INDEFINITE INTEGRALS PART 1
Prepared by Remesh Chennessery

INDEFINITE INTEGRALS

The process of obtaining f(x) when its derivative f'(x) is given, is known as integration. It is the
reverse process of differentiation.

Anti-derivative or Primitive

Let f(x) and g(x) be any two functions such that di[f (x)]=g(x), then f(x) is called the integral of
X

g(x). It is symbolically written as [ g(x)dx = f(x) . The symbol | is read as integral and dxdenotes that the

function g(x) is integrated with respect to x. The function being integrated is called integrand. Here g(x) is
the integrand.

2
E.g.If %(X2)= 2x:>'f2xdx:x7

The indefinite integral and constant of integration

Suppose that %[f(x)]zg(x). Then by definition we have [g(x)dx=f(x). Also if

i(f(x)+ C)=g(x)+0=g(x). .. [g(x)dx= f(x). Thus we arrive at two integrals for the same function g(x). But the

dx

two integrals differ only by a constant C (is called constant of integration). Since the constant C is
arbitrary , we can assume different values so we get a number of functions all of which are integrals of g(x),
any one of them is called an indefinite integral. The function f(x)+c is called the general integral.

Fundamental Theorems
1. [cf(x)dx=c[ f(x)dx
E.g.: [5cos xdx =5 cos xdx = 5(sin x) + C =5sin x+C

2. [[ f200)+ fo (x)]dx = f f1(x)dx+ [ 5 (x)dx

E.g. j(Stan X —5sec? x)dx =3[ tan xdx —5jsec2 xdx =3log|sec Y| —5tan x+C

* arbitrary constant — a constant, which can assume any values of R
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Standard results:

Put a constant of integration C along with each integral.

sin X —COSX
COSX sin x
tanx loglsec |
COS €CX log|cos ecx — cot x|
Sec X loglsec x + tan X|
cotx log|sin x|
se02 X tanx
cosec?x ~Qx
sec x tan x Sec X
cos ecx cot X — COSECX
N Xn+1
n+1
eX e
e X —e™
a* a”
loga
Jx 2.3
3
1 log|x|
X
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" X2
2
1 X
k kx
1 21
x2 X
1 2x
Jx
1 sinx  (or) —cos™x
1-x?
1 tantx (or) —cot™x
1+ x2
1 sec1x (or) —cos ecIx

1 log)x +a
X+a

1 log/x —a
X—a
1 logla + X|
a+x
1 —logla— x|
a—x

1 1
(x+af (x+a)
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1 1
(a+x)2 ia+Xi
1 -
(a—x)z a—X
ax o a
e® .sinbx .7 (asinbx — b cos bx)
a’ +
ax ax
e .cos bx > (acosbx —bsinbx)
a“+b

Methods of integration

1. Integral of the product or quotient of two or more functions.
2. Integration by substitution

3. Integration by parts

4. Integration of rational algebraic functions by using partial fractions
Method 1

Integral of the product or equivalent of two functions. First multiply or divide by terms and then integrate

4 2 4 2
X X X 3x
- jx(xz—3)dx:jx3dx—3jxdx:——3—:———+C
4 2 4 2
2 . 2 2 .2
oS 2X cos“ X —sin“ x COS“ X sin‘ x
- [ k= dx = | dx— dx
-2 2 -2 2 -2 2 -2 2
sin“ xcos® x sin“ XCcos*“ x sin“ XCcos*“ x sin“ Xcos*“ x

= [cosec?xdx—[sec? xdx = —cot x—tan x+C =—(cot x + tan x)+C

Method2:

Type 1: Integral of functions of the form I = | f (ax +b)dx

Let 1 = f(ax+b)dx
Put ax+b=u

(al+0)dx=du=> adx=du = dx = L
a
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=] f(u)idu =§j f (u)du , which can be evaluated.

Hint: Integral of the function of a function : let us assume the inside function be ‘x’ and then it becomes
in the standard form. Find the integral of the standard function, replace ‘x’ by the inside function and

divide the result by the derivative of the inside function.

I :jf[¢(x)]dx:M+C

¢'(x)
E.Q.
o Jsin(2x+3)ix — cos(2x+ 3)x L 032X +3) _cos(x+3)
9 (oxs3) 2x1+0 2
dx
I 3x-5) | 3x-5
e [tan(3x—5)dx = loglsec(3x 5| x —+ = oglsec(3x—5) _ loglsec(3x—5) .
dx
3 3 3
. j\/3x—5dx:g(3x—5)§ X%ZZ(Q,X_ES)Z N =3(3x—5)5 C

Note: Second and third powers of sine and cosine functions can be integrated using this type after

rewriting them as multiple angles.

