Fnssnl 1 1 FgY ATE "41 / " 16
NOTES PLUS TWO MATHEMATICS

INTEGRALS

INDEFINITE INTEGRAL

n+l1
_[X“dX:X il f 2 2dX=tan_1X+C
n+1 1+x
Jdx=x+C [ 12dx=—cot'1x+C

’ 1+x
Ismxdx =—cosx+C

1
[cosxdx =sinx +C Ixm

[sec® xdx =tanx +C

dx=sec 'x+C

1

1
I—dx=—cosec'x+C
[.2
[cosec?xdx =—cotx+C xVx© -1
*dx =e* +C
[secxtanxdx =secx +C Je &
1
[cosecxcotxdx = —cosecx +C f;dx:log|x|+c
1 - i}
I 2dX=Sll‘l x+C [a*dx = a* . ¢
L% loga

| ] dx=-cos 'x+C
I =m?

INTEGRATION BY SUBSTITUTION

I=[f(x)dx
put x=g(t)
I=[f(g(t))g'(t)dx

[tanxdx =log|secx|+C
[cotxdx =log|sinx|+C g
[secxdx =log|secx + tanx|+C

fcos ecxdx = log |Cos ecx —cot x| +C
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INTEGRATION USING TRIGONOMETRIC

IDENTITIES
sin2x = 2sinXcos X sin2x=2ta—n§
l+tan“x
cos 2x = cos? x —sin? x cos2x =2cos?x -1
2
cos2x =1-2sin’ x cost:ltizX
1+tan“x
3
tan2X:2tL§ t:&1113x:3tanX ta;n s
1-tan“x 1-3tan“x
sin3x = 3sinx —4sin> x cos3x =4cos® x—3cosx

2sinxcosy =sin(x +y)+sin(x —y)

2cos xsiny = sin(x + y) —sin(x —y)
2c0sXCOSy = COS(X +y)+cos(x —y)

2sinxsiny = cos(x —y)—cos(xX +y)

INTEGRALS OF SOME PARTICULAR FUNCTIONS

1 1 X—a
ax=—lo +C
ng—az 2 gX-l-a
j- 21 ng: |a+X+C
8 -X 2a |a ) <
I 21 2dx=ltan'1X+C
X“+a gl a

1 2.2
j‘ﬁd){:log’}ﬁ—\!x - ’+C
x* —a

j—l dx=sin ! 2 +C

g —m” a
1
[—dx = log‘x rix* +a% 4+ C
Vx? +a?
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INTEGRATION BY PARTIAL FRACTIONS

px+q _ A " B
(x—a)(x-b) (x-a) (x-b)

pPx+q A & B
(x-a)’ (x-a) (x-a)’

pX% + QX +T A " B " C
(x-a)(x-b)(x-c) (x-a) (x-b) (x-c)
pPX% 4+ QX +T A N B N e
(x-a)’(x-b) (x-a) (x-a)’ (x-Db)
px? +Qx+T A Bx+C

(X—&)(Xz +bx+c) - (x—a) (x2 +bx+c)
INTEGRATION BY PARTS

JE(x)g(x)dx =f(x)[g(x)dx - [| '(x)[g(x)dx Jix
e*[f(x)+f'(x) |=€*f(x)+C

INTEGRALS OF SOME MORE TYPES

2
[Vx? —a2dx=§\/x2 —B —%log‘x+\/xz —a2‘+C
2
J x° +azdx=§\/x2 +a? -ir‘ri?log|x+\/:x:2 +a’
2
j\/az —x%dx =§\/a2 g +%sin‘1§+c
a

DEFINITE INTEGRAL
DEFINITE INTEGRAL AS THE LIMIT OF A SUM

+C

> Ef(x)dx =(b- a)y_ﬁ%[f(a) +f(a+h)..f(a+(n-1)h)]

—2>0as n—->0

7 xm)
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SOME PROPERTIES OF DEFINITE INTEGRALS

T£(x)ix = [F (x)]' =F (b)~F(a)

a

ljzf(x)dx = 1[sz(t)dt

Ef(x)dx ’ —zf(t)dt

b b

[£(x)dx = [ £(x)dx + [ £(x)dx

Tf(x)dx=})f(a+b—x)dx

if(x)dx=zf(a—x)dx

2ff(x)dx = zf(x)dx + zf(Qa —x)dx
25 f(x)dx = 2?[1'(}{)(;1};, if f(2a-x)=1(x)

