Unit—9 GEOMETRY AND ALGEBRA GOVT YV & HSS KULATHOOR, PARASSALA SUB DIST

Based on the first bell class on 31-12-2020

Algebra J

Previous knowledge

1. Coordinates of origin is (0,0)

2. The y coordinate of any point on the x-axis is 0.

3. The x coordinate of any point on the y axis is 0.

4. The y coordinates of any point in“a line parallel to x axis are
equal.

5. The x coordinates of any poiit-in a line parallel to y axis are

equal.

The distance between the points with

coordinates (x, y) and (x,, y) is |x, — x,|.

The distance between the points with

coordinates (x, y) and (x, y)) is |y, —y,|
The distance between the point with coordinates (x, y) and the
origin is

vy

The distance between two points with coordinates (x, y,) and

(X, p,) is

Vxi =)+ (- )
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If the line joining two points is not parallel to either axis,
then we can draw a rectangle with these points as opposite

vertices and sides parallel to the axes

{_21_13 (31_1.‘]

Also we know how we can find the coordinates of the other
two vertices without drawing the axes.
It was using such a rectangle
that we computed the distance
between two points like these, in

terms of their co-ordinates. We

ididn’t use the full rectangle, but

lonly a right triangle forming half of it.

Activity
Find the fourth vertex of the parallelogram with, the origin

land two other points as vertices.




Answer

In the figure ABCD is a

parallelogram.

AP and DQ are parallel to

x-axis. PB and QC are

parallel to the y axis.

AB = CD ( opposite sides

lof parallelogram are

lequal)

LP=LQ=90°

L BAP = [-CDQ (corresponding angles)

Therefore,

L ABP = | DCQ (sum of angles of a triangle is 180°)
Therefore, AABP and ADCQ are equal triangles.
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In equal triangles, sides opposite to equal angles are equal.
Therefore, AP=DQ, PB=CQ

co-ordinates of A= (0,0)

co-ordinates of B= (6,2)
The y co-ordinate of any point on the x-axis is 0. The x co-
lordinate of any point on a line parallel to-y-axis are same.
Therefore, co-ordinates of P = (6,0)

AP=6-0=6

PB=2-0=2
Therefore,

co-ordinates of Q = (3+6,5) = (9,5)

co-ordinates of C = (9,5+2) = (9,7)

Activity

The figure shows a parallelogram with
the coordinates of its vertices:

Prove that T v =
and y, +y,=y,ty,

(z1,91)




In the figure ABCD is a parallelogram.

AP and DQ are parallel to x-axis. PB and QC are parallel to

the y axis.

Therefore,

co-ordinates of P'= (x», yi1)
co-ordinates-of Q = (X3, y4)
AP =Xx;- Xj

DQ=x3—x4

AP =DQ

ThEl"EfOl"E, X2— X1 — X3 — X4
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Xo+ X4=X; + X3
That is, X; + X3=Xo+ Xy
PB=y,-y:
QC=ys-ys

PB = QC

Therefore, y:—y1=ys;—ys
Y2t ya=ys + yi
Thatis, yi+y;=y:+Yys

Activity

Prove that in any parallelogram, the sum of the squares of all sides is
equal to the sum of the squares of the diagonals.

Answer

Let the co-ordinates of C-=/(a,b)

In a parallelogram,

the sum of x co-ordinates of
lopposite vertices are equal.

the sum of y-co-ordinates of
lopposite vertices are equal.
Therefore, 0 +a=x; + X,

That iS, = X1 +tXp

Similarly, 0 +b=y,+y;




Unit—9 GEOMETRYANDALGEBRA  GOVT V & HSS KULATHOOR, PARASSALA SUB DIST]|
b=yi+y:

Therefore, co-ordinates of C = (x; + X2, y1 + y2)

2 2 2

AB =Xty

2 2

2

AD’=X;+y
AD = BC
Therefore, AD°=BC’=x+y,
AB = CD

Therefore, AB°’=CD’=x;+y;

