
,QWURGXFWLRQ�WR�0DWKHPDWLFV�IRU�(QJLQHHUV )DFWRULVDWLRQ�DQG�$OJHEUDLF�(TXDWLRQV

�

)$&725,6$7,21�$1'�48$'5$7,&�(48$7,216,I�DW�DQ\�VWDJH�\RX�ZDQW�WR�UHWXUQ�WR�ZKHUH \RX�FDPH�IURP�XVH�WKH�%DFN�%XWWRQ����5HPRYLQJ�%UDFNHWV
6FLHQWLVWV�DQG�(QJLQHHUV�XVH�DOJHEUD�DV�D�FRQFLVH�ZD\�RI�GHVFULELQJ�UHODWLRQVKLSV�EHWZHHQ�SK\VLFDO� TXDQWLWLHV� �� ,W� IROORZV� WKDW� WKH� PDWKHPDWLFDO� DQDO\VLV� RI� (QJLQHHULQJ�6FLHQFH�SUREOHPV� IUHTXHQWO\� UHTXLUHV� VNLOO� LQ�PDQLSXODWLQJ�DOJHEUDLF� H[SUHVVLRQV�� ,Q� WKHVH�QRWHV�ZH�GHVFULEH�YDULRXV�PHWKRGV�IRU�FKDQJLQJ�WKH�DSSHDUDQFH�RI�DOJHEUDLF�H[SUHVVLRQV��2XU�VWDUWLQJ�SRLQW�LV�WKH GLVWULEXWLYH�ODZV�RI�DULWKPHWLF��� �D E F DE DF�  �DQG�� � �� �D E F G DF DG EF EG� �  � � �
ZKHUH� � � �DQG�D E F G UHSUHVHQW�UHDO�QXPEHUV��,Q�DGGLWLRQ�ZH�VKDOO�EH�XVLQJ�WKH� ODZV�RI�VLJQV�ZKLFK�ZH�FRYHUHG�LQ�WKH�QRWHV�RQ�1XPEHUV�DQG�WKH�/DZV�RI�$ULWKPHWLF�([DPSOHV

������ �� � � �[ \ [ \�  � ��� �� � � �[ \ [ \�  �
����� �� �� � ��[ [�  � ������� �� � ��[ [� �  � �
���� �� � � �[ \ [ \� �  � � ����� �� � � �[ \ [ \� �  � �
�� � �� ��� �� � � �� � ��[ [ [ [ [ [ [� �  � � �  � �1RWLFH�KRZ�WKH�WHUPV�� �[ [� DUH�FRPELQHG��
�� � �� ��� �� � � �� � ��[ [ [ [ [ [ [� �  � � �  � �
�� �� ��� �� � ��[ [ [ [� �  � �+HUH�ZH�KDYH�FRPELQHG�WKH�OLNH�WHUPV�LQ�RQH�VWHS�
�� :H� FDQ� H[WHQG� WKH� DSSOLFDWLRQ� WR� EUDFNHWV� FRQWDLQLQJ� WKUHH� RU� PRUH�WHUPV�� � �

� ��� ��� � � � � �� � �[ \ [ \ [ [\ \[ \ [ \[ [\ \ [ \� � �  � � � � � � � � �7R�IROORZ�WKLV�WKLQN�RI�LW�DV� � � � � � �� �[ [ \ \ [ \ [ \� � � � �
��� 7R�GHDO�ZLWK�H[SUHVVLRQV�OLNH� � ��� ���� �[ [ [ \� � � PXOWLSO\�WZRRI�WKH�WHUPV�ILUVW���,W�GRHVQ¶W�PDWWHU�ZKLFK�WZR \RX�FKRRVH�� �

� � �� ��� ���� � � � � ���� � � ���� �� � �� � ��[ [ [ \ [ [ [ [ \ [ [ [ \[ [ \ [ [\ [ \� � �  � � � �  � � � � � � � �
RU �

