Chapter-7

System of Particles and
Rotational Motion

Motion of a Rigid Body

1. What is meant by a rigid body?
Ans: A rigid body has a definite shape
and size. The distance between any
two particles of the rigid body does not
change even on the application of a
force.

2. What are the different types of
motion of rigid bodies?

Ans:

(i) Translational Motion

.

il

B*

In pure translational raoticn at any
instant of time all the partieses.of the
body have the same velewtv.

(ii)_Rotation

In the rotation of a rigid body about a
fixed axis every particle of the body
moves in circles. The circular path of

the particle will be perpendicular to the
axis of rotation.

In rotation the angular velocity (®) of
all particles of the body remains
constant.
Eg: - Ceiling fan

Potter’s wheel

(b)

(iii) Precession




In this type of motion, the axis of
rotation moves.
Eg: - Spinning of a top

An oscillating table fan or a
pedestal fan.

(iv) Rolling motion

B C

Rolling Motion is a combindtion of
translational motion and rotation.

Centre of ‘Mass

3. Define centre of, mass» Give' ithe
expressions to find centre of mass.

Ans: [t1sthe pointjat which the entire
mass of the body can be assumed to be
concentrated.

In one dimension

y
X
m, m,
<Ox‘o . ®
X;

The distance to the centre of mass

m, X, + m,X,

X =
m, + m,
If m, = m, = m
X = mx, + mx,
2m
X = X, t X,
2
For a system of n particle,
X = mx, tmyXx, +---mx,
ml+m2+ ...... mn
_ 2 mXx;
2 m,
ie X = Z mxf
M

In two dimensian

Consider thiee particles lying in a
plane having ce-ordinates (X1, y1), (X2,
V2), 4x3 y3). The co-ordinates of the
cenute ot inass (X, Y) is given by

m;X; *m,x,+ m;X,

7

N T
m, +m,+ m,
Y = My, *m,y,*m,y,
m, +m,+ m,
If m = m, = m,,
X - m/(xl+ X, * X3)
3¢
v - Oty tys)
3
X = X| T X, T X,
3
Y: Y1+YZ+Y3
3

Thus for three particles of same mass
the centre of mass coincides with the
centroid of the triangle formed by the
particles.




In three dimension

If the particles lie in space,
then coordinates of centre of mass (X,
Y, Z) is given by,

X — 2 m,X,
M

Y = 2 m,y,
M

7 — 2 m,z,
M

4P. In the HCI molecule, the
separation b/n the nuclei of the two
atoms is 1.27A%, calculate the
approximate location of the centre of
mass of the molecule. Given CI atom
is nearly 35.5 times as massive as a H
atom.

Ans:

5. Give some examples of motion of
centre of mass.

Ans: (i) Decay of a radioactive
nucleus
He
Ra
Rn

(a) (b)

Consider the splitting of the heavy
nucleus Radium [Ra] into lighter ones
Helium [He] and Radon [Rm]. The
centre of mass of the Ra‘nucleus was
initially at rest. After,decayythe two
nuclei He and/Rn_moye m opposite
dircciions such that the centre of mass
isagain of rest.
ixvianation: -

Lecay,is caused by internal forces.
Titernal forces cannot change the state
of C.M.

(i1) Explosion of a shell

Y]
Parabolic path
of the projectile ' Explosion
2
/_7//\\\§_
M Path of the CM
AN \of fragments
\,
\
3] X, X7

Consider a shell moving along a
parabolic path. During its motion it
explodes. Each of the fragments moves
along their own parabolic paths such
that the C.M will follow the same
parabolic path.

Explanation

The shell is moving under the external
force of gravity. The explosion is
caused by internal which
cannot change the path of centre of

forces,

mass.




Vector Product of Two Vectors

6. Define Vector product of two
vectors.
Ans:

AxB Z‘AHB‘sinO n

A

n is a unit vector perpendicular to

both A and B. T1ts
Direction of A xB ) is given by right

direction (

hand rule.

7. State right hand rule.
Ans:

If you curl the fingers of your right
hand from A to B , then the  thumb
will give the direction of A% BY

G}

8. Give the component formyof A

If i, jandk ar€ the unit vectors along
andy z directions, inen

‘IH}‘sm 90 k

the x, vy

1 x jf =

= 1><1><1><12=12

Similarly,

3 x k = iandlgxf=3
ixi = li|li| sin0° =0
Similarly,

ix3 =0

In component form,

A=Ai+Aj+ Akand

w!

