Remesh's Mathematics [ |

DEFINITE INTEGRALS

Let F(x) be the anti-derivative or primitive of a function f(x) defined on the closed interval [a , b], then

b
integral of the function f(x) over [a ,b] is denoted by | f(x)dx and is defined as F(b)—F(a). ie.,
a

b
[ f(x)dx=F(b)—F(a). Here aand b are called limits of integration; a is called lower limit and b is called upper
a

limit. The intervals [a,b] is called the interval of integration.

Notel: F(b)-F(a)= [F(X)]g

b
Note2: [ f (X)dx read as “integral ato b, f (X) or “the integral of f (X) fromato b.
a

Note3: To evaluate definite integral, there is no need to keep the constant of integration.

Y
e.g.. [sinxdx = [—cosx](T)c =—-cost——C0s0=—(-1)+1=1+1=2
0

Definite integral as the limit of a sum.

Let f(x)is a continuous function of x in the closed interval [a,b]. Then the definite integral of f (x)
between a and b is defined as:

b _ _
J f(x)dx = lim h[f(a)+ f(a+h)+ f(a+2h)+..+ f(a+n—1h)],where h=2=2 ~nh=b-a
a h—0 n

2
Eg.: j(x +1)dx
1

2-1

Here a=1,b=2 and h= :l =nh=1
n n
: d
1 = _
{(X+ )dx ATO h[2+(2+h)+(2+2h)+....+(2+n 1h)}

= lim h[(2+2+2+... ton terms+(h+2h+...+nT]hﬂ
h—0

= lim h[(2+2+2+... ton terms+h(1+2+...+n_—lﬂ
h—0
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0 (n-1)n ) (n-1)nh
=lim h|2n+hx——|=lim h|2n+—————
h—0 2 h—0 2

h—0 2 h—0 h—0

= lim h_2n+(”_—l)ﬂ: lim [2nh+@}= lim {2x1+@}:2+1—

Definite Integrals by Substitution

Integral of the function of the forms f (u), where u=¢(x).

e  Substitute and reduce the given integral to a known form.
¢ Change the limits of integration.
e Find the integral of the new function w.r.t the new variable.

e Evaluate the function with new limits

/2
Eg: | =] L‘”; dx
0 1+sin“x
sinx=u
cos xdx =du

when x=0,u=sin0=0

when x=2 u=sinZ=1

2 2
/2
0 1+sin“x
1 1
=J dU2 dx=|:tan—1u:| :tan_l(l)—tan_l(o) ZE—O:E
0l1+u 0 1 2

Properties of Definite Integral.

Property 0 or [PJ

b b
A definite integral does not depend on the variable of integration. i.e., | f(x)dx = [ f(y)dy
a a

For HSSLIVE.IN |

Page9 8



Remesh’'s Mathematics [
Proof. LHS :? Fdx = [FOL =FB)-F@) ooooorrren 1)
a
b
RHS =] (Y =[FW)L=Fb)~F@) cccvvrvrrrrreen 2)
a

From (1) & (2), hence verified.

Property 1 or [Pl] :

The sign of a definite integral is changed when its limits are interchanged.

b a
ie, [ f(x)dx = -] f(x)dx
a b

LHS:? f()dx =[F(x)]8 =F(b) = F@@) ~.ccoon..... 1)
a

RHS = _zf(x)dx:_[F(x)]g =-[F(@@) - FO)] oo ()

From (1) and (2) hence verified.

Property 2 or [Pz ] :

b c b
JF(xX)dx = [ f(x)dx+ | f(x)dx
a a c

LHS=Tf(x)dX = F(b) - f(a)
c b
Now, [f(x)dx = F(c) - f(a) and [f(x)dx = F(b) - f(c)

b
RHS = [ f (x)c + ?F(x)dx =F(c)-F(a)+F(b)-F(c)=F(b)-F(a)=| f (x)dx
a c a

. LHS=RHS
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3
I =[|x—2/dx
0
put x—-2=0=x=2