� � � �
� � �

� ��� ���� � � ���� � � �� � � � � �� �� � �� � ��
[ [ [ \ [ [ [\ [ \[ [ \ [ [\ [ [\ [ \[ [ \ [ [\ [ \
� � �  � � � � � � � � � � � � � � � �



,QWURGXFWLRQ�WR�0DWKHPDWLFV�IRU�(QJLQHHUV )DFWRULVDWLRQ�DQG�$OJHEUDLF�(TXDWLRQV

�

7XWRULDO��
0XOWLSO\�RXW��DQG�VLPSOLI\�\RXU�DQVZHUV�ZKHUH�SRVVLEOH��
��� �� ��[ �
��� �� �� �� ��[ [� � �
��� �� �� � ��� ��[ [ [� � � �
��� �� �� �� ��[ [� � �
��� �� ��[ �
���� � ��� ��[ [� �
��� � ��� ��[ [� �
��� � �� � �� � ��[ [ [� � � �
��� � �� �� � � ��[ [ [� � � �
����� � � � �[ [� � �� �� �
���� � � � �[ [� � �� �� �
���� �� ���� ��[ [� �
���� � �[ �� � �7KLV�LV�DQRWKHU�ZD\�RI�ZULWLQJ� � ��� ��� ��[ [ [� � � �
���� � ��� ��� ��[ [ [ [� � � �
���� � �� � �[ \ [ \� �
���� � �� �� �[ \ [ [\ \� � �
���� �� � ��[ \� �
���� �� � �[ \�
&OLFN� KHUH� IRU� WKH� VROXWLRQV� WR� 7XWRULDO� ��� <RX� FDQ� XVH� WKH� EDFN� EXWWRQ� LQ� WKH� ([SORUHU� WR�UHWXUQ�KHUH�



,QWURGXFWLRQ�WR�0DWKHPDWLFV�IRU�(QJLQHHUV )DFWRULVDWLRQ�DQG�$OJHEUDLF�(TXDWLRQV

�

���)DFWRULVDWLRQ
:KDW�ZH�DUH� FRQFHUQHG�ZLWK� KHUH� LV� WKH� UHYHUVH�RI� WKH�SURFHGXUH� IROORZHG� LQ� WKH�SUHYLRXV�VHFWLRQ�L�H��*LYHQ� WKH� DQVZHUV� WR� WKH� TXHVWLRQV� KRZ� WR� ZRUN� EDFN� WR� WKH� RULJLQDO� H[SUHVVLRQ�� 7KLV�SURFHVV�LV�FDOOHG�IDFWRULVDWLRQ��)RU�H[DPSOH�ZH�NQRZ�IURP ([DPSOH����DERYH�WKDW� � �� � �� � � ��� ���� ���[ [ \ [ [\ [ \ [ [ [ \� � � � �  � � �7KH�WHUPV� �� �� �DQG��[ [ [ \� � � DUH�FDOOHG�WKH�IDFWRUV�RI�WKH�H[SUHVVLRQ�RQ�WKH�OHIW�DQG�LQ�WKLV�FDVH�ILQGLQJ�WKHVH�IDFWRUV�ZRXOG�EH�D�YHU\�GLIILFXOW�WDVN��)LUVW�VRPHWKLQJ�VLPSOHU�
����&RPPRQ�)DFWRUV:H�VWDUW�ZLWK�VRPH��H[DPSOHV�LQ�ZKLFK�ZH�DUH�ORRNLQJ�IRU�ZKDW�DUH�FDOOHG�FRPPRQ�IDFWRUV�
([DPSOHV
��� � � � � � � � �[ \ [ \�  �� � %RWK� WHUPV�RQ� WKH� OHIW�DUH�GLYLVLEOH�E\��� ��:H�VD\� WKDW��� LV�D�FRPPRQ IDFWRU RI�ERWK�WHUPV��
�� � �� �� � �D E D E�  � ������ �� �� ��� � �D E D E�  � ������ � � ��� � �[ \ [ \� �  � �
��� � � � ��D E D D DE�  � ��� � � � � � � �D E D E D E D E�  � �������� �� �� � � � �[ \ [\ [\ [ \� �  � �
�� � ��� �� � �� � �� � �� � ���� ��[ [ [ [ [ [ [ [� � �  � � �  � �
�� � �� � � � � � ��D E DE DE DE D E� �  � �
��� � � � � � � � � �� �� � � �� � �D E F D E F DE F DE F D DEF F� �  � �
7XWRULDO����
)LQG�WKH�FRPPRQ�IDFWRUV��DQG�KHQFH�IDFWRULVH��WKH�IROORZLQJ�
�� � ���[ [\�
�������� � �� ��� �[\ [ \
�� � �� ��� �S T ST ST� �
�� � �� ��� � � � � � �D E F D E F DEF� �
�� � � �� �� ��� � � �S T ST S T
�� ��� �� � �� �[ \ [ \ [ \� � � �
�� D E[ D E\ D E D E� � � � �� � �
�� �� �� � ��[ [� � � +LQW�� � � � ��� ��[ [ [�  � �



,QWURGXFWLRQ�WR�0DWKHPDWLFV�IRU�(QJLQHHUV )DFWRULVDWLRQ�DQG�$OJHEUDLF�(TXDWLRQV

�

�������� �� � � � � � � � � �D E D D E E D E� � � � � �
�� � � � �� �D[ E[ D E� � � +LQW���)DFWRULVH�WKH�ILUVW�WZR�WHUPV��
&OLFN�KHUH� IRU� WKH�VROXWLRQV� WR�7XWRULDO������ <RX�FDQ�XVH� WKH�EDFN�EXWWRQ� LQ� WKH�([SORUHU� WR�UHWXUQ�KHUH�
����)DFWRULVLQJ�4XDGUDWLF�([SUHVVLRQV
$Q\�H[SUHVVLRQ�RI� WKH�IRUP� �D[ E[ F� � ZKHUH� � �DQG�D E F DUH�UHDO�QXPEHUV� LV�VDLG�WR�EH�D�TXDGUDWLF�H[SUHVVLRQ��7KH�QXPEHUV� � �DQG�D E F DUH�FDOOHG�WKH�FRHIILFLHQWV�RI�WKH�H[SUHVVLRQ��D LV�WKH�FRHIILFLHQW�RI� �[ ��E LV�WKH�FRHIILFLHQW�RI� [ DQG� F LV�FDOOHG�WKH�FRQVWDQW�WHUP��
,Q�DOO�WKH�H[DPSOHV�ZH�VKDOO�ORRN�DW��WKH�FRHIILFLHQWV�ZLOO�EH�LQWHJHUV�
(J�� � � �� � �������� � ��������� � �[ [ [ [ [� � � � � HWF�
,Q�WKH�VHFRQG�RI�WKHVH� �D  EXW�RI�FRXUVH�ZH�GR�QRW�ZULWH� ��[ ��DQG�LQ�WKH�WKLUG� �E  �
,Q�VRPH�FDVHV�WKH�IDFWRUV�FDQ�EH�IRXQG�E\�D�SURFHVV�RI�LQVSHFWLRQ���7R�VHH�KRZ�WR�GR�WKLV�ZH�VKDOO�ORRN�DW�WZR�GLIIHUHQW�FDWHJRULHV�
7<3(��$�����D� �
6WXG\�WKH�IROORZLQJ�H[DPSOHV���L����%\�PXOWLSO\LQJ�RXW�WKH�OHIW�KDQG�VLGH�ZH�VHH�WKDW�� �� ��� �� � �[ [ [ [� �  � �
2Q�WKH�ULJKW�KDQG�VLGH� �E  DQG� �F  ��1RWLFH�WKDW� � ���DQG�� � �E F �  u

�LL��%\�PXOWLSO\LQJ�RXW�WKH�OHIW�KDQG�VLGH�ZH�VHH�WKDW� �� ��� �� � �[ [ [ [� �  � �
7KLV�WLPH� ���DQG�� �E F �  DQG�QRWLFH�WKDW� � �� � ����DQG�� � �� � ��E F � � �  � u �

�LLL��%\�PXOWLSO\LQJ�RXW�WKH�OHIW�KDQG�VLGH�ZH�VHH�WKDW� �� ��� �� �[ [ [ [� �  � �
7KLV�WLPH� ���DQG�� �E F  � DQG�QRWLFH�WKDW� � �� ���DQG�� � �� �E F � �  � u

�LY��%\�PXOWLSO\LQJ�RXW�WKH�OHIW�KDQG�VLGH�ZH�VHH�WKDW� �� ��� �� �[ [ [ [� �  � �
7KLV�WLPH� ���DQG�� �E F �  � DQG�QRWLFH�WKDW� � � ����DQG�� � � ��E F � �  u �
,Q�DOO�WKHVH�H[DPSOHV�E�LV�WKH�VXP�RI�WZR�QXPEHUV�ZKLFK�ZKHQ�PXOWLSOLHG�JLYH�F��7KHVH�WZR�QXPEHUV�PD\�EH�ERWK�SRVLWLYH���ERWK�QHJDWLYH�RU�RQH�SRVLWLYH�DQG�RQH�QHJDWLYH��
,Q�H[DPSOH��L��F�DQG�E�DUH�ERWK�SRVLWLYH�DQG�ZH�KDYH�WZR�SRVLWLYH�IDFWRUV�RI�F��
,Q�H[DPSOH��LL��F�LV�SRVLWLYH�DQG�E�LV�QHJDWLYH�DQG�ZH�KDYH�WZR�QHJDWLYH�IDFWRUV�RI�F��
,Q�H[DPSOHV��LLL��DQG��LY��F�LV�QHJDWLYH�DQG�WKHUHIRUH�ZH�PXVW�KDYH�RQH�SRVLWLYH�DQG�RQH�QHJDWLYH�IDFWRU�RI�F��DQG�E�PD\�EH�SRVLWLYH�RU�QHJDWLYH���



,QWURGXFWLRQ�WR�0DWKHPDWLFV�IRU�(QJLQHHUV )DFWRULVDWLRQ�DQG�$OJHEUDLF�(TXDWLRQV

�

([DPSOHV
�� )DFWRULVH� � � �[ [� � ��,Q�WKLV�FDVH� DQG�E F DUH�ERWK�SRVLWLYH��:H�ORRN�DW�DOO�WKH�SRVVLEOH�IDFWRUV�RI���DQG�FKRRVH�WKH�SDLU�WKDW�DGG�WR��� � � � ���DQG�� � ��� u  u  � ��+HQFH� � � � � ��� ��[ [ [ [� �  � �
�� )DFWRULVH� � � �[ [� � ��,Q�WKLV�FDVH��E LV�QHJDWLYH�DQG� F LV�SRVLWLYH���� � �� � �� � �� � ����DQG� � � �� � � ��� � u �  � u � �  � � � +HQFH�� � � � ��� ��[ [ [ [� �  � �
�� )DFWRULVH� � � �[ [� � ��,Q�WKLV�FDVH� F LV��QHJDWLYH��� � �� � � � �� � �� � � � ���  � u  u �  � u  u � DQG� � � �� � � � �+HQFH�� � � � � ��� ��[ [ [ [� �  � �
�� &OHDUO\�� � � � � ��� ��[ [ [ [� �  � �
�� )DFWRULVH�� � � ��[ [� � ����� � �� �� � � ��� � �� �� � � ���� �� � � � �� � �� � � � ����  � u  u �  � u  u � � u  u �  � u  u �+HQFH� � � �� � ��� ��[ [ [ [� �  � �
:LWK�SUDFWLFH� LW�EHFRPHV�XQQHFHVVDU\� WR�ZULWH�GRZQ�DOO� WKH�SRVVLEOH� IDFWRUV�RI� F DQG� LQ� WKH�IROORZLQJ�H[DPSOHV�ZH�JR�VWUDLJKW�WR�WKH�DQVZHU��

[ [ [ [� � �� � �� �  � �� �� �[ [ [ [� � �� � �� �  � �� �� �[ [ [ [� � �� � �� �  � �� �� �[ [ [ [� � �� � �� �  � �� �� �[ [ [ [� � �� � �� �  � �� �� �[ [ [ [� � �� � �� �  � �� �� �[ [ [ [� �� � �� �  � �� �� �[ [ [ [� �� � �� �  � �� �� �[ [ [ [� �� �� �� �� �  � �� �� �[ [ [ [� �� �� �� �� �  � �� �� �[ [ [ [� �� �� �� �� �  � �� �� �� �� �� � ���� ��[ [ [ [� �  � �



,QWURGXFWLRQ�WR�0DWKHPDWLFV�IRU�(QJLQHHUV )DFWRULVDWLRQ�DQG�$OJHEUDLF�(TXDWLRQV

�

7\SH��%���Dz�7R�IDFWRULVH�� � � ���[ [� � QRWH�ILUVW�WKDW�� �� �� �[ [ [ u VR�WKDW�WKH�IDFWRUV���LI�WKH\�H[LVW�ZLOO�SRVVLEO\�EH�RI�WKH�IRUP��� � �� ��[ [
$OVR�ZH�KDYH��� � � � � � � � ��� � �� � �� � � � � � �� � � � ���  � u  u �  � u  u �  � u  u � �

$IWHU�VRPH�WULDO�DQG�HUURU�ZH�DUULYH�DW�
�� � �� �� ��� ��[ [ [ [� �  � �

,Q� VXFK� FDVHV� RQH� ZULWHV� GRZQ� WKH� YDULRXV� SRVVLELOLWLHV� DQG� SURFHHGV� E\� D� SURFHVV� RI� µ�LQWHOOLJHQW�µ�WULDO�DQG�HUURU�+HUH�DUH�VRPH�PRUH�H[DPSOHV�ZKLFK�\RX�VKRXOG�YHULI\�E\�H[SDQGLQJ�WKH��ULJKW�KDQG�VLGHV� � �� �� � � ��[ [ [ [� �  � �� �� ��� � �� �� ��� ��[ [ [ [� �  � �� � �� � � ��[ [ [ [� �  � �� �� �� �� �� � � ��[ [ [ [� �  � �� �� �� �� �� � � ��[ [ [ [� �  � �� �� �� � �� � � ��[ [ [ [� �  � �� �� �� � �� � � ��[ [ [ [� �  � �� �� �� �� �� � � ��[ [ [ [� �  � �� �� �� �� �� � � ��[ [ [ [� �  � �� �� ��� �� � ���� ��[ [ [ [� �  � ��� �� � ���� ��[ [ [ [� �  � ��� � � �� ��� ��[ [ [ [� �  � �
)LQDOO\�LQ�WKLV�VHFWLRQ�ZH�QHHG�WR�SRLQW�RXW�WKDW�IDFWRULVDWLRQ�LQ�WKLV�ZD\�LV�QRW�DOZD\V�SRVVLEOH��)RU�H[DPSOH�� � �� �[ [� � ��,QWHJHU�IDFWRUV�RI���ZKLFK�DGG�XS�WR����GR�QRW�H[LVW��+RZHYHU�WKH�H[SUHVVLRQ�GRHV�KDYH�UHDO�IDFWRUV��,Q�IDFW� �� � � � � ��� � � ��[ [ [ [� �  � � � �DV� \RX�FDQ�YHULI\�E\�FDUHIXOO\�PXOWLSO\LQJ�RXW� WKH� ULJKW�KDQG�VLGH�EXW� LW� LV� LPSRVVLEOH� WR� ILQG�WKHVH� IDFWRUV�E\� WKH� LQVSHFWLRQ�PHWKRG�GHVFULEHG�DERYH��3UREOHPV� OLNH� WKLV� �DUH�FRYHUHG� LQ�6HFWLRQ����7XWRULDO����
)DFWRULVH�WKH�IROORZLQJ�E\�LQVSHFWLRQ���

�L� � � �[ [� ��LL� � � �[ [� ��LLL� � �[ [� �



,QWURGXFWLRQ�WR�0DWKHPDWLFV�IRU�(QJLQHHUV )DFWRULVDWLRQ�DQG�$OJHEUDLF�(TXDWLRQV

�

�LY� � �[ [� ��Y� � � ��[ [� ��YL� � � �[ [� ��YLL� � � �[ [� ��YLLL� � � �[ [� ��L[� �� � ��[ [� ��[� �� ��[ [� ��[L� �� � �[ [� ��[LL� � � ��[ [� ��[LLL� � �� ��[ [� ��[LY� � � �[ [� ��[Y� � � �[ [� ��[YL� � � ��[ [� ��[YLL� � �� ��[ [� ��[YLLL� � �� ��[ [� ��[L[� �� � �[ [� ��[[� �� [ [� ��[[L� �� ��[ [� ��[[LL� �� �[ [� ��[[LLL� �� �� ��[ [� ��[[LY� �� �� ��[ [� ��[[Y� ��� �[ [� ��[[YL� � ��� ��[ [� ��[[YLL� � � �[ [� ��[[YLLL� � � ��[ [� ��[[L[� �� �[ [� ��[[[� �� �� �[ [� �
&OLFN�KHUH� IRU� WKH�VROXWLRQV� WR�7XWRULDO������ <RX�FDQ�XVH� WKH�EDFN�EXWWRQ� LQ� WKH�([SORUHU� WR�UHWXUQ�KHUH�
����&RPSOHWLQJ�WKH�6TXDUH
&RPSOHWLQJ�WKH�VTXDUH�LV�WKH�QDPH�JLYHQ�WR�DQ�DOJHEUDLF�SURFHVV�ZKLFK�VKRZV�ZKHWKHU�RU�QRW�D�TXDGUDWLF�H[SUHVVLRQ�KDV�UHDO�IDFWRUV�DQG�ILQGV�WKH�IDFWRUV�LI�WKH\�H[LVW�
%HIRUH�ZH�LQWURGXFH�WKH�SURFHVV�ZH�QHHG�WR�UHFDS�WKUHH�UHVXOWV�ZKLFK�ZH�KDYH�VHHQ�HDUOLHU�

�D��� 7KH�GLIIHUHQFH�RI�WZR�VTXDUHV���� � � �� �[ N [ N [ N�  � �
([DPSOHV����� � �� � ��� ��[ [ [�  � �� � � ��� ��[ [ [�  � ��� �� � � � ��� � �� � ��� ��[ [ [ [ [� �  � � � �  � �



,QWURGXFWLRQ�WR�0DWKHPDWLFV�IRU�(QJLQHHUV )DFWRULVDWLRQ�DQG�$OJHEUDLF�(TXDWLRQV

�

�E� 3HUIHFW�VTXDUH� � � � � �� � � � � �[ N[ N [ N DQG [ N[ N [ N� �  � � �  �
([DPSOHV�������� � �� � � ��[ [ [� �  �� �� � � ��[ [ [� �  �

�F���������6XP�RI�WZR�VTXDUHV� �[ N� KDV�QR�UHDO�IDFWRUV�
)RU�H[DPSOH�WU\�WR�IDFWRULVH�� � �[ � XVLQJ�WKH�PHWKRG�RI�VHFWLRQ��DERYH���<RX�QHHG�WR�ILQG�WZR�UHDO�QXPEHUV�ZKLFK�JLYH���ZKHQ�PXOWLSOLHGDQG�]HUR�ZKHQ�VXPPHG���&OHDUO\�LPSRVVLEOH����

:H�QRZ�LQWURGXFH�WKH�SURFHVV�NQRZQ�DV�FRPSOHWLQJ�WKH�VTXDUH E\�PHDQV�RI�WKH�IROORZLQJ�H[DPSOH��
&RQVLGHU�WKH�TXDGUDWLF�H[SUHVVLRQ�� � �� ��[ [� � �
:H�NQRZ�IURP��E��DERYH�WKDW�� � ��� �� � ��[ [ [� �  � �
7KHUHIRUH� � � ��� �� �� �� �� �� � �� �� ��[ [ [ [ [� �  � � � �  � � �
7KXV�������������� � ��� �� � �� �[ [ [� �  � �
&KDQJLQJ�D�TXDGUDWLF�H[SUHVVLRQ�LQ�WKLV�ZD\�LV�FDOOHG�FRPSOHWLQJ�WKH�VTXDUH��
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,Q�WKLV�SDUWLFXODU�H[DPSOH�WKH�IDFWRUV�FRXOG�KDYH�HDVLO\�EHHQ�IRXQG�E\�LQVSHFWLRQ�DV�ZH�GLGLQ�6HFWLRQ����%XW�DV�WKH�IROORZLQJ�H[DPSOHV�VKRZ���FRPSOHWLQJ�WKH�VTXDUH�ZLOO�ILQG�IDFWRUVWKDW�FRXOG�QRW�SRVVLEO\�EH�IRXQG�E\�LQVSHFWLRQ��� � ��� � � ��� � � �� � �� � �� �� � �� ��[ [ [ [ [� �  � � �  � �  � �
7KHUHIRUH�� � �� � � � ���� � ���[ [ [ [� �  � � � �

�� � �� � �� � ��� � �� � � �[ [ [ [§ · § ·� �  � � �  � �¨ ¸ ¨ ¸© ¹ © ¹� �� � ��� � � �[ [§ ·§ · � � � �¨ ¸¨ ¸¨ ¸¨ ¸© ¹© ¹
�� � � �� �� � �� �� �� � �� �[ [ [ [� �  � � �  � �

,Q�WKLV�FDVH�WKH�ULJKW�KDQG�VLGH�LV�WKH�VXP�RI�WZR�VTXDUHV�DQG�DV�ZH�VDZ�LQ�UHVXOW��F�DW�WKH�VWDUW�RI�WKLV�VHFWLRQ�VXFK�H[SUHVVLRQV��KDYH�QR�UHDO�IDFWRUV��([SUHVVLRQV�WKDW�KDYH�QR�UHDO�IDFWRUV�DUH�FDOOHG�LUUHGXFLEOH��
6R�IDU�ZH�KDYH�RQO\�FRQVLGHUHG�TXDGUDWLFV�LQ�ZKLFK�WKH�FRHIILFLHQW�RI� �[ KDV�EHHQ�XQLW\��7KH�IROORZLQJ�H[DPSOHV�VKRZ�KRZ�WR�GHDO�ZLWK�JHQHUDO�TXDGUDWLFV��
�������� � �� � � � � � �� � ��� � � � � �� � � � �� � ��[ [ [ [ [ [§ · § ·§ · § · § ·� �  � �  � � �  � �¨ ¸ ¨ ¸¨ ¸ ¨ ¸ ¨ ¸¨ ¸ ¨ ¸© ¹ © ¹ © ¹© ¹ © ¹