= B,i+ B,j+ Bk

Pk
AxB=lA A A,
BBB

oAy A 2

B B,

A4,

Bx B,
=i[AB-AB, | -j[AB-BA]
k[ AB,- BA |

9. Find the scalar and vector products

of A=2i+7juikand B = 41 -3j-4k .
Ans:

AAAZ
BB

=1




10. Find the scalar and vector
products of

A=3i-4j+5k and B = -2i +j-3k .
Ans:

11. Give the
velocity.

direction— angular

Ans: The direction of 4ngular velocity

is given by tigtt, hand rule.

2

The relation between linear velocity
and angular velocity is

V=Trm

In vector form, v = @xr1

12. Define angular acceleration.

Ans: The rate of change of angular
velocity is called angular acceleration.

Angular acceleration,
- do
o=—

dt

SI unit of angular acceleration is rad/

s%.

13. Define torque (t).

Torque is the force which produces
turning effect.

Definition: - <Torque or.moment of
force - aboutman “axis,/of rotation is
the / product of the
magnitude ‘of /the force and the
perpendicular distance b/n the line of
ection of the force and the axis of
rotation .

measuredy. as

T = Force x L distance

1= F x ON Sin6 = ﬂ
! In
= Fxd ON = rsin0
= F x rsinO@ =rFsin 0
vector form,

T= 71 x F




The direction of torque is given by
right had rule.

SI unit of torque is Nm
Dimension = [MLT-] [L]
= [ML2T-]

Note: - (i) Torque has the same
dimension of work or energy.

(i) T=rF sin0.

When 0 = 90°
t = rF ( This is the max. value or
torque)

(iii) Torque is analogous to
force in linear motion.

14. Express torque in component form.

Ans:
Let T = xi + yj + zk
F = Fi+ Fj4 Ek
T =1 x F
i ik
= |x y ZE
AN T

15. A fforce F 251 - 23 + 3k acts on a

pattiele wwhose position vector is

21+ 3} 4 5K . Find the torque about

the origin.

Ans:

16. Door handles are fixed at the free
edge. Why?

Ans: We have torque= force X

perpendicular distance.

By fixing door handlesat the’ free
edge, we increase the, perpendicular
distance to the point at which the force
is applied. Se.for & given applied force,
torque will v& maximum.

17. Desine angalar momentum of a
particie:

Ans: Angular momentum of a rotating
particie about an axis of rotation is the
moirent of linear momentum of the
varticle about that axis.

—

L:
L:

=7 (mv) sin0

I x p

rp sin@

= mvr sin0

The direction of angular momentum is

L to the plane containingf andp . Tpe

direction of angular momentum is

given by right had rule.
Ifo = 90°
L = mvr90°
= mvr
= m(ro)r
L = mr'o
SI unit is Kgm?*/S




Dimension is ML?T-!

18. Derive the relation b/n torque and
angular momentum.

—

Ans: W€ have,i =T X P

Differentiating both sides with respect
dL . dp  dF .

=TrXxX —+ —X

dt dt dt
xF+Vx p

I
=l

|
Al

+ v x (mv)
+ m(?/x V)

+ m(O) =7

to time

Il
Al

|
Al

That is the rate of change of angular
momentum is equal to applied torque.
This is Newton’s second law in

rotational motion.

19. State the Law of Conservation of

|
1
|
!
Angular momentum.

Ans:

. dL

T 4t
Ifz,,= 0

dL

ey =0

= L = cofstant

The law™of ¢onservation of angular
momentum states that, “if there is no
external torque acting on a system of
particles; then their total angular
momentum remains constant.”

20. Explain equilibrium of a rigid
body.

Ans: ondition for translational

equilibrium

po-dp
dt
We have, d (mV) dv
= —_— = m —_—
dt dt
If the body is in translational

equilibrium, v = Constant

v _

dt
ﬂext:mxo
=0

This a rigid body_is saidy,to be at
translational equilibriuteif” the net
external force-acting on it1s zero.

Condition for rotational equilibrium

Foi &xotatingibedy,

' i‘cxl=g P=mv
dit
=i(1€o) L=1&
dt
_ 40
dt

The body is in rotational equilibrium if
o = Constant

d o
— =0
t
= T,=-1x0=20
Thus a rigid body is said to be at

rotational equilibrium if the net
external torque acting on it is zero.