2 3
|[x—2dx + [|x—2|dx [P2]
2

—(x—=2)dx +?(x—2)dx

2 3
2 2
= —X—+2x + X——2x
2 2
L 0 2

=]
0

2

=]
0

o

9 9 9- 5
) =2+—-6+2=—-2= =—
E.g. 2 2 2

N ‘

Property 3 or [Pg] :

b b
[ f(x)dx=[ f(a+b—-x)dx
a a

b
RHS = [ f(a+b—x)dx
a

Put a+b—-x=t= —-dx=dt = dx=—dt
When x=a,t=a+b—-a=b
When x=b,t=a+b-b=a

“RHS=] f(1) (—dt)z? f(t)dt=?f(x)dx= LHS [P.]

b a a

E.g.:

| ? L g M)

=] ——dX e
%1+»\/tanx

b b

We have [ f(x)dx=[ f (a+b—x)dx
a a
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I %)

x 1+ a\/cotx

@ + (2), wehave

2l ? 1 4 ? 1 4
= X+ [ ———dx
%1+\/tanx %1+\/cotx
31 1 31 1
£1+\/tanx 1+\/cotx] £z1+a\/tanx 14 1L
tan x
_% 1 N 1 dx—% 1 N JJtan
x 1++ftanx  Jtanx +1 z 1++tanx 1++/tanx
Jtanx
3144 3 x
:I w dXZIldXZ[X]Ts[
z 1+\/tanx x 5
_A_m_T
2|_3 6 6
| =
12

Property 4 or [P4 ]:

a a
[ f(x)dx = [ f(a—x)dx
0 0

a
RHS = | f (a—x)dx
0
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Put a—x=t= —-dx=dt = dx=-dt
When x=0,t=a-0=a
When x=a,t=a—-a=0

RHS

Tf(a —x)dx = ? f(t)(~dt) = —? f(t)du =? f (t)du [Property I1]
0 a a 0

? f(x)dx  [PropertyI]
0

= LHS.
(This property is important and questions related to this property may be asked). There are 3 types of problems.

Typel:

B "j.z J/sin x
0 +/SIN X +,/cOSX

Eg. | X e (1)

a a
We know that | f(x)dx = [ f(a—x)dx

1 +(@)
/2 : 2

P RISV O TR
o 4/SIN X +,/COSX 0 smx+«}cosx
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T2 _

T

/2 ,fshwx a/cosx
21 = | - + — dx
0 | \/sinx+4Jcosx  /sinx+,/cosx
M2 [sinx +Jcosx m/2
= ] M Y dx= | dx:(x)0
0 a/smx+ COS X 0
| - F
4
Try yourself:
/2 ;
1. _SINX Gx [ say2002]
o Sinx+cosx
TE/2 1
2. ] ——— dx
o l++tanx
/2
3. 1 dx
0 1+tanx
/2
4. | ! dx
o Ll+cotx
. %2 sin x dx
"~ o sinx+cosx
3
m/2 sin2 x d
6. | —3 3 &
0 sin2z x+cos2 x
/2 i
7. | _ S x A dx
o sin" x+cos" x
5 4
8 | % dx
0 Yx+4+39—x
27 i
0 sin2x dx
o a-—bcosx
10, zja 09
o f()+f(2a-x)
/2 Jeosx
11 ] =0 dx
0 Jcosx+w/9nx
/2
PR S LI

(I) Jx +5-x

For HSSLIVE.IN

Page]_ O 3



Remesh’'s Mathematics [

» ”fz cosx__
o JJeosx +fsinx
T in?
in? x
14, IS— d
< SiN X + COS X
Type 2:
/2
I= [ log(tanx) dx  ................ (D
0

a a
We know that | f(x)dx = [ f(a—x)dx

0 0
/2 /2
=] Iog(tanx(ﬂ—x)) dx= [ logcotxdx — ................ )
2
0 0
/2 /2 /2
(1) +(2 =21 = [ log(tanx) dx+ | log(cotx) dx = [ [log(tanx)+ log(cotx) ] dx
0 0 0
/2 /2 /2 /2
21 = | log(tanx.cotx)dx= | log(1)dx=log(1)x | dx=0x [ dx=0
0 0 0 0
ie, 21=0=1=0
Try yourself:
/2
1. | log(cotx) dx
0
/2
2. | (2logsin x—logsin 2x)dx
0
/4
3. | log(l+tanx) dx
0
7%

