Chapter 11

Three Dimensional Geometry

We can identify each and every point of space with the help of three mutually perpendic-
ular coordinate axes OX, OY and OZ.
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In this chapter we shall study the following concepts.

1.
2.

10.
11.
12.

13.

Direction cosines and ratios

Equation of line: given point and parallel vector

. Equation of line: given 2 points
. Angle between two lines: Vector Form
. Angle between two lines: Cartesian Form

. Angle between two lines: Direction ratios or cosines

Shortest distance between two skew lines

Shortest distance between two parallel lines

. Equation of plane:

Equation of plane:
Equation of plane:
Equation of plane:

Equation of plane:

In Normal Form

Prependicular to Vector and Passing Through a Point
Passing Through 3 Non Collinear Points

Intercept Form

Passing Through Intersection Of Planes



Rahul R M rahulrm0123@gmail.com

14. Coplanarity of 2 lines
15. Angle between two planes
16. Distance of point from a plane

17. Angle between a Line and a Plane

11.1 Direction cosines and ratios

e If a directed line L passing through the origin makes angles «, [ and v with z, y
and z-axes, respectively, called direction angles.

e The cosine of these angles, namely, cosa, cosf and cos~y are called direction
cosines of the directed line L. The direction cosines are usually denoted by [, m,
and n. i.e.,

[ = cosa,m = cos 3,n = cos~y

e If I, m,n are the direction cosines of a line L, then {? + m? +n? =1

e Let a,b, c are proportional to the direction cosines [, m,n, then a, b, ¢ are called the
direction ratios.

e If a,b,c are direction ratios of a line L, then ai + bj + ck is a vector parallel to
the line L.

e If I, m, n are direction cosines of a line L, then li+mj+nk is a unit vector parallel
to the line L.

e If [, m,n be the direction cosines and a, b, ¢ ne the dirction ratios of a line, then

a b c

,m = N = —F——
,/a2+62+02 "a2+b2—|—02 ,/a2_|_62_+_c2

o If P(z1,y1,21) and Q(z2,ys, 22) be two points on a space, then the direction ratios
of the line segement joining the points P and () are:

a=2y—r1,b=ys—y1,c=20—2
The direction cosines of the line segement joining the points P and () are:

Tog — X1 I > R

PQ " T PQL " T TIPQ)

where |PQ| = \/(22 — 21)? 4+ (y2 — 11)? + (22 — 21)?

[ =
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Problems

1. If a line makes angle 90°,60° and 30° with the positive direction of x,y and z-axis
respectively, find its direction cosines.

2. If a line makes angle 90°,135° and 45° with the positive direction of =,y and z-axis
respectively, find its direction cosines.

3. Find the direction cosines of x, y and z-axis.

4. Find the direction cosines of a line which makes equal angles with the coordinate
axes.

5. If a line has direction ratios 2, —1, —2, determine its direction cosines.
6. If a line has the direction ratios —18,12, —4, then what are its direction cosines ?

7. Find the direction cosines of the line passing through the two points (=2, 4, —5) and
(1,2,3).

8. Find the direction cosines of the sides of the triangle whose vertices are (3,5, —4), (—1, 1, 2)
and (=5, —5, —2).

9. Show that the points A(2,3,—4), B(1,—2,3) and C(3,8,—11) are collinear.

10. Show that the points (2,3,4), (—1,—2,1),(5,8,7) are collinear.

11.2 Equation of line: A given point and a parallel
vector

e Vector Form: The vector equation of a straight line passing through a fixed point
A with position vector @ and parallel to a given vector b is

F=d+A\b
e Cartesian Form: The cartesian equation of a straight line passing through a fixed
point A(z1,y1, 21) and parallel to a given vector b = ai + bj + ck is

