Indefinite Integral Part II
Prepared by Remesh Chennessery

INDEFINITE INTEGRALS - PART 2

PXT8 dx or [——2220_dx

ax” +bx+c vax? +bx+c

Here we take the Nr.= Axi(Dr.)+ B, where A and B are constants. Find the values of A and B, then it

Method to integrate functions of the form j

dx
1 1 .
becomes any one of the forms of | —————dx or |———————dx and hence can be integrated.
IaX +bx+c J‘\/ax2+bx+c
Eg.:I= zzxi
XS +2X+2

2X = Ai(x2 +2X+2)+B
dx

2x=A(2x+2)+B

Taking the coe. of X! 2=2A=2A=2=A=1

Taking the constant terms: 0=2A+B=2x1+B=0=B+2=0=B=-2
- 2X :1(2x +2)+-2

2X +2 2

dx= dx— | ——— dx
I 2+2x+2 '[x2+2x+2 X2 4+ 2%+ 2
Iog‘x +2x+2‘ 2j—x Iog‘x2+2x+2‘—2I1 ...................... M
2
+2X+2
dx
Let Iy = [ ————
X +2X+2
2
X2 +2X+2= (x+ 2 j st 2 2 —[( 1) } (x+1) +12
2x1 4x1° 4
dx qf x+1
il =[————=1tan ( j+C_tan Yx+1)+C
J.(x+1)2+12 ? 1

In (1) we have | :Iog‘x2 +2x+2‘—2tan_1(x +1)+C

God created the natural numbers, everything else is man’s hard work — Leopold kronecker
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Method to integrate functions of the form j%dx, where P(x) is a polynomial of degree 2 or
ax®™ +bxX+cC

maore.

Here divide the numerator by the denominator until the degree of the numerator becomes less than that of

remainder

the denominator and then the function is rewritten in the form quotient+d_+and then integrate.
IVISOr
2
Eg:il=[—p —dx
2X° +3x+4
x2)2x2 +3x+4(2
2
()2
+3x+4
g I=J{2+Z3X—+4}dx=2x+j23x4+4dx:2x+ll ............... (1)
2X° +3x+4 2xX° +3x+4
2x° +3x+4

Now 3x+4=Adi(2x2 +3x+4)+B
X

3x+4=A(4x+3)+B

Taking the coe. of x: 3=4A=4A=3=> AZ%

Taking the constant terms: 4=3A+ B:>3><%+ B=4:>%+ B=4=9+4B=16

4B=16—9:>4B=7:>B=£

= E24)(—+3dx+zj‘szilog‘2x2+3x+4‘+ZI2 ...................... (2)
4 2x° +3x+4 4° 2xc +3x+4 4 4
2X° +3x+4

2 a2 2 4 2
2x% +3x+4 =2(x+ 3 j _ 3 —4x2xa :2(x+§j _9-3%2 :2[x+§j _-28
2x2 4x 22 4 16 4 16

:(x+%j2 —%ﬂ =2 (x+%)2 +[@]Z

Il
N
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3
X+
|2 =J. dx > :%J‘ de :%X 1 tan_l \/_4 +C
, x+§2+ @ (X+3J @ V23 V23
i 4 4 4 4
4x + 3

=itan_l 4_lic =itan_l(M)+C

s | Ve |7 s

4
In (2) we have

I =%I09‘2x2 +3x+4‘ +%itan_1(4x+3j+c

\23 V23
3 2 7 4 4x+3
=—Iog‘2x +3x+4‘+ tan ( J+C
4 223 v23

Substituting in (1) we have,
o =2x+ % Iog‘Zx2 +3X + 4‘ + ! tan‘1(4x+3J +C

223 J23

Integration by parts

If uand v are any two functions of x then [uvdx=u [ vdx— j[% (u).jvdx} dx

i.e., integral of the product of two functions ==15 function x integral of the 2"% —

integral of (derivative of the first functionxintegralof the 2nd function)

If both functions are integrable, take that function as the first function, which can be finished by repeated

differentiation and the other function as the second.

e If the integrand contains one unintegrable function (logarithmic, inverse t-function, etc.), take that function as
the first function.

e If the integrand contains only one unintegrable function, then take the unintegrable function as the first
function and 1 as the second function.

e Ifthe integrand contains both functions integrable and none can be finished by repeated differentiation, then

take any one as the first function and other as the second and repeat the rule of integration by parts.
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e If the integrand is the product of two functions, then their order is determined by the word ILATE.

