p(x).

Proof: By the Remainder Theorem, p(X)=(x —a) q(x) + p(a).
(i) If p(a) =0, thenp(x) = (x—a) q(x), which showsthat x —a is afactor of p(x).
(i) Sincex—aisafactor of p(x), p(x) = (X — a) g(x) for same polynomial g(x).
Inthiscase, p(a) = (a—a) g(a) = 0.

Example 11 : Examine whether x + 2 is afactor of x3 + 3x? + 5x + 6 and of 2x + 4.
Solution : Thezero of x + 2is—2. Let p(x) =x3+ 3x*+ 5x + 6 and s(X) = 2x + 4
Then, p(-2) = (-2)°+ 3(2)2+5(-2) + 6
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= 8+12-10+6

=0
So, by the Factor Theorem, x + 2 is afactor of x* + 3x? + 5x + 6.
Again, g-2)=2(-2)+4=0

So, X + 2 isafactor of 2x + 4. In fact, you can check this without applying the Factor
Theorem, since 2x + 4 = 2(x + 2).

Example 12 : Find the value of k, if x — 1 isafactor of 4x* + 3x?> —4x + k.
Solution : Asx —1isafactor of p(x) = 4x* + 3x*—4x +k, p(1) =0

Now, p(l) = 4(1)*+ 3(1)*-4(1) + k
So, 4+3-4+k=0
i.e, k=-3

Wewill now usethe Factor Theorem to factorise some polynomials of degree2 and 3.
You are already familiar with the factorisation of a quadratic polynomial like
X2+ Ix + m. You had factorised it by splitting the middle term Ix as ax + bx so that
ab=m. Thenx2+Ix+m= (X +a) (x + b). We shall now try to factorise quadratic
polynomials of the type ax* + bx + ¢, wherea # 0 and a, b, ¢ are constants.

Factorisation of the polynomial ax? + bx + ¢ by splitting the middle term is as
follows:

Let its factors be (px + ) and (rx + ). Then
ax+bx+c=(@Ex+q) (rx+9s) =prx+(ps+qgr) X+gs

Comparing the coefficients of x? we get a = pr.

Similarly, comparing the coefficients of x, weget b = ps+ qr.

And, on comparing the constant terms, we get ¢ = gs.

This shows us that b is the sum of two numbers ps and gr, whose product is
(ps)(ar) = (pr)(gs) = ac.

Therefore, to factorise ax? + bx + ¢, we have to write b as the sum of two
numbers whose product is ac. Thiswill be clear from Example 13.

Example 13 : Factorise 6x2 + 17x + 5 by splitting the middle term, and by using the
Factor Theorem.

Solution 1 : (By splitting method) : If we can find two numbersp and g such that
p+g=17 and pq=6x5=30, then we can get the factors.
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So, let uslook for the pairs of factors of 30. Some are 1 and 30, 2 and 15, 3and 10, 5
and 6. Of these pairs, 2 and 15 will giveusp + q=17.

S0, 6x2+17x+5 = 6x2+ (2+ 15)x + 5
=6+ X+ 15x+5
= 2X(3x + 1) + 5(X + 1)
=(3x+1) (2x+5)
Solution 2 : (Using the Factor Theorem)

17 5
6+ 17x+5= 6(X2 + €x+ Ej =6 p(X), say. If a and b are the zeroes of p(x), then

6% + 17 +5=6(x—a) (x—b). So, ab

5 1y 1 17(1) 5
yx—=,£1. Now, p|=|=—+—| = |+ = # 0. But
2 2) 4 6\2) 6

5
E- Let uslook at some possibilitiesfora and

b. They could be J_r—;,i t

Wl
wlo

1
p(?j = 0. So, (X+ :-J is a factor of p(x). Similarly, by trial, you can find that

5
(X+ Ej is afactor of p(x).

Therefore, 6x2+17x+5

o33
(22

= (Bx+1) (2x+5)

For the exampl e above, the use of the splitting method appears more efficient. However,
let us consider another example.

Example 14 : Factorise y* — 5y + 6 by using the Factor Theorem.

Solution : Let p(y) =y*> — 5 + 6. Now, if p(y) = (y —a) (y —b), you know that the
constant term will be ab. So, ab = 6. So, to look for the factors of p(y), we look at the
factors of 6.

The factorsof 6 are 1, 2 and 3.
Now, p(2)=22—(5x2)+6=0
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So, y-2isafactor of p(y).

Also, p(3)=3*-(5x3)+6=0

So, y-3isasoafactor of y2—5y + 6.

Therefore, y2-5y+6=(y—2)y—23)

Note that y* — 5y + 6 can also be factorised by splitting the middle term —5y.

Now, let us consider factorising cubic polynomials. Here, the splitting method will not

be appropriate to start with. We need to find at least one factor first, asyou will seein

thefollowing example.

