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INDEFINITE INTEGRALS - PART 2 

 

 

Method to integrate functions of the form dx
cbxax

qpx






2
  or dx

cbxax

qpx






2
 

Here we take the   BDr
dx

d
ANr  .. , where A and B are constants. Find the values of A and B, then it 

becomes any one of the forms of dx
cbxax


2

1
  or dx

cbxax


2

1
 and hence can be integrated. 

E.g.: 



22

2

2 xx

dxx
I  

    2x = Bxx
dx

d
A  )22( 2

 

  BxAx  222  

Taking the coe. of x :  12222  AAA  

Taking the constant terms: 20201220  BBBBA  

   22212  xx  











 dx

xx
dx

xx

x
dx

xx

x

22

2

22

22

22

2

222
  

         



22

222log
2

2

xx

dx
xx 1

2 222log Ixx     …………………. (1) 

 Let 



2221

xx

dx
I  































2

2
2

14

2144

12

2
22 xxx   







 


4

4
)1( 2x =

22 1)1( x  

C
x

x

dx
I 







 



 


1

1
tan.

1)1(

1
1
1

221   Cx   1tan 1
 

In (1) we have   CxxxI   1tan222log 12

 

 

 

 

 

God created the natural numbers, everything else is man’s hard work – Leopold kronecker 
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Method to integrate functions of the form dx
cbxax

xP


2

)(
, where P(x) is a polynomial of degree 2 or 

more. 

 

 Here divide the numerator by the denominator until the degree of the numerator becomes less than that of 

the denominator and then the function is rewritten in the form 
divisor

remainder
quotient and then integrate. 

E.g.: dx
xx

x
I 




432 2

2

 

  2432 22  xxx  

          
22x  

          43  x  

   











 dx

xx

x
I

432

43
2

2
dx

xx

x
x 






432

43
2

2 12 Ix  ……………(1) 

Let dx
xx

x
I 






432

43

2
1  

Now    Bxx
dx

d
Ax  )432(43 2

 

BxAx  )34(43   

Taking the coe. of x :  
4

3
3443  AAA  

Taking the constant terms: 16494
4

9
4

4

3
334  BBBBA  

4

7
749164  BBB  

 








4324

7

432

34

4

3

22
1

xx

dx
dx

xx

x
I 2

2

4

7
432log

4

3
Ixx    ………………….(2) 

Now let 



432 22

xx

dx
I  































2

22
2

24

4243

22

3
2432 xxx













 











16

329

4

3
2

2

x












 











16

23

4

3
2

2

x  

   












 











16

23

4

3
2

2

x






































22

4

23

4

3
2 x  
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 








































22

2

4

23

4

3
2 x

dx
I = 

























22

4

23

4

3
2

1

x

dx
= C

x






















 

4

23

4

3

tan

4

23

1

2

1 1  

  C

x



















 

 

4

23

4

34

tan
23

2 1 C
x








 
 

23

34
tan

23

2 1  

In (2) we have  

       1I  C
x

xx 






 
 

23

34
tan

23

2

4

7
432log

4

3 12  

C
x

xx 






 
 

23

34
tan

232

7
432log

4

3 12  

Substituting in (1) we have, 

     I  C
x

xxx 






 
 

23

34
tan

232

7
432log

4

3
2 12  

 

 

Integration by parts 

 

If u and v are any two functions of x then      







 dxvdxu

dx

d
vdxuuvdx .

 
i.e., integral of the product of two functions =  ndst theofegralfunction 2int1       

                                               functiontheofegralfunctionfirsttheofderivativeofegral nd2intint   

 

  If both functions are integrable, take that function as the first function, which can be finished by repeated 

differentiation and the other function as the second. 

 If the integrand contains one unintegrable function (logarithmic, inverse t-function, etc.), take that function as 

the first function. 

 If the integrand contains only one unintegrable function, then take the unintegrable function as the first 

function and 1 as the second function. 

 If the integrand contains both functions integrable and none can be finished by repeated differentiation, then 

take any one as the first function and other as the second and repeat the rule of integration by parts. 
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 If the integrand is the product of two functions, then their order is determined by the word ILATE. 