1. Inverse circular functions
2. Logarithmic functions

3. Algebraic function

4. Trigonometric function
5. Exponential function.

E.g...
1) 1 =[logx dx=[logx.1dx = Iogxjldx—j{di(logx).jldx}dx
X
=Iogx.x—J'1.x.dx:ongx—J'ldx:ongx—x:x(Iogx—1)+C
X
d
2) | =[e*cosxdx =e*[cosxdx—[|—Ie* ). [cosxdx |dx
)1 Joosxax- | ) Jeosxx
X o X o X o X [ d (x) e
—e .smx—J'e sinx dx =e smx—[e .J'sm xdx—j{&(e ).jsm xdx}dx}
=ex.sinx—[e".—cosx—J'eX.—cosxde=eX sin xwte"cosx—.[eX cosx dx
| =eXsinx+eXcosx—1I = 1+ —eXsinx+e*cosx+C
= 21 =e*sinx+e*cosx+C =1 = %ex(sinx+cosx)+c
3) | =J‘IO% dx =Ilogx.x*2dx =Iogx.fx_zdx—f[di(logx).jx_zdx] dx
X X
—Iogxx—_l—j1 X2 dx—Iogx_—leJ'1 1 dx——loﬂJr.[i dx
- x -1 x o Txx X x2
=—|Oﬂ—l+c =—1(Iogx+1)+C
X X X

Integrals of the form [e® sinbxdx (or) [e® cosbxdx

i) Let | =[esinbxdx
=e™[sinbxdx - [ i(e""x)jsinbxdx X
dx
ax
=eax(_COSij—j aeax[_COSbXJ dx — | & cosbx +E'[eaxcosbxdx
b b b b
e cosbx | a| ax d ( ax
S bl B P J’cosbxdx—j{—(e )J'cosbxdx}dx
b b d

X
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ax . .
__|e coshbx +3 o 2X smbx_I aeax_smbx dx
b b b b

ax . 2
__ e COSbX+EeaXSmbx—a—jea"sinbxdx
b b b p2
e cosbx a axsinbx a?
== ", % -
b b b p2
2 ax
|+ & —_& COSX COSbX+ie""x3inbx
b? b b?
b2l +a%l =—be® cosbx+ ae® sinbx
(b2+a2)l =e®(~bcosbx+ asin bx)
1 )
I = e®(asinbx—bcosbx)+C
ia2+b2i ( )
i) Let | =Ieaxcosbxdx
=eaxjcosbxdx—j i(e""X)J'cosbxdx X
dx
. - aX .:
_ o sin bx _I 202X sin bx dx = e“"sinbx —Ejeaxsinbxdx
b b b b
aX .:
_e7sinbx _a eaxjsin bxdx—j{i(eax)jsin bxdx}dx
b b dx
aX .:
_e%sinbx _a eax(_CObej—j{aeaX._COSbX}dx
b b b b
aX a; 2
=Lmbx+ieaxcosbx—a—jeaxcosbxdx
b b? b?
ax . 2
LY SlnbX+ie""xcosbx—a—l
b b2 b?
2 ax .
1+2 =Lmbx+ieaxcosbx
b? b b2
b2
> | =be®* sin bx + ae®* cosbx
a‘+b

2, 12
ol ={a +2b }eax(bsinbx+acosbx)+c
b
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Integration by partial fractions

Partial fraction is the process of splitting off a single fraction into 2 or more simple fractions.

» The degree of Nr. Is less that of the Dr.

