mmple9
d =16
Fin 2
Sol_'nﬂlm

‘16 . x*-2° g
i

= ' = 4 2 3= 32
2 x-2 2 x-2 ( )
Example 10
) 15 _
Braluate fim 75— X — . (NCERT, March 2013)
x-1 x
Solution ’
xlS -1 r _ (1)1‘5
15 1 ! 3
R S R x—1 x>l x—l
lim —— = lim =
=0 o (10 _ (1)10
. lim|
x -1 x-»1 x—=1
Example 11 -
S .
Evaluate fim = .
‘ x->»2 x° —

REON

1001)°




: lim &
x> -8 lim x—2 332 x—-22 -"35(222—‘3
: =i
\ x=2 ) =2 x-2 -
Example 12
x' -1
Evaluate lim
x> x --]
Solution g
7 7__ 7 i i £ ¥
x A T -4 3 _ L.
- = imY— == =20 =7
l‘E?x4-1 =1 %t — () g
Example 13 _
41
Find hm
x—>-1 x -{-]
Solutmn
- (x°+1 (=1’ )
5
o D] . x+1 : x—(=1)
= ] = lim
i 5 =t |- a2
\ x-i-l -\ -?C-(‘_l) -)_
5 S |
. & =(=1)
CMmT 5Dt s
= 3 /. 1N\3 .
i % _-(_ 1)’ 3( 1) 3
2=l - 3 — 1
' Example 14
Evaluate lim (x+5) _25
x—0. X
.Solution. y :
' _ 2 _ g2 2 g2
.]im(x+5) 25 1 (+5) =5 _ . (x+5) -5

=2(5)=.10-

=0 x. x50 (x+£5)=5 955 (x+5)—5
Another Method - | |

(x+5)2 =25 - . x*+10x+25-25
lim = lim—
x—0 S o _ x—=0 ) . X ’
. . -+
= lim i——l(-’-’f._hmxﬂo—lo

x—0 X .1‘—-)0 o g



Ie 15
F"“mp J1+x -I ‘

pealuate 11~ | | | {Macei 2009, Septembies 2011)

Jution
Snply._1+,x,as.x—>0 )’—H>-
. -1 A= - ‘ L

_ Ej_’:l# hm"'/— = fmd—— = l(])%“ — -]_.(])'il — l(]) - 1

I[m x -y y— y—=l y ] 2 5 2 5 >
Another method | _ T _ '
=21 _jim (1+x)’—(1)’ lim a+xf - l(l)*" R
im0 (1+x)-] = gaoo (41 2% T 2()ﬁ2

LIMITS OF TRIGONOMETRIC FUNCTIONS

The following theorems are helpful i in caleulatmg oA
fimits of some tr:gonometnc functions.

13.4

Theorem 3
Let fand g be two real valued functlons with the

' séme domain such that f (x)<g(x) for all xin the domam of

definition. For some ‘a’ if both l1m I (x) and 11m g(x) exnst,

' 1 x<llm X ' _ 0000 : _
. then 1mf() gx) S ‘ .7  Fig13.16

Theorem 4 (Sandwich Theorem)

Let f, g, h be real functions such that.
b i (x)<g(x)<h(x) for all x in the domain of definition.

For some real number.a, if Ilm f(x)= l—llm h(x) then

.llm g(x)=1 ' o s - '
Theorem 5 = ' : LT Fi;I.S‘ e >
i. Iim smx 0 ' ii. limcosx=1. ‘ : -
‘ x—0 . ox=0 - . '
Example‘ 16

sin7x

Evaluate lim

x=0CcoS2x - March .2015)



Solution

. limsin mx
SINTX _ x50 _Q__ 0

lim
x—0cos2x limcos2x i
: x—=0 -
Example 17 |
Eval t‘ T tan x —sinx im cos2x—1
uate i. lim -
: va x>0, sin’x L x=0 cosx 1
Solution - )
: sin x A
- . nx—Sﬂ , COS X
L Iim —= = lim =
x>0 sin"-x - x-—)Q sin” x
. sinx(1—cosx)
= lim — 3( X)
=0 sin” X COSX
) 1—cosx
. = |lim —
x>0 cosxsin” x
. 1—-cosx
= lim
x=0 cosx (1—cos? x)
1—cosx
= lim
50 cosx (1—cos x)(1+cosx)
5\ 1 | ]
= |lim :
- - x>0 cosx (1+cosx) 1(1+1)
. .. cos2x—1 . 1—cos2
il lim——"7"- = lim s2x
‘ x=0 cosx—1 © 10 1—cosx
" . 2sin?x
= i ———

|  eac2
_ i 2L =cos” x)
x>0 ]—cosx

= Jim 212 00Sx)(1 + cosx) -
e (1-cosx)

= lim 2(1 + cos x)

=20+ 1)=22)=4 -

B

T2



6 .
fhl“’rcm sinx

Ifx i mcasur(!cl in radian, L‘E x = ' (March 2013)
Cgsc (i) . . .

