Remesh's Maths Coaching [Appliactions of Definte Integrals]

APPLICATIONS OF DEFINITE INTEGRALS
First area:

The area enclosed between the curve y = f (x) the X axis and the ordinates at Xx=a and x=Db is

XIbydx 1Y

X=a

X

Second area: 0

The area enclosed between the curve X = f (y) the y axis

y=b
and the ordinatesat y=a and y =D is I xdy
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Third area:

If f (x) >0, fora<x<cand f (X) <0, for c < x<b, then the area enclosed between the curve

y=f(x), the X axis and the ordinates at x=a and x=b is

XIC f(x)dx+ XJ:b f (x)dx

/‘/

Fourth area:

The area enclosed between the curves y = f, (x) y = f,(x), the x axis and the ordinates at X =a

x=b

and x=b is J'[fz(x)—fl(x)]dx.

X=a
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Questions:

1. Find the area of the region bounded by the curve y* = x and the lines x = 1, x = 4 and the x-axis.

Y A

A

D d¢ C

'
'
'
'
'
'
'
]
'
]
]
'
'
'
'
'

’<-- ===
]
-
o)
-

v? £

x=4
Area of ABCD = _[ y dx

x=1

= T«/; dx
x=1

o 370 o[ 2 27 2 2 14 :
:§|: 2j| =§|:42 _12}25(23_1)=§(7):€ Sq units.
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2. Find the area of the region bounded by y? = 9x, x = 2, x = 4 and the x-axis in the first quadrant.

\’A ‘ :

D

‘A

X
Y A it =7 * x=4
x=4
Area of ABCD = _[ y dx
x=2
x=4
= .[ 3\& dx
x=2

=3x§[x2}4 =2{42 —23} =2[23_(\/§)3}

2

- 2[8—2\/5] :(16—4\/5) 5. units

3. Find the area of the region bounded by x* = 4y, y = 2, y = 4 and the y-axis in the first quadrant.

v

y=4
Area of ABCD = j x dy

y=2
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y=4
= [ 2y dy
y=2

[
w| s

ool.h

= 8 2\/_} [32 84_] sq units.

2 2

y

4. Find the area of the region bounded by the ellipse :—6 +—=1.

. . . X
The given equation of the elllpseE +

A

- D W A

y

B (0, 3)

dy

2

’\(4 0) LR

-5 43510

It can be observed that the ellipse is symmetrical about x-axis and y-axis.
-~ Area bounded by ellipse = 4 x Area of OAB

x=4
Area =4x J- y dx

x=0

234

=4x— .[\/16 x% dx

- 3{%«/16—% +%sin1(§ﬂ

5 "

4

0

=3[ 0+8sin*(1)—{0+0} |

= 24x% =127 sq. units.

y

=1 can be represented as

9
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2 2
. . . X
5. Find the area of the region bounded by the ellipse Z +yg =1
A
5»
4r L
3'8(0.3)
2.
e
X' dy A(2.0) X
- — —
T, —I‘IJ e 3 4 S
2%
Al
4
.
%

X=2
Area =4x J' y dx

=0

3t X
=4><EJ’x/22—x2 dx ||y_=1——
0
2
= 6{2«/4—% +gsinl (gﬂ

=6/ 0+2sin"*(1)-{0+0} |

0

= 12x% =67 sg. units.

6. Find the area of the region in the first quadrant enclosed by x-axis, line X = \/§y and the circle
X +y’ =4,
Yy x={3

x=ty-=4

AWG 1)

0 B
X' c X

4

y'
The point of intersection of the line and the circle in the first quadrant is (\/§1)

Area of the shaded portion = Area AOCA + Area ACB
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= [ (y of line) dx+J' y of circle)dx
B

% +Iﬁdx

< [ty

@_o +[0+25in1(1){§ 22(J§)2+2_223”‘{£JH
_2 _{«/_\/‘ 1 2% _}

B 2z _ 2% 3-27r =z

- =g-= = = sq.units
2 3 3 3 3
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(JO

&lr
N

-

N%sw leaﬁ

7. Find the area of the smaller part of the circle x* + y* = a? cut

off by the line X = %

The area of the smaller part of the circle, x* + y* = a2, cut off by the

. a ]
line Xx=—=, is the area ABCDA.