Therefore,

ABZ+BC2+CD2+AD2:xi+yi+x§+y§+xi+)’i+xi+)’§

AB*+BC*+CD*+ AD*=2 X*42 y 42 X242y’

AC* =(x,+x,)+(y,+y,)

That is, AC2:xi+x§+2x1x2+yf+y;+2 Y1Y2
BDZZ(Xl—X2)2+(J’1_Y2>2
BD2=xi+x§—2x1x2+yf+y§—2y1y2

Therefore,

AC*+BD* =

2 2 2 2 2 2 2 2
XX+ 2 X X)r Y1+ Yo+ 2 Y, Yot X+ X, =2 X X, Y1+ Yy, =2 Y, Y

2 2 2 2 2 2. 2 2
= XytXx,tyty,txitx,+y,ty,

2 2 2 2 2 2 2 2
= Xty rx,ty,txitytx,+y,
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= 2xf+2 yi+2 x§+2 yg

AB’+BC’+CD’+AD =2 x+2 y{+2 x;+2 y,

AC*+BD’ = 2X 42y +2x:42 Y,

Therefore, AB*+BC*+CD’+AD’ = AC’+BD’

Assignment

In this picture, the mid points of the sides of

the large triangle are joined tomakeasmall  (; 4,
triangle inside.

Calculate the coordinates of the vertices of

the large triangle.

Prepared by Jaisingh G R;HST(Maths) Govt.V&HSS Kulathoor
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r

Nigora |

Assignment on 03-01-2020-FN

Calculate the coordinates of the point P in the picture:

(0,3)

Answer

In the picture,
Co-ordinates of A =(0,3)
Co-ordinates of O = (0,0)
Co-ordinates of B = (4,0)
Therefore, ‘OA=3
OB=4

- JOA%+OB?
_ /32+42
= J/9+16 = 25 =5
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Consider AOAP and ABAO.

Angles of these two triangles are equal and therefore AOAP and

ABAOQO are similar.
Therefore, sides opposite to equal angles are proportional.

Therefore, PA-_ oA

OA AB

Thatis, = = S
3 5

SXPA = 3X3

3x3 _ 9
PA = 222 =2
5 5

Consider AOAB and APOB.

Angles of these two triangles.-are equal and therefore AOAB and
APOB are similar.
Therefore, sides opposite to equal angles are proportional.

Therefore, OB _HB

PB OB
4o+ D

That is,

PB 4
5XPB = 4x4

4x4 _ 16
5 5

Therefore, PA:PB = % : % =9:16

PB =

Therefore, co-ordinates of P = ( O+2—95(4—O),3+%(0—3) )
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9 9
=( 0+—=X4,3+—X-3
( 25 25 )

36 27
=( — . 3———
( 25’ 25 )
36 75—=27
25° 25

36 48
= ( 25° 25 )

=( )

= (125,122
25~ 25

Straight line

We can draw only one‘straight line joining any two
points. we can extend this line as to either side.

If the x coordinates of the two points are equal, then the
line will be parallel-te the y axis; and if the y coordinates are

lequal, the line will.be parallel to the x axis.

Y %
5

(-3,2) : (4 ."2')
(3,1) ]

g o g oy 01 2 : 4 5 i o s @ ow O 1 2 3 4 5

(3,-2)

| ' . ;
2] & ] n —

\ ' ' !
o - 2 [ &) —

E v & y!

Jaisingh G R ;HST(Maths) Govt.V&HSS Kulathoor
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If both the x coordinates and the y coordinates are different,

the line will be slanted(not parallel to either axis)

i

Example-1

Draw a line passing through A(3,2) and B(7,4)

9 10 11 12 13 14 15 16

Mark another two points P(x;, y1) and Q(xz, y2) on this line.
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Draw a right triangle ACB with AB as hypotenuse and

perpendicular sides(AC and BC) parallel to either axis.
Draw another right triangle PRQ with PQ as hypotenuse and
perpendicular sides(PR and QR) parallel to either axis.
In AACB, co-ordinates of C = (7, 2)
As we move from A to B,
changeinx=7-3=4
changeiny=4-2=2
In APRQ, co-ordinates of R 5 (x>, y1)
As we move from P to Q,
change in x = x, — X3
changeiny =y, -y
Angles of AACB and APRQ are equal.
Therefore, these two triangles are similar.
In similar triangles, sides opposite to equal angles are

proportional.