> If the Dr. is a non-repeated linear factors of the form

PX+g ., . P,
(agx+ by )(@ox + by )(agx +bg).....(agx + by )" (@ax+by)  (azx+by) (anx+by)
Eg: i) X A B

x-D) (x-2)  (x-1)  (x-2)

> If the Dr. is a repeated linear factors of the form

pX+4 = Al + AZ +oien +L
(ax+b)"  (ax+b) (ax+b)? (ax+b)"
Eq. X1 A B C
T x+) (x=2)2 (x+D) (x=2)  (x—2)2
iy _X*t3 _A_ B C D

X D? X D) (D2 (x11)

> If the Dr. is a non-repeated, non-resolvable quadratic polynomial of the form
px+q  AX+B

ax? +bx+c ax® +bx+c

o 2X+3 A Bx+C
Eg.: i = +
x+D) (x2+2) (X+1)  (x+2)?
i) 1 1 A Bx+C

Bl (x+1)(x2 —x+1): (x+1) ’ (xz —x+1)

Problems

|- X dx
T x-D(x-2)

et X A B
(x=D) (x-2) (x-1) (x-2)

x=A(x—2)+B(x-1)

L

put x=2

2=A0)+B(2-1) = 2=B=B=2
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put x=1=1=A(l-2)+B0)=>1=-A= A=-1

S
(x-1)(x-2) x-1 x-2
X 1 dx )
fmdx =— X—_ldx+2_|'—x_2:—Iog|x—]j+2Iog|x—2|:|og‘(x_2) ‘—Iog|x—]4
2
=|Og(x_2) +C
x—-1
2
X
2 L= dx
Let i = : putxz—u
(xz + 2)(x2 _1) (u+2)(u-1)
u A B

u=Au-1)+B(u+2)

putu=1: 1=A(1—1)+B(1+2):>1=SB:>B:%
putu=—2: —2:A(—2—1)+B(—2+2):>—2=—3A:>A:_—2=§

-2 1
_ u _ 3 .3
Tu+2)u-1) u+2 u-1

u -2: 1 1,1 -2 1

S| 0V—m——— = —_ =—| 2 —I -
j(u+2)(u—)dx 3 _du+2 u+3j—du_1u 3 oglu + |+3og|u 1+cC
1 1 2 1 u-1
==|loglu -1 - 2logu + 2 +C:—[Iogu— —Iog‘u+2 H+C=—Iog +C
sliody 1 -2iog + 2} = iogu 3 -togfu-+2F ] rcJog =0,
1 x% —1 . 5
=—Iog—2 +C [replacmgu by x J
3 (x2+2)

Integral of functions of the form (enly for IS¢ students)

i j—dx i i, j—dx dx

_ iii. - dx.
a+bsin x a+bcosx J'a+bsm X+CCOSX
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Here put tangzt:secz[g}%=%:>dx=2—dt:>dx:2—dt:dx=it2
X secz(XJ 1+tan2(xj 1+t
2 2
2tan@j ot 1—tan2@j 1_t2
and sin x = =—— and cosx = == 5
1+tan2(xj 1+t 1+tan2(xj 1+t
2 2

Now the given integral is any one of the previous forms and can be evaluated.

Eg:- | X | o | _OX , etc
5+4sin x 3+2cosx 1+ 2sin X+ cosx
Evaluate:
1. 1 :IL
41+ 9cosx
X 20t 1-t2
Put tan==t ; dx= 5 and cosx = 5
2 1+t 1+t
2dt 2dt
=] 1+t - 1+12 - 2dt | 2dt
41+91—t2 411+t2) +9(1-t?) °41+41% +9-9t> 7322 +50
1+t2 1+t2
:J’z—dtzi inxitan_1 i3 +C=itan_1(ﬂ]+C
3t2+@ 16 9 52 16 S B 20 5
32 Cry 4 4
(OR)
_J- dx
41+9cosx
1—tan25
put cosx = )2(
1+tan2—
2
. dx dx
o :J’ X :j - -
1-tan“— 41[1+tan )+9[1—tan j
41+9.7)2( 2 2
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(14— tan2 ;jdx SECZ 1 SECZ 1
—j =j < 2 de: —dex
4][1+tan2 ;)+9(1—tan2 )z(j 41+ 41tan25+9—9tan2E 32tan2§+50