Example 15 : Factorise ¥ — 23x2 + 142x — 120.

Solution : Let p(x) = x®—23x* + 142x — 120

We shall now look for al the factors of —120. Some of these are +1, +2, +3,

+4,+5,46,+8,+10, £12, +15, +20, +24, +30, +60.

By trial, we find that p(1) = 0. So x — 1 is a factor of p(x).

Now we see that x* — 23x* + 142x — 120 = x® —x? — 22¢ + 22 + 120x — 120
=x3(x-1) —22x(x — 1) + 120(x —1) (Why?)
=(x—=1) (x¥*—22x+ 120) [Taking (x — 1) common]

We could have also got this by dividing p(x) by x — 1.

Now x2—22x + 120 can be factorised either by splitting the middle term or by using
the Factor theorem. By splitting the middle term, we have:

X2 —22x + 120 = x* — 12x — 10x + 120
X(x —12) — 10(x— 12)
(x-=12) (x—10)

o, ¥ —23¢ —142x — 120 = (x — 1)(x — 10)(x — 12)

EXERCISE24

1. Determinewhich of thefollowing polynomialshas(x + 1) afactor :
i) x+x2+x+1 (i) X+ +x+x+1

(iii) X*+3%+3%+x+1 (iv) X=X = (2+V2)x++2

2. Usethe Factor Theorem to determine whether g(X) is afactor of p(X) in each of the
following cases:
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0 pxX)=2¢+x-2x-1,g(x)=x+1
(i) p(x)=>x+3x2+3x+1,9(X)=x+2
(i) p(x) =x—4x2+x+6,g(X) =x—3
3. Findthevaueof k, if x—1isafactor of p(X) in each of the following cases:

0 pX)=x2+x+k (i) PO =22 +kx + \[2
(i) p(x) =k2— ﬁx+ 1 (iv) p(¥) =k¢—3x +k
4. Factorise:
(i) 12¢-7x+1 (i) 2x2+7x+3
(ili) 6X¥+5x—6 (iv) 3x—x-4
5. Factorise:
i) X¥-2¥—x+2 (i) x3—=3x?—9x-5
(iii) >¢+13x2+32x+ 20 (iv) 22 +y -2y -1

2.6 Algebraicldentities

From your earlier classes, you may recall that an algebraic identity is an algebraic
equation that istruefor all values of the variables occurringinit. You have studied the

following algebraicidentitiesin earlier classes:
Identity | (X +Yy)?=x2+ 2xy + y?
Identity 11 (X =y =x2—=2xy + y?
Identity Il :x2—=y2=(xX+Yy) (X—-VY)
Identity IV :(x+a) x+b)=x2+(a+hbx+ab

You must have a so used some of these algebraicidentitiesto factorisethe algebraic
expressions. You can also seetheir utility in computations.

Example 16 : Find the following products using appropriate identities:
(i) (x+3)(x+3) (i) (x=3) x +5)

Solution : (i) Here we can use Identity | : (X +Yy)? = x>+ 2xy+ y2. Putting y = 3in it,
we get

(x+3) (x+3) = (x + 3F=x*+2(X)(3) + (3)°
=X+6x+9
(if) Using Identity 1V above, i.e, (x + &) (x+ b) =x2+ (a + b)x + ab, we have
(x=3) (x+5) =x*+ (3 + 5)x + (3)(5)
= x*+2x-15
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Example 17 : Evaluate 105 x 106 without multiplying directly.

Solution : 105 x 106 = (100 + 5) x (100 + 6)

(100% + (5 + 6) (100) + (5 x 6), using Identity IV
10000 + 1100 + 30

= 11130

You have seen some uses of the identities listed abovein finding the product of some
given expressions. Theseidentitiesare useful in factorisation of algebraic expressions
also, asyou can see in the following examples.

Example 18 : Factorise:

2

(i) 498 + 70ab + 252 (ii) 275x2 L

Solution : (i) Here you can see that
49a? = (7a)?, 25k% = (5b)?, 70ab = 2(7a) (5b)
Comparing the given expression with x2 + 2xy +y?, we observethat x = 7aand y=5b.
Using ldentity I, we get
492 + 70ab + 25? = (7a + 5b)? = (7a + 5b) (7a + 5h)