( y1) _

_ 2

(x,—x;) 4
: (y,—y 1
That is, S
(Xz Xl) 2

Therefore,

. 1
That is, ()’2_)’1)25()‘2_)‘1)
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That is, the difference in y is half the difference in x.
That is, In any point on this line, change in y is half of the
iIchange in x.

Example-2

Draw a line passing through (1,3) and (3,7)
Here, As we move from (1,3) to (3,7)
changeinx=3-1=2
changeiny=7-3=4
Let (X1, y1) and (X3, y2) be another two points on this line.
change in x = x; — X3

changeiny =y, -y,

(Y2—)’1) _ 4
(Xz_x1) 2

Then we can write,

Yy _
(x,—x,)

Therefore, (y,—y,)=2(x,—x,)

That is, change in y = 2 X change in x

Example-3

Draw a line passing through (3,5) and (7,3)
Here, As we move from (3,5) to (7,3)

changeinx=7-3=4

changeiny=3-5=-2
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Let (X1, y1) and (X2, y2) be another two points on this line.

change in x = x; — X3

changeiny =y, -

)’2_)’1) —2

(
(Xz_x1)
(

Then we can write,

2

_Y1)
Xz_x1)

<Y2_Y1):_7(X2_X1)

That is, the difference iny = :Zl of the difference in x

From these examples, we can understand that ,

In any line not parallel to either axis, the change in y
coordinate is the product of the change in x coordinate with

a fixed number

In other words,

In any line not parallel to either axis, the change in y is

proportional to the change in x

Note :
In a line parallel to x axis, the y coordinate does not change
and so the y difference of any two points is 0.

Thatis, y»—y1 =0
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Here also, y; — y; = constant X (X; — X;)

Here the constant = 0,

In this line the x, y change is not proportional.
Geometrically, the x difference is the horizontal shift and the

y difference is the vertical shift:

ydifference

wvdifference

x difference x difference

So, on dividing the y difference by the x difference, we get the
rate of change of the vertical shift with respect to the
horizontal shift.

In other words, the constant of proportionality of the change
in coordinates of aline is a measure of the slant of the line. It
is called the slope.of the line.

That is,

(y,=y)

(XZ_Xl)

Slope of a line passing through (x;, y;) and (x», y2) =

In a line perpendicular to x axis or parallel to y axis, change

in y is different and change in x = 0

(y,=y,)

(y,=yi) _

Therefore, slope of this line =
(XZ_XI) 0
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Division by 0 is not defined.
Therefore, the slope of a line parallel to y axis cannot be

Idefined.

Activity

Find the co-ordinates a point on the linéejoining (3, 5) and
(6,7).

Answer

Changeinx=6-3=3
Changeiny=7-5=2

That is, change iny = % x change in x
Let x co-ordinate of pointon this line = 4

As x increases by 1 y-increases by %

Therefore, if x = 4theny =5 + % = 5%

Therefore, co-ordinates of a point on this line = (4, 5% )

Let x co-ordinate of another point on this line = 9
changeinx=9-3=6

change iny = 6 X % =4

Therefore, y co-ordinate of the point=5+4=9
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Therefore, co-ordinates of another point on this line = (9,9)

Activity

Prove that the points (1, 3), (2, 5) and (3, 7) are on the same line

Answer

Consider the points (1,3) and (2,5)

changeinx=2-1=1
changeiny=5-3=2

change in y = 2 times change in x

Consider the points (2,5) and (3,7)
changeinx=3-2 =1
changeiny=7-5%2

Here also, changeiny = 2 times change in x

Therefore, (1,3),42,5), (3,7) are on the same line.