N

el

Area ABCD = 2 x Area ABCA \J

' %\w—-m

=2| Z4a’*-x? +—S|n {iﬂ
a a

%)
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8. The area between x = y? and x = 4 is divided into two equal parts by the line x = a, find the value
of a.

The line, x = a, divides the area bounded by the parabola and x = 4 into two equal parts.

~ Area OAD = Area ABCD

Ya

SPERTR ¢, SRS,

“A

,.
)

y' v

x=4

It can be observed that the given area is symmetrical about x-axis.
= Area OED = Area EFCD

i\/;dx:j‘.\/;dx

0 a

9. Find the area of the region bounded by the parabola and y = x* and y =|X|.

The given area is symmetrical about y-axis.

Y=X". (1) is an upward parabola.
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Substituting y =|X| in (1)
=[x
X*=x*=x*-x*=0
:xz(xz—l):o
=x=0o0r x=%1

The point of intersection of parabola, y =x*, and line, y =|x|, is A (1, 1).

Y xt=)
A
y=|x
B A
X' D C : X
.00 M
vV

- Required aea :zﬁ(|x|_x2)dx} ZE(x—xz)dx}

m 2 3t 2 43
o XX L L,
2 2 3

10. Find the area bounded by the curve x* = 4y and the line x = 4y — 2

The area bounded by the curve, x* = 4y, and line, x = 4y — 2, is represented by the shaded area OBAO.
Let the curves be x> =4y.......... (D) and x=4y—2 ....... )

Solving, we have: x+2=4y

Sub. in (1), X* =x+2=x*-x-2=0=>(x-2)(x+1)=0

=>x=2and x=-1

when x =2, 2+2=4y:>y:%=1

when x =-1, —1+2:4y:y=%
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. co-ordinates of A and B are: (—1, %j and (2,1)

‘Y X 4
S
r4
3
(0, L)[? Zay fov2
{—l. I). 2C,l ‘ '
b SO i 4 7 e Z M, R
- -—2L_1912.34i
24
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2

-1
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w

11. Find the area of the region bounded by the curve y? = 4x and the line x = 3

The region bounded by the parabola, y2 = 4x, and the line, x = 3, is the area OACO.
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Y,

3 3 3P
. The required =2><Ide=2‘[2\/§dx=4Ex2}
0 0

0

3 3

- 4x§{ 2}: =§{32 —o} - §[(\/§)3} - gx3ﬁ=8J§ sq.units

12. Area lying in the first quadrant and bounded by the circle xX* + y* = 4 and the lines x=0 and x=2 is

A 1 T B. LN o} T D

2 3 4
The area bounded by the circle and the lines, x = 0 and x = 2, in the first quadrant is represented as

x=0 ¥=2

y'

2 2 2
. The required = NZZ —x% dx= {2«/22 —x2 +%Sin1(ﬁﬂ
0 0

2
=[0+2sin™(1)-(0+0) ]
= 2x% = 77 Sq. units.
Ans: (A)

13. Area of the region bounded by the curve y? = 4x, y-axis and the line y = 3 is

9 9 9
A.2 B. 4 C. 3 D. 2
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The area bounded by the curve, y* = 4x, y-axis, and y = 3 is represented as

3 3 yZ 1 y3 3
Area of the shaded region = dey = ITdy = —[—}
0 0

1 1 9 .
- E(33 —03) = E(Z?) =2 sg.units.
Ans: B.
Exercise 8.2

1. Find the area of the circle 4x* + 4y* = 9 which is interior to the parabola x* = 4y

4x? +4y2 =9, (@ is a circle passing through the origin and having radius E units and
X“=4y . (2) is an upward parabola.
In (1), we have, 4(4y)+4y* =9=4y*+16y-9=0

4y* +18y -2y -9=0=2y(2y+9)-1(2y+9)=0
(2y+9)(2y-1)=0=2y+9=0 or 2y-1=0

y= % or yoL
2 2
9 1
But Yy =—— is inadmissible. " y =—
y > is inadmissible. [y >

When y:%, x2:4(%j=2:>x=i\/§

.. the points of intersection of the circle and parabola are (\/5 , %) and (—\/5 , %) .
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=2 ﬁ g—2+gsin‘{2\/_J L
2 \4 8 3 4
:Z_Q—i+gm ‘{ZIJ
4 12 8
P ECRETN [&H
_12 12 8 3
1\ e. L (2B)] 2
=2x= ?+Zsm 2 <"