2 2 2
(if) We have 2x? = L= :(Exj _(lj
47 "9 2 3

Now comparing it with Identity I11, we get

2 2 2
éxz—y—: EX — X
4 9 2 3

5
(3332
2 3/\2 3
Sofar, al our identitiesinvolved products of binomials. L et usnow extend the | dentity
| to atrinomial x +y + z We shall compute (x +y + 2)? by using ldentity I.
Let x +y=t. Then,
(X+y+22=(t+2?
=2+ 2tz +1t2 (Using Identity )
=(X+yP+2x+yz+ Z2 (Substituting the value of t)
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=2+ 2Xy +y?+ 2xz+ 2yz + Z (Using Identity )
=X +y*+Z +2xy+2yz+2zx  (Rearranging the terms)
So, we get thefollowing identity:
Identity V @ (X +y +2)? =X?+ Yy + 22 + 2xy + 2yz + 22X
Remark : We call theright hand side expressionthe expanded form of theleft hand
side expression. Note that the expansion of (x + y + 2)? consists of three square terms
and three product terms.
Example 19 : Write (3a + 4b + 5¢)2 in expanded form.
Solution : Comparing the given expression with (x + y + 2)? we find that
Xx=3a y=4band z = 5c
Therefore, using ldentity V, we have
(3a+4b + 5c)2= (3a)2 + (4b)2 + (5c)2 + 2(3a)(4b) + 2(4b)(5c) + 2(5¢)(3a)
= 9&” + 16b? + 25¢% + 24ab + 40bc + 30ac
Example 20 : Expand (4a—2b — 3c)2
Solution : Using ldentity V, we have
(4a—2b — )2 = [4a + (-2b) + (-30)]?
= (4a)?+ (-2b)? + (-3c)? + 2(4a)(—2b) + 2(—2b)(-3c) + 2(-3c)(4a)
= 16a? + 4b? + 9¢? — 16ab + 12bc — 24ac
Example 21 : Factorise 42 + y2 + 22 — 4xy — 2yz + 4xz.
Solution : We have 4x2 + y2 + 72 — Axy — 2yz + 4xz = (2X)2 + (=y)2 + (2)? + 2(29(-Y)
+2(-y)(2) + 2202
=[2x+ (~y) +2? (Using Identity V)
=(2xX-y+2°=(2x-y+27)(2x-y +2)
So far, we have dealt with identities involving second degree terms. Now let us
extend Identity | to compute (x + y)3. We have:

(x+y)’ = (X+y) X+y)?

(X +Y)(¢ + 2xy +y?)

X(X + 2xy + y?) +y(x* + 2xy + y?)
=X 20 Xy XY+ 2P Y
= x3+ 3xy + 3xy? + y°
=X+ Y+ 3xy(x +)
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So, we get thefollowing identity:
Identity VI @ (x+y)?=x®+y*+3xy (X +Y)
Also, by replacing y by —y in the Identity VI, we get
Identity VII @ (x —y)*=x —y® = 3xy(x —y)
= X = 3%y + Xy’ — y?
Example 22 : Write the following cubes in the expanded form:
(i) (3a + 4b)3 (ii) (5p — 3a)®
Solution : (i) Comparing the given expression with (x + y)*, we find that
x= 3aand y=4b.
So, using Identity VI, we have:
(3a + 4b)2 = (3a)2 + (4b)3 + 3(3a)(4b)(3a + 4b)
= 27a° + 64b° + 108a’b + 144ab?
(i) Comparing the given expression with (x —y)* we find that
X= 5p,y=30.
So, using Identity VII, we have:
(5p —30)° = (5p)° — (30)° — 3(50)(30)(5p — 30)
= 125p* — 27q° — 225p*q + 135pg?
Example 23 : Evaluate each of the following using suitable identities:
() (104)3 (i1) (999)2
Solution : (i) We have
(104)3 = (100 + 4)3
= (100)° + (4)® + 3(100)(4)(100 + 4)
(Using Identity V1)
= 1000000 + 64 + 124800
= 1124864
(if) We have
(999)2 = (1000 —-1)3
= (1000)*— (21)* — 3(1000)(1)(1000 — 1)
(Using Identity VII)
= 1000000000 -1 —2997000
= 997002999
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Example 24 : Factorise 8¢ + 27y® + 36x%y + 54xy?
Solution : The given expression can be written as
(2¢)% + (3y)® + 3(4x*)(3y) + 3(2x)(%Y?)
= (29° + (3y)* + 3(29*(3y) + 3(29(3y)*
= (2x + 3y)® (Using Identity V1)
= (2x + 3y)(2x + 3y)(2x + 3y)
Now consider (X +y + z)(X2 + y2+ 2 — Xy — yZ — ZX)
On expanding, we get the product as
X+ Y2+ 22 =Xy —yZ —2X) + Y + Y + Z — Xy —yZ - 2X)
XY+ 22Xy —yZ - D) =X+ XY+ X2 - XY - Xyz - 2¢ + XY
+ YA Y2 - XY - YZ —XYZ X2t Y2+ P - XYZ - Y - X2
=X +y+2-3xyz (On simplification)
So, we obtain thefollowing identity:
Identity VITT : x3+y* +Z22-3xyz= (X +y + (X + Y + Z — Xy —yZ —ZX)
Example 25 : Factorise : 8x® + y3 + 272 — 18xyz
Solution : Here, we have
8 + y3 + 2772 — 18xyz
= (29°+y* + (32)° = 3(2)(¥)(32)
= (2x+y +32)[(297 + y* + (32> - (2X)(y) — (¥)(32) — (2¢)(32)]
=(2x+y+32 (4@ +y?2 + 92— 2xy — Jyz — 6x2)