Activity

Find the coordinates of two more points on the line joining (—1,4) and
(1,2)

Answer

Consider the points (-1,4) and (1,2)
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ichangeinx=1--1=1+1=2

iIchangeiny=2-4=-2

That is, as x increases by 2, then y decreases by 2
Therefore, a point on this line = (1+2, 2-2) = (3, 0)
One more point = (3+2, 0-2) = (5,-2)

Activity

X, X, X,,... and y , y,, y,,... are arithmetic sequences. Prove that all

the points with coordinates in the sequence (x, y), (x,,1,), (x;, ¥.),...

of number pairs, are on the same line

Answer

(X1+X3)

If x1, X5, X3, . . . are in arithmetic sequence, then x,= 5

(y,+ys)

If y1, y2, 3, . . . areiin arithmetic sequence, then y,= 5

If we consider the points (xi, y1), (X2, y2) then

yity
(1 3_)’1)

slope
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Thatis. | 2y o ey

(Xz_x1> (X3_X1)
Therefore, (xi, y1), (X2, ¥2), (X3, ¥3), . . . are on the same line

Activity

Find the co-ordinates of the intersecting-point of the lines
jOiIliIlg (032), (6,4) and ('2’6), (3,1)

Answer

Let the point of intersection is (X,y)

In the line joining (0,2) and (6,4)
changeiny=4-2=2
changeinx=6-0=6

Therefore, slope = =) % =

1
(XZ_XI) 3

If ((x1, y1) is a point-on the line, (yZ_y1>:%(X2_X1)

Therefore, (y=2)==(x—0)

1
3

In the line joining (-2,6) and (3,1)
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changeiny=1-6=-5

changeiny=3--2=5
(Y2_yl)

slope = = 22 =1

(XZ_Xl) 5

Thatis, (y,—y,)=—1(x,—x,)
Therefore, (y—6)=—1(x——2)
y—6=—1(x+2)
y—6=—x-2
X+y=—2+6




Therefore,

co-ordinates of the intersecting point = ( 1l , 2l )

2 2
Assignment-1

(5, 3), (8, 9) are two points on a line.
(@) Findthe slope of the line.
(b) Find the co ordinates of two other points on
this line.

Find the point of intersection of the lines joining the

points (5, 0), (0, 5) and (6, 1), (2, -3).

Jaisingh G R ;HST(Maths) Govt.V&HSS Kulathoor
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(5, 3), (8, 9) are two points on a line.
(@) Find*the slope of the line.

(b) Find the co ordinates of two other points on

this line.

Answer

I(a) Two points on the line-are (5,3), (8,9)

=2

(b) y difference = 6

x difference=3
That is, as x increases by 3, y increases by 6.

Therefore,

Co-ordinates of a point on this line = (8+3, 9+6) = (11, 15)

Co-ordinates of another point on this line = (11+3, 15+6)

= (14, 21)
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Assignment-2

Find the point of intersection of the lines joining the
points (5, 0), (0, 5) and (6, 1), (2, -3).

Answer

Let the point of intersection is (x,y)

In the line joining (5,0) and (0,5)
changeiny=5-0=5
changeinx=0-5=-5

Yo~
Xy~ Xy

Slope =

(x,y) is a point on thisline

Therefore, < =0 -3
X—D5

Therefore, y—0=—1(x—5)
y=—X+5
That is,

slope of theline joining (6,1) and (2, -3) = —

(x,y) is a point on this line.

Therefore, < —1 -
x—6




Adding these two equations we get;
2x=10

:EI

5
2

X

Subtract second equation frem the first we get,

2y=0

=—=(0
Y72

Therefore, point of-intersection = (5, 0)

Equation of a line

Example-1

Find the equation of a line passing through (1,2) and (4,3).

Answer

‘Two points on the line are (1,2) and (4,3).
y difference=3-2=1

x difference=4-1=3
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Let (X, y) is a point on this line.

Therefore,

x—3y+5=0 which is the equation of the line.
Note:

If (p,q) is a point on this-line, then p—3g+5=0

To check (4,3) is a'‘point on this line; substitute x = 4 and
y = 3 in the equation x—3y+5=0
Thatis, x—3y+5= 4—-3X3+5=4—-9+5=9-9=0

Therefore, (4,3)ds a point on this line.