s A

a b c
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Problems
1. Find the Vector and the Cartesian equations of the line through the point (5,2,4)
and which is parallel to the vector 3i 4+ 25 — 8k.
2. Find the equation of the line which passes through the point (1,2, 3) and is parallel
to the vector 3¢ + 275 — 2k
3 -5 6
3. The Cartesian equation of a line is ? —2|— _ Y 1 : ;— . Find the vector equation
for the line.
-5 4 —6
4. The Cartesian equation of a line is a 5 = y—; S 7 Find the vector equation
for the line.
5. Find the equation of a line parallel to x-axis and passing through the origin.
6. Find the equation of the line in vector and in cartesian form that passes through
the point with position vector 21 — 7 + 4k and is in the direction i + 2] — k.
7. Find the cartesian equation of the line which passes through the point (—2,4, —5)
3 —4 8
and parallel to the line given by rre_ Y _ i .
3 5 6
8. Find the vector equation of the line passing through the point (1,2, —4) and perpen-

r—8 y+19 2z-10 r—15 y—29 2z2-5
= = and = =

dicular to the two lines: = = = = )
3 —16 7 3 8 -5

11.3 Equation of line: Given 2 points

Z
(Xv }’]1; w
QG Y 'Z)
P
- )A\, A\
T
) Y

e Vector Form: The vector equation of a straight line passing through two fixed

points A and B with position vectors @ and b respectively is

F=a+\b—a)

e Cartesian Form: The cartesian equation of a straight line passing through two

fixed points A(x1,y1,21) and B(xg, ya, 29) is

r—1 Y-y 2=z

Tog — X1 Y2 — U1 22 — 21
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Problems

1. Find the vector equation for the line passing through the points (—1,0,2) and
(3,4,6).

2. Find the vector and the cartesian equations of the lines that passes through the
origin and (5, -2, 3).

3. Find the vector and the cartesian equations of the line that passes through the
points (3, -2, —-5), (3, —2,6).

11.4 Angle between two lines: Vector Form

zZ

X

o Let Ly :7=aj + )\b; and Ly : 7= a5 + ,ub; are two straight lines in space. Then
the acute angle(f) between the lines L; and Lo is given by

b1.by

101][05]

Problems

1. Find the angle between the pair of lines given by 7= 3i+ 2] — 4k + i +2) + 212;)
and 7= 51 — 27 + p(3i + 25 + 6k)

2. Find the angle between the pair of lines given by 7= 2% — 5] +k+ A3+ 2] + 61%)
and 7= 7t — 6k + p(s + 25 + 2k)

3. Find the angle between the pair of lines given by 7= i+ —2k+ ANi+2j—7— 21%)
and 7= 2i — 7 + 56k + (3t — 57 — 4k)

11.5 Angle between two lines: Cartesian Form

r—x — z—z r—x — z—z

o Let L : L_Y=9 1andLQ: 2 _ Y79 _ 2 are two
ai b1 C1 asg b2 Co

straight lines in space. Then the acute angle(6) between the lines Ly and Ly is given

by

a1az + blbg + c1C2

cosf =
Va4 b2+ c3/a3 + b2 + 3
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b
e If lines L; and Ly are parallel, then i _ 4
Q2 2 C2

e If the lines L; and Ly are perpendicular, then ayas + b1bs + c1co =0

Problems
1. Find the angle between the pair of lines x;—S — 7 ; ! == Z & and =~ 1— ! =
y—4 z-95
1 2
2. Find the angle between the following pair of lines JJ; _ ; L _z +33 and
r+2 y—4 z-5
-1 8 4
: . . . x — y—2 z—3
3. Find the angle between the following pair of lines T - 1~ 3 and
x Yy oz
2 2 1
) r—5 y+2 =z r Yy oz )
4. Show that the lines =5 =71 and 1=5=3 are perpendicular to each
other.
5. Find the values of p so that the lines -z = Ty — 1 - 5 and [ =
3 2p 2 3p
? = 6—= are at right angles.
6. If the lines z _31 = y2_1€2 . ; 3 and x?)—kl Y I L = 2:56 are perpendicular.

Find the valug of k.

11.6 Angle between two lines: Direction ratios or
cosines

e The acute angle(d) between the lines with direction ratios aq, by, ¢; and ag, by, 5 is
given by
ai1ao + blbz + C1Co
Va4 b2 + c3/a3 + b2 + 3

cosf =

e The acute angle(f) between the lines with direction cosines {1, mq,ny and Iy, mg, ny
is given by
Lily +myimg + ning

cosf =
VI +m?+ 03B +m3+n3

a b c
e If lines with direction ratios ai, by, c; and as, by, co are parallel, then L b—l =1
a2 2 C2
e If lines with direction ratios ai, by, c; and as, bs, co are perpendicular, then ajas +
b1b2 + cic9 = 0
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Iy ma
e If lines with direction cosines [y, mq,n; and ly, mg, ny are parallel, then — = — =
2 ma
n1
L)

e If lines with direction cosines l;, m1,n1 and ls, mo, ny are perpendicular, then [1l5 +

miMms + NNy = 0

Problems

1.