E[ f(x)dx =0, if f(2a-x)=-f(x)
j Pz = zzf(x)dx, if f(-x) = {x)

_Taf(x)dx = 2£f(x)dx, if f(-x)=-f(x)
({{ £

FASSAL TUITION - SCIENCETABLET




FASSAL ' Ny AT "NMIATIO® .._=
o PLUS TWO MATHEMATICS \_//JJ

MoODEL QUESTIONS

Question 01:

Find [(2x” +4sinx) dx.
Solution : =5 I x%dx + 4] sinxdx
I= j(2X2 + 4sinx) dx.

= [2x°dx + [4sinxdx + C
Question 02 :

= g1»«;3 —4cosx
3

Find [(5x* +4x° +3x” +2) dx.
Solution :
I= I(5X4 3+ 4x® +3x%° +2) dx.
= j'5x4dx +J'4x3dx+j3xzdx + [2dx
= 5IX4dX+4IX3dX+3_[X2dX +2[dx

5 4 3
X

=52 142 (30 PBx
5 4,493

=x°+x*+x°+38x+C
Question 03:

Find j(QSinQX + 3cos3x + 4sec? 4x + SSec3xtan3x) dx.

Solution :

= j(2$iﬂ2x +3cos3x +4sec? 4x + 33e03xtan3x) dx.

= [2sin2xdx + [ 3cos3xdx + [4sec? 4xdx + [ 3sec3xtan3x dx.

= 2[sin2xdx + 3[ cos3xdx + 4| sec” 4xdx + 3[sec3xtan3x dx.

_ 2(—00232x] - sin3x ) tan 4x .3 sec3x

3 4 3
= —C0S2xX +sin3x + tan4x +sec3x+C

/‘\ - ———— 1]
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Question 04 :

sin? x —cos? x
5 5 dx
xcos? x

Find [—
sin

Solution :
&0 . 2 ]_ 1
I=]811:12X Coixdx :J dX—I.Q ds
sin“ x cos“ x
= |

cos” x sin” x
= [sec”® x dx — [cosec’x dx

sin? x
dx
=tanx-cotx+C

sin? x cos? x
2
Ccos® X
_.[ ) 2 dx
sin“ xcos” x
Question 05:

Find f(l—x)\/; dx.

Solution : | |
~ %32 B %5/2 &
I=[(1-x)vx dx 75
= j‘\/; = X‘\/)_{ d_X 2 2
= [x"2dx - [ xS 3 5
Question 06:
= 6
Find [ X dx.
cos® x
Solution : [~ [tan® x.sec’ x dx
sin® x ;
I=f 5. = Put tanx =t = sec’xdx =dt
cos® X
i
tan’ x e

t?
s T= = —+i0=
7§ (i

-6
sin” X 1
I= ) dx
J cos® x cos?x
Question 07 :

Find [cos™ (sinx) dx.
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NOTES

Solution :
[=[cos™ (sinx) dx

I=[cos™ [cos (g ~ xD dx

Question 08 :
1

/ sin® xcos? x
Solution :
1
I = dx
Isi1:12 X Cos? X
1
2
CcosS“ X
- J' — dx
sin“ x 5
5 COS” X
cos” x
] sec’ x e
tan? xcos? x
2
_ Itt#s“z D
an‘ x
Question 09 :
Find I 2 dx.
1+ cos2x
Solution :
=} =i dx
1+ cos2x
= 2 5 dx
2cos“x

= [sec’x dx =tanx +C

Question 10 :

Find[ X;I-CO.S6X dx.
3x“ +sSin 6x

Put tanx =t

— sec’xdx = dt

[ -

=tanx—-cotx+C

. cos2x =2cos’x -1

—

b
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NOTES

Solution :

X + CcoSs 6x
I=.[ P -
3xX“ +sin 6x
Put 3x? +sinb6x =t

dx

— 6x+6cosb6bx =dt

Question 11:

Find |2 - fsilz X dx.