puttanE:t:>sec2 X ><£dx=dt:>sec2 X dx = 2dt
2 2) 2 2

j j at _1, dt I T JLl GO ‘{ﬂjw
32tz+50 32 @ 16 ) 52 16 § § 20 5
T3 t +( j 4 4
2 :J’L
4 +5sin X
Put tanizt; dx= 2dt2 and sinx= 2t2
2 1+t 1+t
2dt 2dt
- 1+t 1+t2 2dt - 2dt
445 2t 4(g+t !+10t 4+4t2+10t 4% +10t+ 4
2
1+t 1+t2
= 20 +5t+2 =2 [(t+3)* - 2528
2t% 45t +2
_ =2[t+2)?-(3)%]
I(t+ 2-(7 v
t+2-3
:_I 12_(3)2 =3 l3|og| 5 ;"|+C
[t+2) ( 2] 2 2x3 ‘t+z+z‘
2tanx 1
1. |4t+5-3 1. |4t+2 1 o7
=3 0 4—+C=— g +C == log . +C
t+5+3 3 4t +8 3 otant 4+ 4
2
3 ,ZI_L
1+sin X + cosXx
2
Put tanlzt; dx = 2dt2 sin X = th and cosx=1 t2
2 1+t 1+t 1+t
2dt
2
:I 1+t . :J- g 2dt g :J- 2dt ZJ. dt ~loglL+t]+C
2t 1-t 1+t° +2t+1-t 2+2t "1+t
1+ 2+ 7
1+t 1+t
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=log +C

1+tan5
2

Integral of the function of the form:
I —jex[f '(x)]dx
=[f(x) de+ff x)e*dx
To take the first function check which function is the derivative of the other function. Here f'(x) is the
derivative of f(x). So [ f(x)e*dx is Iy,

.-.|=|1+jf JeXdx L.l (1)
Let i =] f(x)e*dx
d
=f(x)jexdx—j&[f | e*dx =e.f(x)- [ f'(x)e*dx
In (1) we have
L =eX f(x)- [ F/(x)eXdx+ [ f/(x)e*dx=e*f (x)

e, [eX[f(x)+ f'(x)dx=e*.f(x)+C

E.g.

1. 1 =[e*(sinx+cosx)dx = [e*sin xdx+[e* cosxdx = [sin xedx+[e* cosxdx
. d . .
=sin xj’exdx—j&(sm x)[ e*dx+[e* cosxdx =sin xe* — [cosxe*dx+ [e* cosxdx

=sin xe* —J'ex cosxdx+J'eX cosxdx =e*sinx+C

2. 1 :jex(%——jdx—j eXdx—[e* —dx_—J'ede J' (1jjexdx fe* —dx

X X
:lex—j eXdx — je —dx=—e +jexidx—jexidx=lex+c
X X X X2 X2 X

Integral of functions of the form (only for IS¢ students)

asin x+bcosx
j dx
csin X + d cosx

Here we take the Nr.=AxDr.+Bx di(Dr.)
X

asin x +bcosx= Ax (csin x +d cosx) + Bxdi(csin x +d cosx)
X

= A(csin x +d cosx) + B(ccosx — d sin x)

Taking the coefficient of sin xand cosx, thus obtain the values of Aand B and then integrate. The
following example will illustrate the form.
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2sin X + 3¢cosXx
4sin X +5co0sx

| = dx

J

Here 2sin x +3cosx= Ax (4sin x +5c0s )+ Bxdi(4sin X +5C0sX)
X

2sin x + 3cosx= A(4sin x + 5cosx) + B(4 cosx — 5sin x)

Taking the coe. of sin xand cosx

AA-5B=2 .......ccceeonn... (1)
BA+4B=3 ... )
D) x4+(2)x5=
16A—20B=8
25A+20B =15 :>41A=23:>A=i—i
Substituting in (2) 4|3=3—5A:>|3=1(3—5A):>B:1 3_5x 23| go1[3x41-5x23
4 4 41 4 41
1(123-115) 1(8) 2
38:— _— = e — | = —
4\ 41 4\41) 41

2sin x+3005x=£21—i(4sin X +5C08X) + 431(4sin X +5C0sX)

2sin X +3c0sX
4sin X 4+ 5c0s X

_ 23 4sin X +5cC0sX
41° 4sin x +5c0sx

f

2 +4cosx—5sin x

— - dx
417 4sin X +5cosx

_ 23 2 4cosx—53inxdx
41 417 4sin x +5c0sx
23 2 4cosx—5sin x

=—x+—J'_—dx
41 417 4sin x+5cosx
23 2 .