12 -3 —4 4 12 —4 12
Show that the three lines with direction cosines —, —3, _— —, —, i; i, —, =
) 137137137 13°137 13" 13" 13" 13

are mutually perpendicular.
Show that the line through the points (1, —1,2),(3,4,—2) is perpendicular to the

line through the points (0,3,2) and (3,5,6).

Show that the line joining the origin to the point (2,1,1) is perpendicular to the
line determined by the points (3,5, —1), (4,3, —1).

Show that the line through the points (4, 7,8), (2, 3, 4) is parallel to the line through
the points (—1,—2,1),(1,2,5).

. Find the angle between the lines whose direction ratios are a, b, c and b—c, c—a, a—b.

. If the coordinates of the points A, B, C, D be (1,2, 3),(4,5,7), (—4,3,—6) and (2,9, 2)

respectively, then find the angle between the lines AB and CD.

If 1, mq,ny and Iy, mo, ny are the direction cosines of two mutually perpendicular
lines, show that the direction cosines of the line perpendicular to both of these are
ming — Many, Nily — nal, ming —many , lymg — lomy

11.7 Shortest distance between two skew lines

In a space, there are lines which are neither intersecting nor parallel. Such pair of lines
are called Skew lines.

e Vector Form: Let [, : 7= a] + )\b: and Iy 1 7= a3 + /Lb; are two skew lines in

space. Then the shortest distance between the lines is given by

(b1 X by) - (d5 — i)

by X by
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rT—I Yy—u1 Z— 2 T — T2 Y—Y2

e Cartesian Form: Let [; : = = and [y : = =
ai by 1 a2 ba
z2—z
2 are two skew lines in space. Then the shortest distance between the lines is
Ca
given by
T2 =21 Y2—Y1 22— %1
ai b ba
d— a2 ba C2
\/(blcz — b2€1>2 + (Clag — CQG1)2 + (a1b2 — a2b1)2
Problems

r+1 y+1 z+1 xr—3
= = and =
—6 1 1

1. Find the shortest distance between the lines

y—>5 z—-7

-2 1

2. Find the shortest distance between the lines 7" = i+ 7+ M2 —7+k) and 7 =
2+ j — ke + p(3i — 55 + 2k)

3. Find the shortest distance between the lines 7" = i +2) 4+ k4 M\i— 3) + 2k) and
7=41+5) + 6k + pu(2i + 35 + k)

4. Find the shortest distance between the lines "= 60 + 27 + 2k + \(i — 2j + 2k) and
F=—4i — k+ p(3i — 2j — 2k)

5. Find the shortest distance between the lines 7= (1 — t)i+ (t —2)7 + (3 — 2t)k and
F=(s+1i+2s—1)7—(2s+ 1)k

11.8 Shortest distance between two parallel lines

Letly : 7 =a7 + b and ly : 7= ay + ul; are two parallel lines in space. Then the shortest
distance between the lines is given by

Problems

1. Find the distance between the lines 7" = i+ 2] — 4k + A\(2i + 3) + 6k) and 7 =
31+ 3j — 5k + p(2t + 3y + 6k)
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11.9 Equation of plane: In Normal Form

z
: P(x,y,2)
F’
d ~N
S Y

X

e Vector Form: Vector equation of a plane at a distance d from the origin and 7n is
the unit vector normal to the plane through the origin is

r-n=d

e Cartesian Form: Equation of a plane which is at a distance of d from the origin
and the direction cosines of the normal to the plane as [, m,n is

lx +my+nz=d

e For a plane ax + by +cz =d

— Direction ratios of normal= a, b, ¢

a b

— Direction cosines of normal;: | = —m——m = ——— 0 =

. Va2 + b2 + 2’ Va2 + b2+ 2’

Va2 + b2+ 2

— Distance from origin =

a0

Problems

1. Find the vector equation of the plane which is at a distance of

0 from the origin
o X V29
and its normal vector from the origin is 20 — 35 + 4k. Also find its cartesian form.