Trigonometric functions are:

2 1 - cos 2x

1. sin?x = 2 1+ cos 2x
' 2

2. cos® x =

3 gin3x = 3SiNXx—sin3x 4. cosd x = 3905 X+ COS 3x
. = 2 _ _ :

5. 2sinAcosB =sin(A+B)+sin(A-B)
6. 2cosAsinB =sin(A+B)-sin(A—B)
7. 2cos Acos B = cos(A + B) + cos(A—B)
8. 2sinAsinB = cos(A-B)-cos(A-B)
. . 1-cos2x 1 1 1. 1.
Eg.: i) | =J'sm2 xdx=j—dx==§jdx—§jcosxdx :Ex—zsmx+c
i | :'[cos2 x dx = I—1+c052x dx = %|:X+ Sinzzx}Z%x+ sin42x +C
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i) | :.[sin3 xdx:jMx:gjsin xdx—lj'sin 3xdx
4 4 4

:E(_ cosx)—l _ cos3x +C =—§cosx+icos3x+C
4 4 3 4 12

iv) | ='|‘cos3 XdX=J.MdX=§J.COSXdX+EJ.COS3XdX
4 4 4

3. 1 sin 3x
=—sinx+=—
4 4

+C:§sin x+isin 3x+C
4 12

V) 1 =]sin5xcos3xdx = %J'Zsin5xcos3xdx: %I(sinSx +sin 2x) dx

%(_CZSSX + —c0252xj+c =I—;c038x—%c032x+c
vi) 1 =[2sin3xcos5xdx= [[sin(5x +3x)—sin(5x — 3x)Hx = [ (sin 8 —sin 2x)dx

C0S8x COS2X C0S8X €0S2X
=— + - +C=-
8 2 8 2

vii) 1 ={cos5xcos3xdx =%j‘ 2c0s5x cos3xdx =%J'[cos(5x +3x)+ cos(5x — 3x)pix

+C

= %J'(cos8x + cost)dx:%(

sin8x , sin 2x] (c
8 2
viii) 1 = [sin5xsin 3xdx= %J'Zsin 5xsin 3xdx=%j [cos(5x — 3x) — cos(5x + 3x)Hx

:%j [cos2x — cos8xix = %[

2 8

4 16

sin2x  sin 8xj LCo sin2x  sin8x LC

Type 2

Integral of the functions of the form | f(xn )x”‘ldx

Let I =] f(xn )x”‘ldx

Putx" =
nx"dx = du = x"tdx = 1 du
n

- I'=[ f(u)du, can be evaluated.

E.g.0 | :sz sin(x%) dx

put x> = u = 3x%.dx = du = x*.dx = %du
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1 1. 1 1 3
S0 =|sinu.=.du= =|sinu.du= =(-cosu)+C = —=cos(x°)+C
I 3 3I 3( ) 3 (%)

Type 3

Integral of the functions of the form [[f(x)]™. f"(x)dx
LetI = [[f(x)]™f'(x)dx
Put f(x) =u =f (x)dx = du

. I = [u™du, which can be evaluated.

2
(tan’1 x) dx

L2y j(tan? X)Z o

=0+ :j (1+x2)

1

1+x

Put tan~tx = u = dx = du

2

tan~1 ’
3 an ~ X

2 u ( )
sl=fufdu =2 yc=-V 7/ ¢
I 3 3

Corollary of type 3

Let7 = [[f()]".f (R)dx
Putn =—-1
Then 1 = [[f()]™.f'(R)dx = [ =5 f (x)dx
Put flx) =u = f(x)dx = du

1= j%du loglul + € = log|f(x)|+ C

i.e., if the numerator is the differential coefficient of the denominator, then integral of the function is
logarithm of the denominator.
COS X .
E.g.. i) I=[cotxdx=[——dx=I C
g.. i) I=]cotxdx Isinx x =loglsinx| +

. sin x —sinx
i) 1 =tan xdx=jcosxdx=—j oy

dx =—log|cos x| = log

i‘ =log|sec x| + C
COS X
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2
iii) | =[secxdx=[secx.