1. Inverse circular functions 

2. Logarithmic functions 

3. Algebraic function 

4. Trigonometric function 

5. Exponential function. 

 

 

E.g.: .    

1) I  dxdxx
dx

d
dxxdxxdxx   








 1.)(log1log1.loglog  

     Cxxxxxdxxxdxx
x

xx 1loglog1log..
1

.log  

2) I  dxxex cos     







 dxdxxe

dx

d
dxxe xx cos.cos  

  dxxexe xx
 sin.sin.   

















   dxdxxe
dx

d
dxxexe xxx sin.sin.sin  

   dxxexexe xxx
  cos.cos.sin. dxxexexe xxx

 coscossin  

  I   xex xx
e cossin I      I + I Cxex xx

e  cossin  

       2 I Cxex xx
e  cossin    I = Cxxe x  )cos(sin

2

1
 

3) I  dx
x

x
 2

log
 

 dxxx 2.log     
  dxdxxx

dx

d
dxxx ].log[.log 22

 

  








dx
x

x

x
x

1
.

1

1
.log

11




 dx
xxx

x
1

.
11

.log  dx
xx

x
.

1log

2
 

  C
xx

x


1log
Cx

x
 )1(log

1

 

 

Integrals of the form  dxbxeax sin  (or)  dxbxeax cos
 

 

i) Let    I   dxbxeax sin  

  dxdxbxe
dx

d
dxbxe axax

  








 sin.sin  

dx
b

bx
ae

b

bx
e axax

















 








 


coscos
dxbxe

b

a

b

bxe ax
ax

cos
cos















  

  






























    dxdxbxe

dx

d
dxbxe

b

a

b

bxe axax
ax

coscos
cos
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






























  dx

b

bx
ae

b

bx
e

b

a

b

bxe axax
ax sin

.
sincos

 

 dxbxe
b

a

b

bx
e

b

a

b

bxe axax
ax

sin
sincos

2

2

 

I
b

a

b

bx
e

b

a

b

bxe ax
ax

2

2sincos
  

         I
b

a
I

2

2

  bxe
b

a

b

bxe ax
ax

sin
cos

2
  

 IaIb 22   bxaebxbe axax sincos   

  Iab 22    bxabxbeax sincos   

  I  
 

  Cbxbbxae
ba

ax 


 cossin
1

22
 

 

 

ii) Let    I   dxbxeax cos  

  dxdxbxe
dx

d
dxbxe axax

  








 cos.cos  

dx
b

bx
ae

b

bx
e axax





























sinsin
dxbxe

b

a

b

bxe ax
ax

sin
sin















  

  
















    dxdxbxe
dx

d
dxbxe

b

a

b

bxe axax
ax

sinsin
sin

 
















 








 
  dx

b

bx
ae

b

bx
e

b

a

b

bxe axax
ax cos

.
cossin

 

dxbxe
b

a
bxe

b

a

b

bxe axax
ax

 coscos
sin

2

2

2
 

I
b

a
bxe

b

a

b

bxe ax
ax

2

2

2
cos

sin
  

        I
b

a
I

2

2

  bxe
b

a

b

bxe ax
ax

cos
sin

2
  

     I
ba

b

22

2


 bxaebxbe axax cossin   

               I    Cbxabxbe
b

ba ax 












 
 cossin

2

22
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Integration by partial fractions 

 

Partial fraction is the process of splitting off a single fraction into 2 or more simple fractions. 

 
 The degree of Nr. Is less that of the Dr. 

 

 If the Dr. is a non-repeated linear factors of the form 

           nn

n

n
nn

bxa

A

bxa

A

bxa

A

bxabxabxabxa

qpx













.........

....... 22

2

11

1

332211

 

 

E.g.: i)  
)2x(

B

)1x(

A

)2x()1x(

x








 

 If the Dr. is a repeated linear factors of the form 

       n
n

r
bax

A

bax

A

bax

A

bax

qpx













.........