2. Find the vector equation of the plane which is at a distance of 7 from the origin and
its normal vector from the origin is 3i + 55 — 6k.

3. In each of the following cases, determine the direction cosines of the normal to the
plane and the distance from the origin.
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4. Find the distance of the plane 2x — 3y + 4z — 6 = 0 from the origin.
5. Find the Cartesian equation of the following planes:

(a) 7.(i4+7 —k)=2

(b) 7.(20+3) —4k) =1

(c) 7.((s —2t)i+ (3 —1)] + (2s + t)k) = 2

6. Find the direction cosines of the unit vector perpendicular to the plane 'F.(6€ — 35 +
2k)+1=0

7. Find the coordinates of the foot of the perpendicular drawn from the origin to the
plane 2z — 3y + 4z — 6 = 0.

8. In the following cases, find the coordinates of the foot of the perpendicular drawn
from the origin.

11.10 Equation of plane: Prependicular to Vector
and Passing Through a Point

Z

/

X

e Vector Form: Vector equation of a plane passing through the point A whose
position vector is @ and perpendicular to the vector N is

(F—a@).N=0

e Cartesian Form: The Cartesian Equation of a plane passing through A(xy, y1, 21)
and perpendiculat to a line with direction ratios a, b, ¢ is

a(xy — x2) + b(y2 — 1) + (22 — 21)
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Problems

1. Find the vector and cartesian equations of the plane which passes through the point
(5,2, —4) and perpendicular to the line with direction ratios 2,3, —1.

2. Find the vector and cartesian equations of the planes

(a) that passes through the point (1,0, —2) and the normal to the plane is i +J —k
(b) that passes through the point (1,4,6) and the normal to the plane is 7 — 2 +k

3. Find the vector equation of the line passing through (1,2,3) and perpendicular to
the plane 7.(i +2j — 5k) +9 = 0.

4. Find the equation of the plane passing through (a,b,c) and parallel to the plane
r(i+j5+k)=2

5. If O be the origin and the coordinates of P be (1,2, —3), then find the equation of
the plane passing through P and perpendicular to OP.

11.11 Equation of plane: Passing Through 3 Non
Collinear Points

e Vector Form: Vector equation of a plane passing through three points R, S, T
whose position vectors are @, b, ¢ is

(F—a@).[(b—a) x (—a@)] =0
e Cartesian Form: The Cartesian Equation of a plane passing through R(x1, y1, 21),
R(x% Y2, ZQ),R(ZE?,, Y3, 23) 18 given by
rT—T1 Y-l =z—z
Ta—T1 Ya—y1 22—z =0
T3 —T1 Ys— Y1 23— <1

Problems

1. Find the vector equations of the plane passing through the points R(2,5, —3), S(—2, -3, 5)
and 7(5,3, —3)

2. Find the equations of the planes that passes through three points.

(a) (1,1,-1),(6,4,—5),(—4,—2,3)
(b) (1,1,0),(1,2,1),(2,2,—1)
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11.12 Equation of plane: Intercept Form

zZ
N
R (0,0,)
0 >Y
Q (0,5,0)
P (4,0,0)

X

e Equation of a plane with intercepts a, b, c on x,y and z— axis respectively is

T z
a b ¢

Problems

1. Find the equation of the plane with intercepts 2,3 and 4 on the z,y and z-axis
respectively.

2. Find the intercepts cut off by the plane 2x +y — 2 =5

3. Find the equation of the plane with intercept 3 on the y-axis and parallel to ZOX
plane.

11.13 Equation of plane: Passing Through Intersec-
tion Of Planes

:

N A ——

i
"

e Vector Form: Vector equation of a plane passing through the intersection of planes
7.ny = dy and 7.0 = dy and also through the point (xy,y;, 21) is

L
™

e Cartesian Form: The Cartesian Equation of a plane passing through the inter-
section of planes a1x 4+ biy + 12 = dy and asx + bey + coz = dy and also through
the point (z1,y1,21) is

(arx + b1y + 12 — dy) + AMagsx 4+ boy + oz — dy) =0
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Problems

1. Find the equation of the plane through the intersection of the planes 3z —y+2z—4 =
0 and z +y + 2z — 2 = 0 and the point (2,2, 1).