== x+——log/4sin x +5cosX|+C
41 41

Integral of functions of the form:
2
a?sin_liwtg\/az ~-x?+C
a

i.j a?—x2dx =

2

y X a

i. | a? +x%dx = E\/a2+x2 +7Iog x+va? +x2
2

X a

i | xz—azdx=5 x> —a —7I0g x+x% —a?

iv. Hax2 + bx+c dx
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Then we can write the denominator as

b jz _b2 —4ac

ax2+bx+c=a(x+— 5
4a

5 ] . Now the function becomes one the above three forms and hence
a

can be evaluated.

E.g.

|=j,/3—2x—2x2 dx

2 52 B 2
3-2x—2x° :—(2x2+2x—3):—2 (x+ 2 j _20=4x2x3 =-2 (x+1j _4+24
2%x2 4x 22 2 16

o G e o O R Cal

I ={ |2 [gjz_( +1j d :\/Ej\/(gf—(x%f dx
=2 X+; YAl 1)? (\/27]2 - 5
=42 > \/[7J —[X-ﬁ-Ej + > sin ﬁz +C

2
5 2x+1
-2 2x2+1 {2_(2x2+1) +2>7<4sin_1 \/27 iC
2

2
_ 5l 2x+1 17— (2x+1) (2410, o
2 4 8 J7
— 2_ —_—
=\/§{2x+1 7 —4x% — 4x 1+%Sin1(2x+1j}+c

2 2

2
(2x+1) V6—4x= —4x Tny( 2410, o
2 4 8

\/7
2
-/ (2x+1) v24/3—2x - 2x +%sin1(zx+lJ}+C

2 4 J7
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_ (2x+1) 293-2x-2x° 7[ ( +J o

2 4 J7
(2x +1N3—2x — 2x2 . NE . ( j
4

(v) To Find J.(px+q)\/ax2 +bx +c dx

Here px+q=Adi(ax2 +bx+c)+ B. Now the function becomes one the above forms and hence can be
X

evaluated.

E.g.

Evaluate [(x+1) x2 —x+1 dx
Let 1=[(x+1) x2 —x+1 dx

Here x+1= Adi(x2 —x+1)+ B = x+1=A(2x-1)+B

X
coefficient of x: 1=2A= AZ%

. 1 3
constant terms: 1=_A+B:>B=A+1:>B=§+1=§

x+1=%(2x—1)+—

(X+D)Vx“—x+1dx = 2x 1) 3 x2 —x+1dx
Jor floxveg
= J'B(Zx—lh/xz—xﬂ dx+gj'\/x2—x+1}dx:|1+|2

Let Ilzéj'(Zx IN X2 =x+1 dx put x? —x+1=u=(2x—1)dx=du
1 1 2 3 1./
|1 :EI\/U dU:EX§U2+C1=EI X2—X+1 +C1
1.2 3 1 >
:Exgu2 +C1:§(x2—x+1)5+cl

Let 1, :SH\/xz—xﬂdx

™ 1 (e R R
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2
_3 1 (V3
I, == X==| +|—| |dx
2 2 2
1 3
X—= 2 2 = 2 2
=3 2 x—l +—3 +Alogx—l+ x—l +£ +C,
2| 2 2 2 2 2 2
2x-1 |
=31 2 \/x —2><x><1+1+§ 3I092X —1 \/x2—2><x><1+1+§ +C,
2| 2 2 4 4 8 2 4 4
=3 2x-1 X2 —x+1+> Iogzx 1 x2 —x+1 +C,
2 8
zg(Zx—lh/xz—x+1+l—96logzx_1+ x2 —x+1|+C,
_1( 2 3 > 9., |2x-1 5
S =X = x+1P +C + = (2x—IN X —x+1+—lo +VX-—x+1+C
S0 -x1facp S 2 log :
=—(x —x+1y Z(2x-1x —x+1+—|ogzx_1+ X2 —x+1/+C,
16
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where %Cl and gcz =C.