To check (10,5) is a point on this line; substitute x = 10
and y = 5 in the equation x—3y+5=0
x—3y+> = 10—3X5+5 = 10—15+5 = 15—15=0

Therefore, (10, 5) is a point on this line.

Every point on this line satisfy this equation.
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Example-2

Find the equation of a line passing through (0,0) and (1,1).

Answer

y difference _
x difference

Slope =

Let (X, y) is a point on this line.

—0
= 1
x—0

Therefore, x=y

This means that, in
levery point on this
line both x and y
icoordinates are equal.
This can also be

written as x—y=0

Activity

Find the equation of the line joining (1,2)and (2, 4). For points on this
line with consecutive natural numbers 3, 4, 5, ... as x coordinates, what

is the sequence of y coordinates?
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Answer

Two point on this line are (1,2) and (2,4)
y difference =4 -2 =2

X difference=2-1=1

ydifference _ 2 _ 2
1

Slope = x difference

Let (X, y) is a point on this line.

Therefore, < =2 =
x—1

(y—2)=2(x-1)
y—2=2x—2
y=2x which:means that, y co-ordinate of any
point on this line is 2 times the x co-ordinate.
Whenx=3 y=6
Whenx=4 <~y=8
Whenx=5, " y=10
That is, when x co-ordinates are 3, 5, 7,

the y coordinates are 6, 8, 10,

Activity

Find the equation of the line joining (—1, 3) and (2, 5). Prove that if the
point (x, y) is on this line, so is the point (x +3, y+ 2).

Jaisingh G R ;HST(Maths) Govt.V&HSS Kulathoor
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Answer

‘Two points on this line are (-1, 3) and (2, 5).
y difference =5-3 =2
X difference=2--1=2+1=3

ydifference _ 2
x difference 3

Slope =

Let (x, y) is a point on this line.

Therefore, 2—

3y—15=2x—+4
2x—4=3 y=15

2x—3y~4+15=0

2 x—3¥+11=0 which is the equation of the line.

To check (x+3, y+2) is a point on this line, substitute x = x+3

land y = y+2 inthe equation 2x—3y+11=0
2(x+3)-3(y+2)+11=0
2x+6—3y—6+11=0
2x—3y+11=0

Therefore, (x+3, y+2) is a point on this line.
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Activity

In the picture below, the x coordinate
of a point on the slanted (blue) line is 3:

i) What is its y coordinate?
i)  Whatisthe slope of the line?

m)  Write the equation of the line.

60°

O (1,0

Answer

In the picture,

Co-ordinates of A = (1,0)

x co-ordinate of B = 3
Therefore,

Co-ordinates of C =43,0)
Draw BC perpendicular to
the x axis.

In ABAC,

AC=3=1=2

L BAC=60°

L ABC = 30°

That is, angles of ABAC are 30°, 60°, 90°. Its sides are in the
ratio 1:v3:2
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Therefore, BC = 23

Therefore,
(i) co-ordinates of B = ( 3,23 )

y difference _ 24/3—0 _ 2+/3 - 3
x difference 3=1 2

((ii) slope of the line =

(ii1) Let (x,y) be a point on the line AB:

Therefore, y—0= V3 (x—1)

Thatis, y= V3 x- V3

That is, V3 x—y- V3 = 0.s the equation of AB

Activity >

In the picture here, ABCD is a
square: Prove that for any point on
the diagonal BD, the sum of the x
and y coordinates is zero.

Answer

In the figure,
ico-ordinate of A = (-2, -2)
ico-ordinate of C = (2, 2)

Therefore,

|co-ordinate of B = (2, -2)
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ico-ordinate of D = (-2, 2)

ico-ordinate of O = (0, 0)
In the line BD,
y difference =-2-2=-4
X difference =2--2=2+2=4

ydifference _ —4
x difference 4

Slope = =—1

Let (x,y) is a point on this line.