Solution :

2-3sinx
I =
J cos? x

2
st —
cos? x J

dx

3sinx

5 dx
COS“ X

-

1

(
=

6x + 6 cos 6x)dx

3x2 +sin6x
1ot 1)
6"t 6

glt|+C

élog,‘l%x2 +sin 6x| e

= 2[sec® xdx — 3[secxtanx dx =2tanx —3secx+C

Question 12:

XQ
3

Find j1+
X

dx.

Solution :

2
X
I= dx
I1+X3

Putl+x° =t = xgdx=%

Question 13:

Find [sinxsin2xsin3x dx.
Solution :

I = [sinxsin2xsin3x dx

- [sinx(2sin2xsin3x) dx

=11l gt
3'%

1
=—logt+C
3 g

=%log(1+x3)+C

= %j'sinx(cos (2x - 3x) —cos(2x + 3x)) dx

—
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= %jsinx(cosx —cos 5x) dx

= ij'2sinxcosx dx—ij'2sinxcos Sxdx

= i[sin2xdx —%jsin(x +5x) +sin(x - 5x)dx
= %jsiandx—%jsin6X—sin4de

= —|sin2xdx — — | sin 6xdx —— [ sin 4xdx
L., . d | e [
4 4 4

COoS2X cosbx cos4dx
=— + - +£1C

8 24 16
Question 14 :

Find [e* sinx dx.

Solution : = Ccos X & + [sinx & dx
I=[e**sinx dx 2 2
2x
[=[sinxe® dx = # +%jsin x.e**dx
[=sinx[e* dx _eP.cosx 1,
— jdi(sin R)[e*dx 2 2
X

2 2

e*.sinx e*.cosx 1

e”*sinx 1(e*cosx 1
. eQx eQX I=—2 —5 —_— =1
[=sinx - —j'cosx - dx

2x . = -1
[ = SR —ljcos x.e**dx 2 4 %
2 2 I+lI_e2x.23inx_e2x.cosx
I_ez”‘.sinx_lI 4" 4 4
2 2! §I_ezx231ﬂX—COSX
I = [cosxe™dn 4 4
ox 2x
= cos x| e™dx =5 (2sinx - cos x) O\
d ) 2
— | —(cosx)|e“*dx
- (cosx)f
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Question 15:

Fmdj(X +4)(x2+9) dx.
Solution :
I x” dx

_j(xg+4)(x2+9)

1 x° 112x 208444

2 (x +4)(X +9) (X +4)(X +9)

1 x’+4+%x>+9-9-4 1 (X2+4)+(X2+9)—13
A FTel e
1 (X2 +4)dx 1 (x2 +9)dx 1 13dx
_Ej(x2+4)(x2+9)+§ (x2+4)(x2+9)_§ (X2+4)(X2+9)
:lj dx +lf dx _13J. dx

2 (x2+9 2 (x2+4) 2 (x2+4 (X2+9)

)
=5 rgtan” [3]*%%ta‘”1(§]‘§%f[(le+ 4)‘(x21+9)}1"
)

1
4
= l+£]tan‘ [§]+(l—ﬁjtan‘l[ ]+C
\6 30 3 4 20 2
,
. g 1—3]tan‘1 [E] + [i - E] tan™ (
\30 30 3 20 20
.
(Br(3) (B 3
30 3 20 2

(D (e (3]

a— = ;
X FASSAL TUITION - SCIENCETABLET _Nfu_
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Question 16:

Find [(x —3)vx? +3x—18 dx.

Solution :

I=[(x-3)Vx?+3x-18 dx

Here x—3:Ai(X2+3x—18)+B
dx

x—-3=A(2%+3)+B
x—-3=2Ax+3A+B

On equating the coefficients of x and constant term
1 and 3A+B=-3

2A =

A:

1

— and 3[1)+B=—3 = B=—2
2 2 2

I= j{%(2x+3)—§}\/xz +3x-18 dx

I=%j(2x+3)\/x2+3x—18 dx-%ng +3x-18 dx

1

9

I==1-21,

2

2

I, = [(2x +3)Vx2 +3x - 18 dx
Put x* +3x-18=t = (2x+3)dx=dt

I, = [tV

dt=2
3

2 t2+C, = %(x2 +3xX — 18)3!{2 +C;

L, = [Vx? +3x-18 dx

:IJX2+3X+%—18—Z dx

9

I

X2+3X+§r—]—18~—— dx

9
4

p

e

o

3
X+ =
2

Y (RO

FASSAL TUITION - SCIENCETABLET
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X+
_ 2
2