2

2

1

1  

 

E.g.: i) 
22 )2()2()1()2()1(

12














x

C

x

B

x

A

xx

x
 

 ii) 
323 )1()1()1()1(

3














x

D

x

C

x

B

x

A

xx

x
 

 

 If the Dr. is a non-repeated, non-resolvable quadratic polynomial of the form 

cbxax

BAx

cbxax

qpx










22
 

 

E.g.: i) 
22 )2()1()2()1(

32













x

CBx

x

A

xx

x
 

 ii) 
    1)1(11

1

1

1

223 










 xx

CBx

x

A

xxxx
 

 

 

Problems 

 

1.  I =   )2x()1x(

dxx
 

Let 
)2()1()2()1( 





 x

B

x

A

xx

x
 

   12  xBxAx  

2xput  

   1202  BA    22  BB  
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11)0()21(11  AABAxput  

 
2

2

1

1

)2()1( 







 xxxx

x
 

   1log2log2log21log
2

2
1

1

)2()1(

2









 xxxx

x

dx
dx

x
dx

xx

x
 

     
 

C
x

x







1

2
log

2

 

2. I 
  


 dx

xx

x

12 22

2

 

Let 
  12 22

2

 xx

x

  12 


uu

u
  uxput 2   

 
   1212 





 u

B

u

A

uu

u
 

 

   21  uBuAu  

1uput :     
3

1
3121111  BBBA  

2uput :     
3

2

3

2
3222122 




 AABA  

   1

3

1

2

3

2

12 










uuuu

u
 

 

  
Cuudu

u
du

u
dx

uu

u














  1log

3

1
2log

3

2

1

1

3

1

2

1

3

2

12
 

   
 

C
u

u
CuuCuu 










 

2

2

2

1
log

3

1
2log1log

3

1
2log21log

3

1
 

 
C

x

x







22

2

2

1
log

3

1
   2xbyureplacing  

 

 

Integral of functions of the form  

i. 
 xba

dx

sin
ii.  


.

cossin
.

cos
. dx

xcxba

dx
iii

xba

dx
ii  
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Here put t
x


2
tan

2
22

2

1

2

2
tan1

2

2
sec

2

2

1
.

2
sec

t

dt
dx

x

dt
dx

x

dt
dx

dx

dtx

































   

and 
2

2 1

2

2
tan1

2
tan2

sin
t

t

x

x

x























     and   
2

2

2

2

1

1

2
tan1

2
tan1

cos
t

t

x

x

x

























 . 

Now the given integral is any one of the previous forms and can be evaluated. 

Eg:-  
 xx

dx

x

dx

x

dx

cossin21
,

cos23
,

sin45
, etc 

Evaluate: 

1.  I  



x

dx

cos941
 

      Put t
x


2
tan  ;  

21

2

t

dt
dx


  and  

2

2

1

1
cos

t

t
x




  

I  








2

2

2

1

1
.941

1

2

t

t

t

dt

 







2

22

2

1

)1(9)1(41

1

2

t

tt

t

dt





22 994141

2

tt

dt





5032

2

2t

dt
 

  












32

50
32

2

2t

dt
C

t
C

t

t

dt









































 


5

4
tan

20

1

4

5
tan

4

5

1

16

1

4

516

1 11

2
2

 

(OR) 

I  



x

dx

cos941
 

      

2
tan1

2
tan1

cos
2

2

x

x

xput





   

I  








2
tan1

2
tan1

.941
2

2

x

x

dx
 
























2
tan1

2
tan19

2
tan141

2

22

x

xx

dx

 



                                                                                                                                                              Indefinite Integral Part II 
            Prepared by Remesh Chennessery 

 

 
   

 

HSSLIVE.IN 

dx
x

x

dx
xx

x

xx

dx
x









































50
2

tan32

2
sec

2
tan99

2
tan4141

2
sec

2
tan19

2
tan141

2
tan1

2

2

22

2

22

2

 

dtdx
x

dtdx
x

t
x

put 2
2

sec
2

1

2
sec

2
tan 22 

















  

C
t

C
t

t

dt

t

dt

t

dt
















































 


5

4
tan

20

1

4

5
tan

4

5

1

16

1

4

516

1

32

5032

2

5032

2 11

2
2

22
 

 

 