(x-1)

X4yt =

From (2), y? =1-x°

22

|

3

2. Find the area bounded by curves (x— 1)* +y*=1and x* +y2=1

(@ is a circle passing having centre (1,0) and radius 1 unit and

(2) is a circle passing through the origin and having radius 1 unit.
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Sub. in (1), we have, (x—l)2 +1-x*=1=x*-2x+1+1-x*=1

—2x:0—1:>x:1
2

2
1 . 2 1 1 3 3
o 2 n@). ¥y [2) 4 4 y 2
.. the points of intersection of the circles are L%g] and (%—?J

(x-1)2 4 )2 = 1

S e

\)

1
2 1
- the required area = 2><.|.4/1—(x—1)2dx +ZI\/1— X2 dx
0 1
2

1

(xz—l)er%Sinl(x1)}5+2B\/17+%sinlxl
1_ 2

e

+ 2{0+%sin‘11—{%\/1‘7%+%3m_1 GJH
1) 1

=2x

:2)(

R
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—o Y2~ S L

|7z 2B [z B
2 6 8 3 4
= {2—” —ﬁ} sq. units
3 2

when x=0, y=0
when x=3, y=3+2=11

And Y =X .o (2) is an identity function.

when x=0, y=0
when x=3, y=3

_ 3_22(3)_@_ ]—9+6§

:15—22H:—13q. units
2 2 2

4. Using integration finds the area of the region bounded by the triangle whose vertices are (-1, 0),
(1, 3)and (3, 2).
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Equation of line segment AB is Hl_y=0_ x+l y_, y=>(x+1)
+1 3-0 2 3
Equation of line segment BC is x=1_ y_3:> x-1_y- =y-3=—2(x-1)
3-1 2-3 2 -1
1 1
:>y_—5( —1)+3:—§(x—1)+— [-x+1+6]==(7-x)
Equation of line segment AC is fl_y-=0_ x+1_y y l(x+1)
3+1 2-0 4 2

1 3 3
Area of AABC:j(y of AB)dx+_[(y of BC)dx+I(y of AC)dx

-1 1 -1

.L'—-H
N w

3
(x+1) dx+j—— (7—x)dx— j; x+1)d
-1

B% ' x? NG
—+X +— 7x—— —
| 2 -1 2 2 -1

o (2 o i { o)
Aot

=§ 1+1—1+1 +l Zl—g—7+1 1 9+3_1+1
212 2 2 2 2] 22 2

Il
N | W

N W

N |~
1
+

:g[z]+%[14—4]—%[4+4]

=3+5-4=4 sq. units.
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5. Using integration find the area of the triangular region whose sides have the equations y = 2x +1,

y=3x+1landx=4.

On solving these equations, we obtain the vertices of triangle as: A
A0, 1), B(4, 13), and C (4, 9). B(4.13)

4
Area of AABC = [(y of AB-y of AC)dx
0

[ (3x+1)—(2x+1) |dx

:%—0:8 sg. units

6. Smaller area enclosed by the circle X’ + y* = 4 and the line x + y = 2 is
A2(m-2) Bnu-2 C.2n-1 D.2 (n+2)

The smaller area enclosed by the circle, x¥* + y? = 4, and the line, x + y = 2, is represented by the
shaded area ACBA as

.
-

Y.V

2
The required area =I[ 27 —x* —( —X)de
0

r 2 2 7P
- X 22—x2+2—sin’l X oxs X
2 2 2 2

—2x % 442
2

=(7—2)sq. units.  Thus, the correct answer is B.
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7. Area lying between the curve y* = 4x and y = 2x is
A E B. 1 C. 1 D. E
3 3 4 4

The area lying between the curve, y* = 4x and y = 2x, is represented by the shaded area OBAO as

s Pea = 2
A(L2)
X' 0 Blox
h (0,0) g
(1.0)

The points of intersection of these curves are O (0, 0) and A (1, 2).

We draw AC perpendicular to x-axis such that the coordinates of C are (1, 0).

= Required area = j(Zx - 2\/;) dx
0

2 3T

={ X——ZXEXZ}
2 3

. :3__4:‘__1=lsq.units
3 3 3| 3

Thus, the correct answer is B.
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