,QWURGXFWLRQ�WR�0DWKHPDWLFV�IRU�(QJLQHHUV )DFWRULVDWLRQ�DQG�$OJHEUDLF�(TXDWLRQV

��

� � � � �� �� �� � � � � �[ [ [ [§ ·§ · § ·§ · � � � �  � �¨ ¸¨ ¸ ¨ ¸¨ ¸© ¹© ¹ © ¹© ¹��� ��� � � ���� ���[ [ [ [ � �  � �7KHVH�IDFWRUV�FRXOG�KDYH�EHHQ�IRXQG�E\� LQVSHFWLRQ�RI�FRXUVH�VR� WKH�TXHVWLRQ�DULVHV�ZKLFK�PHWKRG�VKRXOG�EH�XVHG�"�,W� LV�DOZD\V�ZRUWK�VSHQGLQJ�D�PLQXWH�WU\LQJ�WR�IDFWRULVH�E\� LQVSHFWLRQ�WKHQ�LI�QRWKLQJ�VHHPV�WR�ZRUN�SURFHHG�E\�FRPSOHWLQJ�WKH�VTXDUH��
�� � �� � � �� �� � �� �� �� � � � � � � � � � �� � � �[ [ [ [ [ [§ · § ·� �  � �  � � �  � �¨ ¸ ¨ ¸© ¹ © ¹� � � �� � � �� � � �� � � �[ [ [ [§ ·§ · � � � �  � �¨ ¸¨ ¸© ¹© ¹,Q�WKLV�FDVH�WKH���ZRXOG�EH�OHIW�RXWVLGH�WKH�EUDFNHWV�VLQFH�PXOWLSO\LQJ�LW�LQWR�RQH�RI�WKH�IDFWRUV�GRHV�QRW�VLPSOLI\�WKH�ILQDO�DQVZHU��

��������������������������������������������������������������������������������
%\�DSSO\LQJ�WKH�SURFHVV�RI�FRPSOHWLQJ�WKH�VTXDUH�WR�WKH�JHQHUDO�TXDGUDWLF�H[SUHVVLRQ�ZH�FDQ�REWDLQ�D�YHU\�XVHIXO�UHVXOW��

� �� � �� �E F E F ED[ E[ F D [ D [D D D D D§ ·§ · § ·� �  � �  � � �¨ ¸¨ ¸ ¨ ¸¨ ¸© ¹ © ¹© ¹� �
��� �E E DFD [ D D§ ·�§ · � �¨ ¸¨ ¸¨ ¸© ¹© ¹

)URP�WKLV�ZH�FDQ�GHGXFH�WKDW���
,I� WKH� QXPHULFDO� YDOXH� RI� � � �E DF� LV� SRVLWLYH� WKHQ� ZH� KDYH� WKH� GLIIHUHQFH� RI� WZR�VTXDUHV�DQG�WKH�TXDGUDWLF�H[SUHVVLRQ�IDFWRULVHV��2Q� WKH�RWKHU�KDQG� LI� � � �E DF� LV�QHJDWLYH�ZH�KDYH� WKH�VXP�RI� WZR�VTXDUHV�DQG� WKH�TXDGUDWLF�H[SUHVVLRQ�KDV�QR�UHDO�IDFWRUV��
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7KHUHIRUH����� ��� ��������[   LV�D�UHSHDWHG�URRW�RI�WKH�HTXDWLRQ��

7XWRULDO��
6ROYH�WKH�HTXDWLRQV�EHORZ�HLWKHU�E\�IDFWRULVDWLRQ�RU�E\�XVLQJ�WKH�IRUPXOD���
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7KH�HTXDWLRQ�LQ��[L��LV�VDLG�WR�EH�RI�WKLUG�GHJUHH�DQG�LV�FDOOHG�D�FXELF�HTXDWLRQ���1RWLFH�WKDW�LW�KDV�WKUHH��URRWV��7KH�HTXDWLRQ�LQ��[LL��LV�RI�IRXUWK�GHJUHH�DQG�LV�FDOOHG�D�TXDUWLF�HTXDWLRQ���1RWLFH�WKDW�LW�KDV�IRXU��URRWV����&OLFN� KHUH� IRU� WKH� VROXWLRQV� WR� 7XWRULDO� ��� <RX� FDQ� XVH� WKH� EDFN� EXWWRQ� LQ� WKH� ([SORUHU� WR�UHWXUQ�KHUH�
7KHUH�DUH�PRUH�WXWRULDO�TXHVWLRQV�OLNH�WKHVH�LQ�WKH�QRWHV�RQ�(TXDWLRQV�DQG�7UDQVSRVLWLRQ�RI�)RUPXODH��
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