2x+3
4

Jx?+3x-18 —%log

|
[X+g]+\/xg+3x—18‘+c2

81

Jx?+3x-18 - s log A

+\/X2+3X—18‘+C2

1 9
IZEII —EIQ

_ %(g( 2 13x-18)" +cl]

9(2x+3

81

Jx>+3x-18 - 3 log 2X+3

2
= %(x2 +3X—18)

+x +3X—18‘+C2J

2 C, 9(2x+3)
2. 8
729 (2}{ $+3

Py
16 &2

32 9(2x +3)

x/x2 +3x-18

|
]+\/X2+3X—18‘—%C2

:%(x2+3x—18) Jx? +3x 18

T
26> °

2x+3

|
]+«/x2+3x—18‘+c

Question 17 :

; x?+1
P e e vas) &

Solution :

B x%+1

Sl

x* +1 __A B
(x2+4)(X2+25) " x%+4 x%425

%™ 1 :A(x2 +25)+B(x2+4)

x?+1 = Ax? +25A + Bx? + 4B

/‘\ - ———— 1]
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On equating the coefficients of x and constant term
A+B=1 and 25A+4B=1
B=1-A and 25A+4(1-A)=1

B=1-A and 21A=-3

B=1+

I
~ |00
2
>
I
|
|

1.
7
1. 1 8. 1

= L [E) + tan! [5) +C
14 21 35 S
Question 18:
3x+1
(x+ 1)2 (x+3)
Solution :
3x+1

I:
I(X+1)2(X+3)
3x+1 A B C
. = + =+
(x+1)"(x+3) x+1 (x+1)° x+3
3x+1 =A(x+1)(x+3)+B(x+3)+C(x+1)
3x+1 =Ax* +4Ax+3A+Bx+3B+Cx”* +2Cx+C

On equating the coefficients of x*x and constant term

Find |

A+C=0 , 4A+B+2C=3 , 3A+3B+C=1
=-A , 4A+B-2A=3 , 3A+3B-A=1
=-A , B=3-2A , 2A+3(3-2A)=1
C=-A , B=3-2A , —4A=-8 , A=2
=—2 , B=-1 ; A=2
I=[—d j—dx [—d
x+1 (x + ) x+3
X FASSAL TUITION - SCIENCETABLET ‘ﬂ ”C‘iu__;-
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=2[—d j4dX 2[—d

X+1 ( +1) X+3
=2[—d jgdx 2([—d

X+1 ( U X+3
:210gx+1|—&—210g|x+3|+c

=210gx+1|+L—210g|X+3|+C
X+1

X+1|
x+3| x+1

Question 19

=2log +C

. i tan’ x
Find [7* dx
Jo cot’ x +tan’ x
Solution :
n/2 taﬂ7 X
=) dx (1
O cot’ x+tan’ x (1)
tan’ [g < X)
T'E-"f
I:dz T T dx
cot’| = —x |+tan” (——x)
(5%)#tar’ [
” cot’ x
[=[" dx (2
O tan’x+cot’ x ( )
/ tan’ x /2 cot’ x
2 dx + 7 dx
O cot’x+tan’ x b t,:auf":chot7 X
/2 tan’ x + cot’ x /2
2] = - - - j 1dx =
cot' x+tan' x
Tt
4
Question 20:
J10-x
Find j'2 dx
Nx 4+ J10—x
xXu) FASSAL TUITION - SCIENCETABLET Ljﬂi&-—
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Solution :
= fO-X 4 (1)
Jx +4/10 -x
e \/10 10 - x)
*J(10-x \]10 (10 -x)
Jx
I=[° dx il 2
L J10 —x +x W
J10—x 2 Jx
21 = dx + dx
I2\/_+\/10 X I2\/10—x+\/§
o1- pYEAVIOX (o 814y [k —8-2-6
2 Ix +410-x
1=3
Question 21:
Find [7*V1+sin2x dx
Solution :

I=[7*J1+sin2x dx

[= jg"""‘* \/(sin X + COS X)2 dx

/4 . ; /4
I= jg sinx + cosx dx = [sinx —cosx]g =1

Question 22 :

Find [; x* dx
Solution :