Principle of moments

21. Explain the principle of moments.
Ans: A lever is a system of mechanical
equilibrium.

— d, 5 d,

A

X s




For translational equilibrium of the

body,
R-FI-F,=0=R=F+F

For rotational equilibrium,
Net torque =0
diFi-d2F2=0

dF:=d:F2

load arm x load = effort arm x effort ‘

This is the principle of moments.
Mechanical advantage,

f_4
)

d
To increase MA, d; is to be decreased.

MA=

1

22. Distinguish b/n centre of mass and
centre of gravity.

Ans: Centre of mass is a point atwhich |
the whole mass of a body canbe
assumed to be concenttated. ,

I

Centre of gravity.is the point.at ywiich
the effective weight of body acts.

If ‘g’ remrainsiconstant throughout the
space of body considered, then CM
and centre of gravity are identical
otherwise different.

Moment of Inertia

23. Define moment of inertia.

Ans: Moment of inertia of a particle of
mass ‘m’ rotating about an axis at a
distance r from it is given by

I=mr

In the case of a rigid body, which
consist of a large no of particles,

[=mr’ +myr> + - +mr

I :Zmiriz

SI unit = Kgm?, is a scalar quantity
Dimension is ML?

24. Give the physical significanc€ of
moment of inertia.

Ans: The inablity ofa rotating body to
produce ant chanss inits state is called
its rotaticwal “inertia or moment of
inertiaz, Momegi of inertia depends not
only op the mass but also on its
diswribuno about the axis of rotation.
Momeat of inertia in rotational motion
plavs the same role as mass does in
linear motion.




[

Moments of Inertia of some regular shaped bodies about specific axes

U
(1) Thin circular ~ Perpendicular to I MR?
ring, radius R~ plane, at centre @
2) Thin circular Diameter — MR?/2
ring, radius R o ~._ 7
(3) Thin rod, Perpendicular to MI12/12
length L rod, at mid point _
5 y
|
(4) Circular disc, Perpendicular to Q/‘ MR?/2
radius R disc at centre !
‘ ! ;
]
(5) Circular disc, Diameter _ MR?/4
radius R --hf-—-
(6) Hollow cylinder, Axis of cylu:acr MR?
radius R - =
(7) Solid cylinder,  Axis o: «;linder MR?/2
radius R “r -
(8) Solid spher= Tyameter /@‘ 2MR?/5
radius, X
/AN /
25. State the, Perpendicular axes about two mutually 1 axes in its plane
theorem, and intersecting each other at the point

Ans:

Planar Body

It states that “the M.I of a plane
lamina about an axis * to its plane is
equal to the sum of moments of inertia

where the L axis meets the lamina.
L=Lk+]1y

26P. Find the moment of inertia of a
ring about any diameter. Given that
M.I of ring about the 1 axis through the
centre is MRZ,

Soln: -




27. State Parallel axes theorem.

Ans:

The theorem states that “the M.I of.
a body about any axis is equal to the
sum of the M.I of the body abeut a
parallel axis passing through“the C€.M
of the body and the produget of the mass
of the body and square of\the distence
between the two parallel="axes”
I = Icm + Ma?

28P. Find-the M of a sphere about a
tangentto " theysphere, given its M.I

abeut any of its diameters to be% MR’

Ans:

29P. Given'ML.l ofa disc about any of
2

. . R .
its diameters to-»e find its M.I

about ap axis normal to the disc and
passing chrough a point on its edge.
Ans:

10




30P. (a) Find the moment of inertia of
a thin about
perpendicular axis through the centre.
Take M as the mass of the scale.

(b) Find the moment of inertia of a thin
circular disc of mass m and radius R
about one of its diameters.

metre  scale a

(c) If a student fixes two discs each of
radius R at the ends of meter scale and
rotates the system about an axis
perpendicular to the length of the scale
as in figure. What will be the moment

of inertia of the  system?
'& = : *1 ¥
Soln: -

31P. \The.moment of inertia of a thin
riag offradius R about an axis passing
MR?

through any diameter is >

(a) What is the radius gyration of a
ring about a L axis passing through the
centre?

(b) A ring has a diameter 0.20 m and
mass 1 Kg. Calculate its M.I about an
axis passing

perpendicular to its plane.

through a tangent

Soln: -

11




32. Define radius of gyration(K).

Ans. The radius of gyration of a body
about an axis may be defined as the
distance from the axis to a mass point,
whose mass is equal to the mass of the
whole body and whose moment of
inertia is equal to the moment of inertia
of the body about the axis.