2. I  



x

dx

sin54
  

      Put t
x


2
tan  ;  

21

2

t

dt
dx


  and  

21

2
sin

t

t
x


  

      






2

2

1

2
.54

1

2

t

t
t

dt

 







2

2

2

1

1014

1

2

t

tt

t

dt





tt

dt

1044

2

2
 




4104

2

2 tt

dt
 

  



252 2 tt

dt
             2t

2
 + 5t + 2 = 2 ])[(

16
16252

4
5 t  

                 



])()[(2

1

2
4
32

4
5t

dt
                          = 2 ])()[( 2

4
32

4
5 t  

  



])()[(2

1

2
4
32

4
5t

dt
C

t

t









4
3

4
5

4
3

4
5

4
3

log
2

1

2

1
 

  C
t

t







354

354
log

3

1
C

t

t







84

24
log

3

1
C

x

x









4
2

tan2

1
2

tan2

log
3

1
 

3.       I 



xx

dx

cossin1
 

      Put t
x


2
tan  ;  

21

2

t

dt
dx


  

21

2
sin

t

t
x


  and  

2

2

1

1
cos

t

t
x




  













2

2

2

2

1

1

1

2
1

1

2

t

t

t

t

t

dt





22 121

2

ttt

dt





t

dt

22

2





t

dt

1
Ct  1log  
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C
x


2
tan1log  

 

Integral of the function of the form: 

        I      dxxfxfex    

     dxexfdxexf xx
 

    
To take the first function check which function is the derivative of the other function.  Here  xf   is the 

derivative of  xf . So   dxexf x  is 1I . 

  dxexfII x
  1  ……………(1) 

Let     dxexfI x
1  

      dxexf
dx

d
dxexf xx      dxexfxfe xx.  

In (1) we have  

       xfedxexfdxexfxfeI xxxx  .  

i.e.,     dxxfxfex    Cxfex  .  

E.g.: 

 

1.     I   dxxxex cossin     xdxexdxe xx cossin   xdxedxex xx cos.sin  

     xdxedxex
dx

d
dxex xxx cossinsin   xdxedxexxe xxx coscossin  

  xdxedxxexe xxx coscossin Cxex  sin  

 

2.     I  dx
xx

e x








  2

11
dx

x
edxe

x

xx
 

2

1
.

1
dx

x
edxe

xdx

d
dxe

x

xxx
  










2

1
.

11
 

 dx
x

edxe
x

e
x

xxx
 

22

1
.

11
dx

x
edx

x
ee

x

xxx
 

22

111
Ce

x

x 
1

 

 

 

Integral of functions of the form    

        I  dx
xdxc

xbxa







cossin

cossin
 

 Here we take the   ... Dr
dx

d
BDrANr   

   xdxc
dx

d
BxdxcAxbxa cossincossincossin   

     xdxcBxdxcA sincoscossin   

 

Taking the coefficient of xsin and xcos , thus obtain the values of A and B and then integrate. The 

following example will illustrate the form. 
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        I  dx
xx

xx







cos5sin4

cos3sin2
 

Here    xx
dx

d
BxxAxx cos5sin4cos5sin4cos3sin2   

             xxBxxAxx sin5cos4cos5sin4cos3sin2   

Taking  the coe. of xsin and xcos  

 

254  BA  ……………… (1) 

345  BA  ……………… (2) 
 5)2(4)1(  

  

82016  BA  

152025  BA      
41

23
2341  AA  

Substituting in (2)   






 











41

235413

4

1

41

23
53

4

1
53

4

1
534 BBABAB  

 

    
41

2

41

8

4

1

41

115123

4

1

















 
 B  

   xxxxxx cos5sin4
41

2
cos5sin4

41

23
cos3sin2   

dx
xx

xx






cos5sin4

cos3sin2
 









 dx

xx

xx
dx

xx

xx

cos5sin4

sin5cos4

41

2

cos5sin4

cos5sin4

41

23
 

  

 



 dx

xx

xx
dx

cos5sin4

sin5cos4

41

2

41

23
 

 



 dx

xx

xx
x

cos5sin4

sin5cos4

41

2

41

23
 

 Cxxx  cos5sin4log
41

2

41

23
  3TypeofCorrolary  

 

 

Integral of functions of the form:  

i. Cxa
x

a

xa
dxxa  


221

2
22

2
sin

2
 

ii. Cxax
a

xa
x

dxxa 
22

2
2222 log

22
 

iii. Caxx
a

ax
x

dxax 
22

2
2222 log

22
 

iv. dxcbxax 2    
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Then we can write the denominator as  

         












 











2

22
2

4

4

2 a

acb

a

b
xacbxax . Now the function becomes one the above three forms and hence 

can be evaluated. 