[f(x)dx = (b-a)lim= [f )+f(a+h)+..+f{a+(n-1)h}]

a

e _3-2 1 To)
=

fxax=(a-2)tm[1@) +1{2+ L) tforaon Y]

n—wo N

xn FASSAL TUITION - SCIENCETABLET Ljﬂi&-—
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. Ll 1)
=lm—|2°+|2+—| +
n—o 1l n

+[2+

(n; Uﬂ

_ . 1 ~i1]
=liml 22+[22+[l] +2.2.1J+...+[22 (n ) +2. 2( )
n—wo 1 n n n n

[ 2 2

T (22+..+22)+[[l] +..+[n—_1] }+..+2.2[l+..+n—_1 }

n—w n n n n n )
_ e Wl L {8 . o8 2 4
—iﬁa_4n+?{l +2%+..+(n-1) }+ +E{1+2+...+(n—1)}}
=liml 4n + 1 [n(n-1)(2n-1) n +i n(n-1)

| n? 6 n 2
=1iml 4n+n{(n_1)(2n_1)}+...+{4(n_1)H

n—>oon_ 6
—tim 1 4n+2[1—l)(2—l}+ + 22N

n—w 1 | 6 n n 2
= lim 4+l(1—1)[2—1] +2—g

1’1—)00_ 6 n n n

3 1 |
= lim
n—wo| 6
=4+2+2=£
6 3

Question 23:

X2

Find | 7] dx.
Solution :
X2
1= X4 x* #1 dx.
1 2x°
EIX x4
x?+1
I x* + x? +1

1 22aels 521
= 4 2 dx
2 X -I—X +1
1 1
dx==-1I +—
I 4+x +1 -t =

FASSAL TUITION - SCIENCETABLET
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2
x?+1 (1+i2)
x* X
h=] 4+X ) dm=] dx
> X +1+—5
X X
[1+12) (1+12]
X X
1:.[ 1 dX:I 5 e dx
-2t 12 (x-1]4(48)
X X
1 1
Put x-—=t = [l+—= |[dx=dt
X X
L =] £ ok tan™ L

1
X__
1 —1[ XJ 1 1(X2—1
1 \/5 \/§ \/§ \X\/g
i | l—i\
L =] X dx = | x*) dx
27 )4 2 =
X +x"+1 X2+1+i2
x? X
SR
X X
L=] 1 =| 12 dx
X +2+- 5 +1-2 (X+) _(1)2
X X
1 1
Put ==t = [1——2}1;{:&
X X
b 1
at 1. |t-1] 1 (XJ“X/‘
2=l 7 2B T 2B 1 | 1
-1 [x+— +1
X )
2_
I:lll+ Iz_it 1| X 1+110gx +1-x
2 2/3 xv3 ) 4 Tlx*+1+x

X FASSAL TUITION - SCIENCETABLET
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H oME WORK QUESTIONS
Question :(Imp2017)
Find the following

(a) J.\/ 4x-10 die i 1

e T A R ey Y

Answer :

dx.

(a) 4Vx*>-5x+6 (b) %tan‘lx—%tan‘1§+c

Question :(Imp2017)
Evaluate

/4 1
[ log(1+tanx)dx or [e*dx as the limit of a sum.
0 0

Answer :

e
—log2 , e-1
3 g

Question :(March2017)

Find the following

1 4
a) | —— dx. b) [|x-2|dx
Ol oy (b) Je-2

Answer :

]- 7 7 5
(a) - |logx ~log(1+x")]+C (b) 5
Question :(March2017)
Evaluate

/2 4
[ log(sinx)dx or  [x%dx as the limit of a sum.
0

° 00
=

Answer :

T 64
“T1og2, 22
5 B4 3

/-\\ ,.;:
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Question : (Imp2016)
Find the following

1

(a) [cotxlog(sinx) dx (b) ng ey dx (c) [xe™dx
Answer :

(logsinx)’ 4 e
(a) 5 +C (b) tan™'(x+1)+C (c) 81(9X—1)+C
Question :(March2016)
Find the following
(a) Prove that [cos” xdx = g + smfx +C

(c) Find [xcosx dx.

Answer :

(b} sl =+C (c) xsinx +cosx+C
a

Question :(March2016)

Evaluate

[;log(1+cosx)dx. or [g(x +1)dx. as the limit of a sum

Answer :
a5
-mlog2 , —
nlog 5
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