In other words, If the moment of
inertia of a body can be expressed as, I
= MK?, then K is known as the
radius of gyration.

I

M i

33. Find the radius of gyration of'inz |
following rolling bodies _about the axts |
passing through théteentréof mass (1)
Ring (i1) Dis¢” (i1i) Selid sphi«iz (iv)
Hollow sphere (¥) Solid cylinder (v1)
Hollow.cylinder

K =

|
Ans: Radiusof gyration, K=, /ﬁ

i) Rin
I=MR?
K=&

M
_ |MR?
'Y

I=zMR2
5
K = '[:]:
\m
G A
/(:‘MRZJ
<Y S
T
_ [2R? 2
N5 \s

2
I=2MR
3

K= |-
M

(v) Hollow cylinder

I=MR*

12




=+R =R

(vi) Solid cvlinder

2
I=MR
2

K=, |~

M

34. Give the Kinematic equatiors of
rotational motion.

Ans:

Angular velocity after any Gme

Consider a body of mass/ 1" ro'ting
about an axis with uoifeim angular
acceleration ‘a’. Let e be fae’initial
angular velocity. Then the angular
velocity afteratime. ¢ he o

o, =0y Tet

Angular displacement after any time

e=m0t+lat2
2

Angular velocity after some angular
displacement

o’ = o, + 200

t

35. Give the relation between torque
and angular acceleration.

Ans: Torque T = I o) where Tisthe

moment of inertia andwe, is, the-angular
acceleration.

2&. Cive the expression for the work
don< in rotating a body.

Arns: For constant torque

W=10

For variable torque

W = Ttde

6,

37. Give the expression for power in
rotational motion.

Ans: P=T®

Comparison of Translational and Rotational Motion

Displacement x

Velocity v = dx/dt
Acceleration a = dv/dt
Mass M

Force F = Ma

Work dW = Fds

Kinetic energy K = Mv?/2

Power P= F v

© N O Ok W N~

Linear momentum p = Mv

Angular displacement 6
Angular velocity o= do/dt
Angular acceleration o = dw/dt
Moment of inertia I

Torque 7 =1

Work W=t dé

Kinetic energy K = [@/2

Power P = w

Angular momentum L = [®

L

13




38P. A wheel of mass 1000Kg and
radius 1m is rotating at the rate of 420
rpm. What is the constant torque
required to stop the wheel in 14
rotations, assuming the mass to be
concentrated at the rim of the wheel?

Soln:

39P. To maintain  a rotor at a griforii
angular speed 0f.200 rad/s an engine
needs to-transmit aytorque of 180 Nm.
What is the power required by the
engine. Assume that the engine is 100
Yovefficient?

Ans:

40. Derive the expression for kinetic
energy of rotation.

Ans: Consider a rigid: body,of n
particles,

K.E of the 1% particle = Va'm v,?
K.E of the 28, paricle = 4 mavs?

K_.E of the a" particle = Y2 mav,? Total
kinetic energv of the rotating body is
givea by,

—
v .

wne 1le2 + —1m2V2+
1 2 1 2 2
e L
2 n

Wehave vi=11m, V2=12®, Vo = I'n ®

41P. A solid cylinder of mass 20 Kg
rotates about its axis with angular
speed 100 rad/s. The radius of the
cylinder is 0.25m. What is the K.E
associated with the rotation of the

14




cylinder? What is the magnitude of
angular momentum of the cylinder
about its axis?

Soln:

42. Give the expression for ihe 2w of
Conservation of angulér mainentum in
terms of moment ofincitia #nd angular
velocity.

We have,
dL
’c  —
dt

If1:=0,d—L=0
dt

= L = constant

|I o= constant|

re, |l o, =1, o,

43. Give some applications of the law
of conservation of angular momentum.

Ans: The law conservation of angular
momentum is applicable in the case
ballot dancers, high board divers,
skaters etc....

e

44P. A disc of moment of inertia I; is
rotating freely with angular speed o
and a second non-rotating disc with
moment of inertia I» is dropped on it as
shown in the figure. The two then
rotate as one unit. Find the angular
speed of rotation of the system.

15




Soln:

45Q. The figure below shows two
spinning poses of a ballet dancer.

In which spinning/pose ‘does the ballet
dancer have, less, angular velocity?
Justify your answer.