 

E.g.: 

dxxxI   2223  

    2223 xx   =  322 2  xx =






























2

22

24

3242

22

2
2 x =













 











16

244

2

1
2

2

x  

=
























16

28

2

1
2

2

x =
























4

7

2

1
2

2

x =






































22

2

7

2

1
2 x  

=




































 22

2

1

2

7
2 x  

               I  = dxx 



































 22

2

1

2

7
2 = dxx 






















 22

2

1

2

7
2  

= C

x

x

x






















































































2

7

2

1

sin
2

2

7

2

1

2

7

2

2

1

2 1

2

22

 

= C

x

xx










































 










 


 

2

7

2

12

sin
42

7

2

12

4

7

2

12
2 1

2

 

  =
 

C
xxx























 


 

7

12
sin

8

7

4

127

2

12
2 1

2

 

  = C
xxxx























 


 

7

12
sin

8

7

2

1447

2

12
2 1

2

 

  =
 

C
xxxx























 


 

7

12
sin

8

7

4

446

2

12
2 1

2

 

  =
 

C
xxxx























 


 

7

12
sin

8

7

4

2232

2

12
2 1

2
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  =
 

C
xxxx








 


 

7

12
sin

8

27

4

2232

2

12 1
2

 

  
 

C
xxxx








 


 

7

12
sin

8

27

4

22312 1
2

 

 

(v) To Find  dxcbxax)qpx( 2

    

Here   .2 Bcbxax
dx

d
Aqpx   Now the function becomes one the above forms and hence can be 

evaluated. 

E.g.: 

Evaluate dxxxx  1)1( 2  

Let dxxxxI   1)1( 2  

Here   Bxx
dx

d
Ax  11 2   BxAx  121  

coefficient of x:  
2

1
21  AA  

constant terms:  
2

3
1

2

1
11  BABBA  

 
2

3
12

2

1
1  xx  

dxxxx  1)1( 2  =   







 dxxxx 1

2

3
12

2

1 2  

 =    







 dxxxdxxxx 1

2

3
112

2

1 22 = 21 II   

Let    dxxxxI 112
2

1 2
1   put   dudxxuxx  1212  

    1I  =  duu
2

1
=   1

2
1 1

2

1

3

2

2

1
2
3

CxxCu  

 =   1
2

1
2
3

2

3

1
3

1

3

2

2

1
CxxCu   

Let 2I  =    dxxx 1
2

3 2  

Here 12  xx =
 

































2

22

14

1141

12

1
1 x =













 











4

3

2

1
2

x =

22

2

3

2

1






















x  
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2I  = 






































 dxx

22

2

3

2

1

2

3
 

 = 2

2222

2

3

2

1

2

1
log

2

4

3

2

3

2

1

2

2

1

2

3
Cxxx

x



































































 

 = 2
22

4

3

4

1

2

1
2

2

12
log

8

3

4

3

4

1

2

1
2

2

2

12

2

3
Cxx

x
xx

x


























 

 = 2
22 1

2

12
log

8

3
1

4

12

2

3
Cxx

x
xx

x















 

 =   2
22 1

2

12
log

16

9
112

8

3
Cxx

x
xxx 


  

I  =    1
2 2

3

1
3

1
Cxx   2

22 1
2

12
log

16

9
112

8

3
Cxx

x
xxx 


  

 =    2
3

1
3

1 2 xx   Cxx
x

xxx 


 1
2

12
log

16

9
112

8

3 22 ,  

       where CCandC 21
2

3

2

1
.  