secx+tande_Isecx(secx+tanx)dX:Isec X + Sec X tan x

o]

dx

Sec X + tan x Sec X + tan x Sec X + tan x

_Isecxtanx+seczx

dx = log|sec x + tan x| + C
Sec X + tan x

CoS ecx — cot X _J.COSGCZX—COSGCCOtX

iv) 1 =[cosecx dx = [ cos ecx. dx =
COS €cx — cot X COS ecx — Cot X

dx

j—COSGCX COtX——COSECZX

dx = log|cos ecx — cot |+ C
COS X — COt X

Type 4

Integral of the functions of the form [¢[ f (x)] f '(x)dx
Let 1 =[¢[f(x)]f'(x)dx

Put f(x)=u= f'(x)dx=du

~ 1 =[¢(u)du, can be evaluated.

E.g.

1 :Isin(l)c:g X)

dx = [sin(log x).l dx
X
1

Put logx =u = —=dx =du
X

<1 =[sinudu =[sinudu=-cosu+C =-cos(logx)+C

2. jS”:/_\/_dx jsm\/_ \/_

Put&:u:de:du:idx:Zdu

24x Jx

.1 = [sinu2du = 2[sinudu = 2[- cosu]+ C = ~2cos Vx +C
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Type 5

Integral of functions of the form:

ox = = 1tanl(f}rc
X“ +a a a
- —-a
| o = iIogx—+C(or) ERNLELING
x2 _ a2 2a  x+a a x+a
J- dx =i|ogw+c (or)imﬂ C
a? — x? 2a  a—Xx a a—-x

Id—x - Iog‘ X+ X2 +a2‘+C (or) In‘ X+ x2 +a2‘+c (or) sinh‘l(ﬁ}rc
a

ILZ =|09‘X+\/X2 —az‘+C (or) |n‘X+\/x2 —a2‘+C (or) cosh‘l(f}rc
a

X“—a
=2 = sni(X]uc
a2 _x2 a
E.gQ.
dx 1, _4(x
1 1= ==t =|+C 1) of Type 5
I52+x2 g tan (5j+ (1) of Typ
dx dx |x \/_| x—\/§
2. 1= = log +C— Iog (2) of Type 5
x2 _3 Xz_(\/g)Z 2><\/_ |x+\/_| x+\/_
dx 1 3+x 1 3+X
3. 1= = I I +C 3) of Type 5
I32_X2 53095 og=— (3) of Typ
4, I:j%:logwr x2 +52|4+C (4) of Type 5
X“+5
5. |—j dx_ _ dx =log|x + xz—(\/§)2 +C=Iogx+\/x2—3 +C (5) of Type 5
\/X2—3 \/X2 \/52
6. |=IL=sin‘1 Xlic (6) of Type 5
32 _ 2 3
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Method to integral of functions of the form

(). j and (ii) jL. where, the denominator is a non-resolvable quadratic polynomial of x.

ax® +bx+ o vax? +bx+c
b 4ac

2 2
Then we can write the denominator ax? +bx+c = a[(x +£J —b_—z} Then depending on the sign ofb? - 4ac,
4a

the function will take on the forms as in “Type V’.

E.g.
1. |=IZL
2X° +3x+1
2 52 2 o 2 2
Here 2x% +3x+1=2 x+i _3Todxaxd =2 x+E _9-8 =2 x+E (L
2a 4x2° 4 16 4 4
3 1 4x+3-1
dx 1 17 4
L 1=2f 7 5 =2x—rlog———1+C =4xlog =
Tt I
4 4 4 4 4 4
=4xmg4”+2+cz4m ﬂbu4)+c_4m (2x+1) c
4%+ 4 4(x+1) 2(x+1)
2. 'ﬂL
Vx2+2x+3
2 2 2 _4x1x3 2_ s -8 _ 2 _ 5
2X+3= —| - = 1) —— = =
X+ 2%+ {(XJerl L ] (x+1) 2 (x+1)" +2=(x+1) +(\/5)2
~_|:J‘d— log|x +/( x+1 =logx + VX2 +2x+3[+C
(x+1) (\/E)Z
3 ij
V3—4x—2x2
Let 1 =[—

V3—4x—2x2

2 2 B
Let 3—4X—2X2=—(2x2+4x_3)=_2{|:x+ 4 :| 4 4x2x 3}

2fieeaf 252l ) ofcap -3
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+C

1 2 \/5—2(x+1) LC- 1 J5 —2x -2 N
( + ] C_2£I09{£+2X+2J ¢

Chances favour only the mind that are prepared — Louis Pasteur
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