Ans:

46P. A child stands at the centre of a
turn table with his two arms out

stretched. The turn table is set rotating
with an angular speed of 40 rpm. How
much is the angular speed of the child
if he folds his hands back and there by

reduces his moment of inertia to =
times the initial value.

Soln:

47P. Remya stands at the centre of a

turn table with her two arms

16




outstretched. The table is set rotating
with angular speed of 40
revolutions/ minute.

an

(a) What will happen to the moment of
inertia if she folds her hands back?

(b) If the angular speed is increased to
100 rev/min, what will be the new
moment of inertia?

Soln:

48P. If the raditis of earth 1s suddenly
reduced to halfiits valu«, what will be
its effect’on the duration of the day?

Ans:

49P. Determine the duration of a day
on earth if it suddenly shrinks to 1/8™"
of its present size while the mass of the
earth remains unchanged. (Assume
earth is a perfect sphere)

Soln:

Rolling motion

50. Explain rolling motion. Obtain the
expression for the velocity of centre of
mass.

Ans: Rolling motion in the
combination of translation and
rotation.

17




A%

At any instant a particle of a rolling
body has two velocities

Translational velocity Vem and
rotational velocity, Vi=r1 ®

For the particle Po, its rotational
velocity= R ®

Since that particle is instantaneously at
rest its translational velocity must be
equal but opposite.

ie, Vem=R ®

Vim=R ®

Velocity the particle P>

=V + Vi

=Vem + Ro

= Ve + Ro

= Vem + Vén

= 2V, this is ‘the value of
maximum-velocity.
Thus in a rolling body, the lowermost
particle thas_minimum speed and the
topmost particle has maximum speed.

51. Derive an expression for the
kinetic energy of a rolling body

Ans:

Kinetic energy of a rolling body is the
sum of translational kinetic energy and
rotational kinetic energy.

KE = %Mchz

1
+—1,0°
2

But for any rolling body V.m=R®

—~R= f and we know I..=MK?,

where K is the radius of gyration.

1 1 V.

KE=_MV,,’ +E(MK2)|:ﬂ]2

T2 R
%Mchz +%(MK2)V1;—";

52. Decive’ an expression for the
velocity (speed) of the rolling body,
when it reaches the bottom of the
incliiied plane.

Ans:

B

At the top of the inclined ﬁlane, the
body is at rest and its energy is all
potential which is equal to Mgh. At the
bottom of the inclined plane, the
energy is all kinetic and is given by,

2
KE = 1Mvcm2 1+K—2
2 R

Then by conservation of energy,

18




53. Give an expression -for the
acceleration of a body rolling on an
inclined plane.

Ans:

B

The velocity of the rolling bodgl when
it reaches the bottom is given by the
equation of motion,

v? =u’ + 2aS . But here u=0

s vi=2aS
By geometry,sin@=h/S
and soS=h/sin0
» _ 2ah
" sin®
Or Acceleration,

SOV

v’ sin©
a =
2h

Substituting the value

ch =
Acceleration,
- {wy2gh )/ sin 6
> 27 2n
e
_ gsin0
=]
{1+Rz}
54P. a) If the acceleration of a

rolling body through an inclined plane

gsind
2
R

acceleration of a sphere of mass M and

is given by a= , find the

radius R.

b) Using the above equation find the
acceleration of disc of radius R and
mass M. If a student allows the
sphere and disc to roll down
simultaneously, which will reach
down first? Give the reason

Ans:

19




55P. A solid sphere, a ring and a
circular disc of identical radii are
rolling down an inclined planedwithout
slipping, from the same height, stdrting
from rest.

(a) Which willgteachs the baitort
first?

(b) WHhieh will reach the bottom
last?

Ams:

56P. Two inclined frictionless: tracks,
one gradual and other steeper'meet at
A as shown in figure. Two,spheres of
identical mass are allowed'to fall down
from rest alongceach track. (g=10m/s?)

A

t A

T
1
'
¢
i

1053 m

[

|

!

i
a4

8 _ 14

a) Which sphere will reach at the
bottom earlier? Explain

b) What is the time taken by this
sphere to reach the bottom?

c) Find the ratio of kinetic
energies of the two spheres
when they reach at the bottom.

Ans:
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57P. A ring of radius 2m weighs 100
kg. It rolls along a horizontal floor so
that its centre of mass has a speed 020
cm/s. What is the total kinetic energy?

Ans:

58P. The translational kinetic energy
of a rolling body is E. Then the total
kinetic energy of the body is

21