EXERCISE 2.5
1. Usesuitableidentitiesto find the following products:
i) (x+4)(x+10) (ii) (x+8)(x—10) (i) (3x +4) (3x—=5)
() 67+ 2) (4~ 3) V) (3-20 (3+2)
2. Evauatethefollowing productswithout multiplying directly:
() 103x107 (i) 95%96 (i) 104x 96

3. Factorisethefollowing using appropriate identities:

2

() 9e+6xy+y? (i) 42 —dy+1 (i) ¢ — %o
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4.

10.

12.

13.
14.

15.

File Name :

Expand each of the following, using suitable identities:

() (x+2y+4zp (i) (2x-y+2)? (i) (=2x+ 3y+ 22)?
(iv) Ba—7b-0)? (V) (=2x+5y—32)? (vi) Ea ——;b + 1J
Factorise:

(i) Me+9y?+1622+ 12xy —24yz— 16xz

(i) 2e+y2+82— 22 xy+ 4f2 yz—8xz
Writethefollowing cubesin expanded form:

0 (@x+1) (i) (2a—30)° (i) E’ X+ 1}3 (iv) {x - % yT
Evaluate the following using suitableidentities:

0 (99 (i) (1029 (iii) (998)°

Factorise each of thefollowing:

() 8a*+b*+12a?b+ Bab? (ii) 8a®—b®—12a%b + 6ab?

(i) 27—-125a%—135a+ 2252 (iv) 64a3 —27b® —144a?b + 108ak?

1 9 1
V) 27pf— — —Zp?+ =
V) 27p° 216 2p 4p

Verify : (i) +y* = x+y) (€ —xy +y?) (i) X*—y¥*=(x-y) (Z+xy+ )
Factorise each of thefollowing:

(i) 27y8 + 1252 (ii) 64m3—343n?
[Hint : See Question 9.]

. Factorise: 27¢ + 2 + 22— 9xyz

Verify that X3 + y* + 22— 3xyz = _; (X+y+2) [(x- VW +(y- 22+ (z- X)ZJ

If x+y +2z=0, show that X3 +y® + 2 = 3xyz.

Without actually calculating the cubes, find the value of each of the following:
0 122+ @)2+ (5

(i) (28)2+(-15)%+(-13)3

Give possible expressions for the length and breadth of each of the following
rectangles, in which their areas are given:

Area: 25a2—-3%+ 12 Area: 35y? + 13y -12

(i) (if)
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16. What are the possible expressions for the dimensions of the cuboids whose volumes
aregiven below?

Volume: 3x2—12x Volume: 12ky? + 8ky— 20k

(i) (if)

2.7Summary

In this chapter, you have studied the following points:

1.

© N o o~ D

10.

12.
13.
14.
15.

A polynomial p(x) in one variable xis an algebraic expression in x of the form

p(x) =ax'+a X"'+...+axX+ax+a,

wherea,, a,, a,, . . ., 8, are constantsand a, # 0.

a,a, a, ..., a,arerespectively thecoefficientsof X°,x, %, . . ., X', and niscalled the degree
of thepolynomial. Eachofa x", a_, X", ..., 8, witha, = 0, iscalled atermof the polynomial
p(X).

A polynomial of onetermiscalled amonomial.

A polynomial of twotermsiscalled abinomial.

A polynomial of threetermsiscalled atrinomial.

A polynomial of degree oneiscalled alinear polynomial.

A polynomial of degreetwo iscalled aquadratic polynomial.

A polynomial of degreethreeiscalled acubic polynomial.

A real number ‘a’ isazero of apolynomial p(x) if p(a) = 0. Inthiscase, aisaso called a
root of the equation p(x) = 0.

Every linear polynomial in one variable has aunique zero, anon-zero constant polynomial
has no zero, and every real number isazero of the zero polynomial.

Remainder Theorem : If p(x) isany polynomial of degree greater than or equal to 1 and p(x)
isdivided by thelinear polynomial x—a, then the remainder isp(a).

Factor Theorem : x—aisafactor of the polynomial p(x), if p(a) =0.Also, if x —aisafactor
of p(x), thenp(a) = 0.

(X+ y+ D?=X2+y°+ 2+ Xy + 2yz+ 2 X

(x+ y)? =+ V¥ + 3xy(x+Y)

(x=y)’ =x° -y’ =3xy(x-y)

X2+y*+ 72 —3xyz=(X+y+2) (¢ +y*+Z —xy—yz —2X)
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