2. FincAl theAvectoAr equation pf thg plane passing through the intersection of the planes
7.(2t+ 25 — 3k) =7, 7.(2i + 55 4+ 3k) = 9 and through the point (2,1, 3).

3. Find the vector equation of the plane passing through the intersection of the planes
r.(t+7+k) =6, 7 (2i+ 35 + 4k) = —5 and through the point (1,1, 1).

4. Flnd the equation of the plane passing through the intersection of the planes 7. ( +
J+k)=1,7(2+3]—k)+4 =0 and parallel to z— axis.

5. Find the equation of the plane through the line of intersection of the planes z+y+2z =
1 and 2z + 3y + 4z = 5 which is perpendicular to the plane x —y + 2z = 0.

11.14 Coplanarity of 2 lines

— —

e Vector Form: Two lines 7 1+ )\_i and 7 = a5 + ,ub; are coplanar if
(@ — a3).(by x by) =0

Tr— T Yy—u Z— 2 T — T2 Y=Y

e Cartesian Form: Two lines = = and = =
ai by & as by
Z — Z2 .
are coplanar if
Ca
Ty —T1 Y2 —WY1 22— 21
aq bl C1 =0
a2 by C2
Problems
3 -1 -5 1 -2 )
1. Show that the lines T =Y - and T = _Z are
-3 1 5 -1 2 5
coplanar.

11.15 Angle between two planes

e Vector Form: The Angle(f) between two planes 7717 = dy and 715 = d is given
by

—

ny.na

cosf =

—

|1 |72

e Cartesian Form: The Angle(f) between two planes a1z + byy + ¢1z = d; and
as® + by + coz = ds is given by

a1a2 + blbg + c1Co
Va}+ b2+ c3y/a3 + b+ c3

cosf =

b
o [f Planes are parallel, then _n_a
a2 2 C2

e If the Planes are perpendicular, then ajas + b1by + c1c5 =0
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Problems

1. Find the angle between the two planes 2x +y — 2z = 5 and 3z — 6y — 2z = 7 using
vector method.

2. Find the angle between the planes whose vector equations are 7.(20 425 — 31%) =5,
7.(3i — 35 +5k) =3

3. Find the angle between the two planes 3x — 6y + 22z = 7 and 2x + 2y — 22 = 5.

4. In the following cases, determine whether the given planes are parallel or perpen-
dicular, and in case they are neither, find the angles between them.

(a) Tx +5y+62z+30=0and 3z —y—1024+4=10

(b) 2 +y+32—2=0andx—2y+5=0

(¢) 20 —2y+42+5=0and 3x —3y+62—1=0

(d) 2z —y+32—1=0and 2z —y+32+3=0

(e) dx+8y+2—8=0andy+2—4=0

11.16 Distance of point from a plane

e Vector Form: The distance of a point with position vector @ from the plane 777 = d
is given by

Distance =

e Cartesian Form: The distance of the point (x1, 41, z1) from the plane ax+by+cz =
d is given by

Distance =

ax1+by1+czl—d’

Problems
1. Find the distance of a point (2,5, —3) from the plane 7.(61 — 37 + 212:) =4

2. In the following cases, find the distance of each of the given points from the corre-
sponding given plane.

(a)
(b)
()
(d)

3. Find the distance between the point P(6,5,9) and the plane determined by the
points A(3,—1,2), B(5,2,4) and C(—1,—1,6).

000) 3v — 4y + 12z =3
)20 —y+224+3=0
2,3,-5);x+2y—22=9

(
(3,
(
(—6,0,0); 22 —3y+62—2=0
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11.17 Angle between a Line and a Plane

Normal—>

A

/ine

990—9 /_~.
/

/

e The angle(®) between a line 7 =

Problems

1. Find the angle between the line

Plane

@+ A\b and the plane 7- 77 = d is given by

b.it
sind = |~
|bl]7i]

r+1 z—3

= % =5 and the plane 10x+2y—112z = 3.