(O be the centre of the unit circle making an acute angle x at the centre.
Le ~ \
Let Z:AOB=.1',.7C'>0 -
praw BC 1 ox and DA L OX (to meet D on OB produced) - _’

1

1 _
preaor BOAD=Z0KAD:

S

1 .2
~ Area of sector OAB%- EOA X

From the figure, it is clear that area of AOAB <area

of sector OAB < area of AOAD
1 PO R | . s |
ie., — BC < —0A*x < —OA.AD co -
ie. 20A <3h 5 A R Fig. 13.18
BC DA o T
je, —<X<—-, - dividingby —OA
ie. oA " 0A” e
we get B—C<x<-1—)é-' Since OA = OB, =
OB~ OA o

ie,sinx<x<tanx

) sinx X tanx L. «
1@, —<—=%<=; Sincesinx> 0
sinx sSinx Ssinx .
. X 1
Le., 1<— <

sinx . COSX

- By taking the reciprocals, the inequality is reversed 1> HY S cosx

- X% .
Alim1zlim3E s limcosx - fx) > g(x) = lim £(x)> lim g(x)
x—0 x>0 x . x—0 T x—=a —.r—mg
- i 4. SINX '
1.e., 1>1lim >1
-0 x

sinx

~ Thus if x> 0, then lim =1, when x is positive.
7 x—0 : .



Case (ii) '
Let x be negative, then —x is positive.
Put — x =y, y is positive
x—=>0=>y—->0

. sinx . sin(=y . siny .. Siny
lim =|lﬂ1———£"—)l = lim = lir 1
x=0 x e y 'y—ro = y=0 y
. . sinx-
Thus in any case, lim =1
x>0 x ‘
. T .. sinx
That is, for any angle x in radian, lim =1
. ) x=0 Xx
Theorem 7 .
. . ... 1-cosx e -
If x is measured in radian lim ————=0 - T (March 2011

x—0 X

Proof

We have 1 — cosx = 2sin2[125-].

. l—cosx - 27 _ fip —2L _‘s'in(—,—] = lim —<% . lim sin(i
S 2 . : 2

Iim ————— =_lim

x—0 X x>0 . X . a0 X X 50 X X 50

S # () =
Theorem 8

If x is measured in radian

. X Lt

i. lim——=1 ii..lim tanx=1
' x=0 Sin X ' 300 X
Proof
R T R
i. lim— = lim| — = ; = - =]

x50 sinx  x-0 sinx | B sinx 1

x .rT>0 x .

(smx) T E : .

. . tanx .\ cosx . (sinx 1 ) : : | . :

Cii. lim = lim————= = lim : ) = lim ] . lim I =1 1 =1
L x=0 X ~x—>0 X . x=0\ x COosXx x>0\ x x—=0\ cosx K



. Sins‘t:l' =1
1‘35 5x 550 5x%
gxample 19
. sin4x
Evaluat® —0sin2x
Solution ,
: sin4x . sin4x ) 5i
o _ llms1n4x_ llm4x-sm4x
sindx _ o X x>0 x40 4x =4><1 _s
x-»ostx x—0| sin2x llmstJr lim%xsmzx ‘2,(_.1
x -x0 X 2x—0" _2x- : -
Exa_mple 20 '
sin(t—x)
lim
Evaluate 00~ (7 — x)
Sohdinn
- Let y=T— xasx—wt y—>0
) l]msm(ﬂ: X) _ lim smy =ll ‘siny =_l_(1)=_1_
i mm—x) 20 my w2ty m R
.Another method
_ sin(r—x) _ 1, sin(n-x) |
Iim—— —-hm h g _ _ _
x>n T — x) g aon (m—X) when x > 7, then T —x — 0.
1 .. - sin(m=
- - lim sin(mw —x) . _ _1_(1)=_1_
‘ B (1!-1)—-)0 (n x) T T
Example 21
~ Evaluate lim 1=S054*
. x—0 xz
Solution
' e B )
-liml 06;54x _ lim 2sin” 2x
x—0 x x—0 xz