4. [ log(tan x +cot x) dx
0

5. jlog(ﬁ+ M) dx
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Type 3

% xsin®x
j dx  [M2000]
0

1+ cos? x

/2
2. [log(tanx) dx  [M 2002] [M2003] [Say 03]
0

T

x dx
3. j : [Say 2002]
o 1+sin X
T Xtanx
4. j dx [M 2003]
o SEC X COSecXx
T Xxtanx
5. I dx

0 sec X+ tan x

Property 5 [Ps]

2a a a
| f(x)dx = [ f(x)dx+ ][ f(2a—x)dx
0 0 0

RHS:_a[ f(x)dx+j f (2a— x) dx

0

Put 2a—x=t = —-dx =dt
if x=0,t=2a-0=2a
if x=a,t=2a—-a=a

RHS:T f(x)dx+i f(t)(-dt):i f(x)dx—} f(t)dtzi f(x)dx+2f f(t)dt

0 2a 0 2a 0

a 2a
=j f(x)dx+j f (x) dx [Pal
0 a

[P1]
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2a
=j f (x)dx = LHS [Ps]
0

Property 6 [P6]

Tf(x)dx= Zj‘.f(x)dx,if f(2a—x) = f(x)
0 0 i f(2a—x)=—f(x)

we have, | f(x)dx =i f () dx+i f(2a=X)dX oo (1)

0 0 0

If f (2a— X) =f (X), (1) becomes

2ff(X)dX =i f(x) dX+T f(x)dx= 2? f (x)dx

Again, if f (28. - X) =—f (X), (1) becomes

Tf(x)dx:i f(x)dx+i - f(x)dx:jl f(x)dx—jf(x)dx:o

Property 7 [P7]

+a a
| f(x)dx = 2] f(x) iff(x)isaneven function.
-a 0

+a 0 +a
Letjf(x)dx=j f(x)dx+j f(x)dx  [Prop. I1I]
—-a —-a 0

In the 1% integral of RHS put X = —y

Then dx = —dy

Also X=—a,—-y=—a=Yy=a
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Also X=0,-y=0=y=0

.Tf(x) dx = _Tf(—y).—dy

0
—[f(-y) dy

[f(=y) dy

a
_[f (y) dy [given f(x) is an even function ..f(y) is also an even function]
0

[f(x) dx  [Pf]
0

- RHS 'T f(x)dx + j. f (x) dx

a
= 2[f(x)dx =LHS
0

Hence proved.

Property 8 [Pa]

+a
| f(x)dx = 0 iff(x) is an odd function.
-a

+a 0 +a
et [ f()dx=[ f)dx+ [ FO)dx [P
_a —a 0

In the 1* integral of RHS put X = —y
Then dx = —dy

Also X=-a,-y=-a=>y=a
Also X=0,-y=0=y=0

.Tf(x) dx = _Tf(—y).—dy

Page]_ O 7

For HSSLIVE.IN |



Remesh's Mathematics [

0
—[f(-y) dy

[f(-y) dy

I— f(y) dy [given f(x) is an odd function .. f(y) is also an odd function]
0
= —[ 1) dx [P

0

- RHS = Tf(x)dx+—if(x) dx

=0 =LHS
Hence proved.

E.g.
7
11 = j sin x dx
7
7
Since, sin x is an odd function, Isinx dx =0
%
7 %
2. 1= J. cos X dx =2 I CoS X dx [ cosx is an even function]
) 0
= 2 [sin x]7?
=2 {sinE—sin 0}
2
= 2(1-0)
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Property based questions:

7%
1, I log(sin x) dx

? dx
' % 1++/tanx

4

2.

5.

7
!

|

log(cos x) dx

xdx

a%cos® x+h?sin? x

2z

. ]

0

xsin?" x

sin®" x + cos?" x

dx
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