Therefore, < 0=
x—0

y—0=—1(x—0)

y=—X

x+y=0 which means that in every point on this
line, the sum of x and y co-ordinates is 0.

Activity

Prove that for any point on the line intersecting
the axes in the picture, the sum of the x and
ycoordinates is 3.
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Answer

In the picture,
ico-ordinates of A = (3,0)

ico-ordinates of B = (0,3)

_ ydifference
Slope of AB x difference

_3-0_3_ |
0-3~ -3

Let (x,y) is a point on this line.

Therefore, < —0 -
x—3

y—0=—1(x—3)

y=—Xx+3
That is, x+y=3 which means that, in every point on this

line, the sum of x and y co-ordinates is 3.

Equation of a circle

Activity

Find the equation of a circle with centre (1,4) and radius 2.

Answer

Let (x,y) is a point on the circle.

Distance between (1,4) and (x,y) = 2
Thatis, V(x—1)*+(y—4)*=2
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Therefore, (x—1)'+(y—4)=2’

That is, x’—2x+1+y°—8y+16=4

x2+y2—2x—8y+1+16:4

X*+y’=2x—8y+17=4

x2+y2—2x—8y+17—4=O

x’+y°—2x—8 y+13=0 which,means that, for every
point on the circle, this equation will satisfy.

Activity

Find the equation of a circle with centre (0,0) and radius 1.

Answer

Let (x,y) is a point on the circle.

Distance between (0,0)-and (x,y) = 1

Thatis, v(x—0)*+(y—0)’=1

(x=0)+(y=0)°=1

X+ y2: 1

That is, Equation of a circle with origin as centre and radius
lis x’+y’=1

Similarly,

Equation of a circle with origin as centre and radius 2 is

X+ y2 =D’

Thatis, x°+y’=4
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Activity

Find the equation of the circle with centre at the orgin and radius 5.
Write the coordinates of eight points on this circle.

Answer

Equation of a circle with origin as
icentre and radius 5 is x’+y’=5’
Thatis, x°+y°=25

Radius of the circle =5

Therefore, the co-ordinates of 4
points which cut the axes are (5,0),

(0,5), (-5,0), (0,-5).

x’+y°=25 which means-that the sum of squares of two

numbers is 25.

We know that 37$4°=25

Therefore, x =3:and y = 4

Now the co-erdinates of another 4 points on the circle are
1(3,4), (3,-4);-(-3,4) and (-3,-4)

Activity

Prove thatif (x, y) be a point on the circle with the line joining (0, 1) and
(2,3) asdiameter, then x* + y* — 2x — 4y + 3 = 0. Find the

coordinates of the points where this circle cuts the y axis.




Answer

In the figure, AB is a diameter
lof the circle.

Co-ordinates of A = (0,1)
Co-ordinates of B = (2,3)

Centre of the circle = midpoint

lof the diameter = (

(X1+X2) (Y1+Y2) )

2 7 2

(0+2) {1+3)
2 2

( )

2 4 _
(E, 5)_(1,2)

radius = V(1-0P+(2=1)* = V1%+1> = J1+1 = 2

Let (x,y) is a pointon the circle.

The equation of:the circle is
(x=1)+(y=2)’=("2)
x2—2x+1+y2—4y+4:2
X’+y°=2x—4 y+5—2=0
x2+y2—2x—4y+3:0

If the circle cuts the y axis, the x co-ordinate of that points

|are 2€ero.
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Therefore, substitute x = 0 in the equation
X +y°—2x—4 y+3=0
Thatis, 0°+y’—2x0—4y+3=0

Thatis, y°—4y+3=0

Thatis, (y—1)(y—3)=0

Thatis, (y—1)=0 or (y—3)=0

Thatis, y=1 or y=3

Therefore, co-ordinates points which cuts the y axis are (0,1)

and (0,3).

Assignment-1

Find the equation of the line joining (1,4) and (6,6).
Assignment-2

Find the equation of the circle with the line joining (2,0) and
1(0,4) as diameter.
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