Example 22

i . sin3x ii. Fi sin3x iii. Evaluate lim(m
i Evaluate lxl_l;rlo ii. Find !r'—'POsm T i x4 sin7s
Solution
i ; in3x . sin3x _ _
C o imS03% _gim 32 X _31im =3x]=3
=0 X >0 3x 3xr50 3x
sin3x . sin3x
- Iim 3
- ]irhSln.’x-l X x—0 x — =
- *=0sin 7x x-.O sin7x limsm7x 7
X z—0 x
sin3x+7x - o
. (sin3x+7x —lim >
o 0 3x+sin7x -0 3x+sin7x
x .
. sin3x sin3x ..
— i lim 7
B R 34+7_10_,
x=0 - x x50 x—0
Example 23
Evaluate lim ;otx
'_’5“2——4’5 -
Solution ]
- . cotx
. lim—-— Put y:E—x as x_>_1_r_’ y'—>0
Hf(ﬂ J 2 2
2| ——x
2 .
7|4
cotx cot(—z——yJ t
- lim — lim——% 7 —lim any

X=»-= T

n y_' y
. ——X p
. 2(2 _ )

Example 24

Evaluate lim (cosecx — cot x)
x— '

Solution

llm (coscc x—cotx) =

x—0

) ( 1
lim| —
x=0\sIn x

y—0

cos x)

sinx

¥

x—)O

l—cosx

2l

sinx

)

(NCERT)



2 X

2sin® —
- .!rl-‘;% x o lim e
2sin—cos— = 3-0
. 2 2 e
Anofhcr mcﬂlOd . .
- 1 cosXx 1 lim‘-___-——-ﬂ] emC
lim(cosecx-cotx) = hm( —— ):lim( TCOSX) _ a0 x ~ 0
.
x—>

a+bx, x<I
x=1 and if ]lm Vi (x) S (1) what are the possnb]e values of « and b

L Lt f=1 %
: b—ax, x>1.
- (NCERT)
Solution
f=4 S
fim f(x)=A1) = lim f(x)=4 and lim f(x)=4 -
x—1 - x=l- : x—=1+ :
lirpf(x)=4 = Vlir?_(a+bx)'=4 = ag+b=4
lxrpf(x) 4= J}gg(b—ax):zt — b-—a=4
‘Solvinga+b=4 and b—a =4, wegeta= 0 and b = 4.
Example 26 = -
(NCERT)

el | : ’ 2
Find lim f(x) , where f(x)= xt=1, x=l
. x—1 __xz _1, es1

Solution
lim f(x)— I1m (x* -1)=0

x-1-

lim f(x)— lnn (—x* —T)==2

x—-1+
hm f(x);t ]lm f(x)

lelt does not ex1st atx=1.

E_xample 27 |
Choose the most appropriate answer from those given in the bracket. (September 2010)

: p_~oP
i If lim x'-2 192, then p = cc.veeeneees
x—2 : _

x—>2

[2,4,6,10]



» 7 . Siﬂ ax
1. lim
10 xcoshx

[0, a, b, not defined]
Jz-1 _

i Tim Y2 = s _
z——1 ]—Tz

—11

séanssnsnoens

ks o, 1, -T-t-,not defined]

4
f( |
im =3 Ll_rR j(x) = iissnessansaseasens
[0, 1, k, not defined]
_Solution L
P _ap
L lim =2 =19
' x>2 x-2 .
- p(2)P' =192
=6 x2°=6 (2)*!
p=6
.. .. sinax . sinax 1 . Sinax . 1
. lim ————— = lim .lim = a lim .lim
x=0 xcosbx =0 x x0cosbx. . .x20 ax x50 cosbx
= a| lim Sinoe lim ] —. (1 ('I-J—
ax—0  aqx bx—0 cosbx a( ) 1)
7 L1 : 1 1
.se ..7 Z'_] - 22 _]2 72 _15
. lim = lim = (— lim =
2>l 11—z z—1 1l—= ( l) :.'I—II} A |
1, 1=
=_]_12 =] X — = —
( )2() )



= kx?

fimy o =

x—1 _

k lim(x*) = k(1)*=k
x—1



