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MATHEMATICAL
REASONING

14.1 INTRODUCTION

In this chapter, we shdll learn about some
basics of mathematical reasoning. The ability of rea-

. soning makes human being superior to other
species.This reasoning varies from person to
person. We shall discuss the process of reasoning in
the context.of mathematics. There are two kinds of
reasoning. Inductive reasoning and Deductive
reasoning _

We have already discussed the inductive -
reasoning in Mathematical Induction. Now we shall
discuss some fundamentals of deductive reasoning.:

14.2 STATEMENTS

In our daily life, we express our ideas and

" thoughts with the help of sentences. A sentence is

a group of words arranged according to the laws of
grammar, which conveys a complete idea.

Ilustration 1 _

Consider the following séntences.
i.  Delhiis a city ii. 3+8=11
jii. Sum of theangles ina triangle is two right angles
iv. Every square is arhombus

We see that each of the sentences given above
are true.

Here each sentence is considered as a stafe-
ment

-



Hlustration 2 _
Consider the following sentences o

. 5+3=11 Paris is in India iii. Sun is a planet

iv. Ernakulam is the capital of Kerala

We see that each of the sentences given above are false

Here cach sentence is congidered as a stafement

Illustration 3
Consider the following sentences

i. Give me a pen.
This is a request and is an mrperat:ve semence

ii. Open the door. :
This is a command and is an imperative sentence.

iii. What is your name?
This is a question and is an interrogative sentence.

iv.  How beautiful it is!

This is an exclamatory sentence.
In this illustration,we cannot say whether the- statements are true or false.

Hence each sentence is not considered as a statement

Definition : .
A sentence is called a mathemattcally acceptable statement if it is either true or false

but not both. When we mention about a statement, it is a mathematically acceptable state-

---------------

ment. The statements are usually denoted by the letters p, g, 7, s,

Open sentence
Sentence involving vanable(s) is known
as an open senfence. .
' is an open

“Tommorrow is Friday”
sentence. The truth of this sentence depends

on the day on which:it is spoken.
x + 2 = 5 is'also an open sentence.
The truth of this sentence depends on the

value of x.




g0k .
pa nt which is both true and false simultaneously is known as a Paradox.

‘A statem _
. Paradoxes are not statements .
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is not a staterne

hood of a statement is called its fruth value. The truth value of a true state-
ted by T. The truth value of a false statement is_false and is denoted by F.

The truth or false
ment is fr#e and is deno

gxample 1 S _ : _
Which of the following sentences are ‘statements? Give reasons for your answer.

There are 35 days in a month. (NCERT)

i P
5 Mathematics is difficult.

i  Thesum of 5 and 7 is greater than 10.

«,  The square of a number is an even number.
 The sides of a quadrilateral have equal length.

.  Answer this question. -

i The product of (-1) and 8 is 8.

i, Thesum of all interior angles of a triangle is 180°.

. Today is a windy day. .

x.  Allreal numbers are complex numbers. - )
Solution | ' BRI

i Inthis sentence,

maximum number of day

. is a statement o -

5. This is not a statement because fo

others it can be difficult. ' _

i~ This sentence is always true because the sum

«There” refers to a variable time. i.e., any of the twelve months. The
s in any month is 31. So the sentence is always false. Therefore it

r some people mathematics can be easy and for some
is'12 and it is greater than 10. Therefore, it is

a statement. : :
This sentence is sometimes true and sometimes not true. For example the square of 2 is

even number and the square of 3 is an odd number. Therefore, it is not a statement.
This sentence_is sometimes true and sometimes false. For example, squares and rhombus

have equal length whereas rectangles and trapezium have unequal length. Therefore, it is

not a statement.

It is an order and therefore, is not a statement.

This sentence is false as the product is (—8). Therefore, it is a statement.

This sentence is always true and therefore, it is a statement.
It is not clear from the context which day is referred and therefore, it is not a statement

~ This is a true statement because: all real numbers can.be written in the form.

iv.
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Example 2 - -
Give three examples of sentences which are not statements. -~ (NCERT, Marc, 2010)

Solution
i. Tomorrow is Monday. The truth of this sentence depends on the day in whnch it is Spoken

So it is not a statement.
ii. Real numbers are positive. Let x be a real number The truth of thls sentence depends o th
value of x. So it is not a statement. '
The three sides of a triangle are equa] in length. ThlS sentence is true for equilatera] t”angles

- and false for right triangles. So it is not a statément.

XT B_ KiiEXERCISE 47
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Which of the followmg sentences are statements" lee reasons for your answer. -

i. . There are 35 days in a month. .

‘ii. Mathematics is difficult. _

iii. The sum of 5 and 7 is greater than 10.

iv. The square of a number is an even number.

v. The sides of a quadrilateral have equal length.”

vi. Answer this question.

vii. The product of (—1) and 8 is 8.

viii. The sum of all interior angles of a triangle is 180°.

ix. Today is a windy day.
x. All real numbers are complex numbers.

Solution = Refer Example 1
"2..  Give three examples of sentences Wthh are not statements. lee reasons for the answers.

- Solution
Refer Exdmple 2



Nrw STATEMENTS FROM OLD

Inthe followmg section we are discussing the method of forming new statements from the

1d ,;mlcmcnts
old

431 Negation of a statement
The contradiction of-a given statement is called its negation. The negation of a statement

{he denial of the statement. Consider the statement.
is

p: . Everyone in Tamil Nadu spmks Tamil
The negation of this statement p means that not all persons in Tamilnadu speaks Tamil.
The statement “No person in Tamil Nadu spealfs Tamil’ is not the negatiori of the statement p. The

negation of the statement p means that there is atleast one person in Tamil Nadu who does
pot speak Tamil.

-

[llustration 4 | | .
Let us consider the statement Thiruvananthapuram is a city.
The negation of this statement is It is not the case that T hn -uvarianthapuram is a city.

This can also be written as It is false that T. htmwananthapzn am is a crty
This can simply be written as Thiruvananthapuram is not a city. .
Definition | '

If p is a statement, then the negatlon of pisalsoa statement and is denoted by ~p and read
as ‘not p’.

VORKIN G: RULE

To write the negatlon of a statemc.nt

~ If p is a statement, then the negation of p is 10rmed as fo!lows
- Insert the phrases “It is. not the case tlmt” or ‘[f is false tlmt’ before
= :,"Ins‘_'ert'thé-wof_rdf‘;ljlo't_’,_at propér ,p‘l';ic_e_;fji!n 'jtlig;\slti‘lt;e;nft‘e:'n.t__ )i

e
Example 3 :
Write the negation of the following statements: o - (NCERT)
1. Chennai is the capital of Tamil Nadu 2 1s nota complex number
ii. All triangles\are not equilateral trian‘gle. ' . , (March 2013)'
iv. The number 2 is greater than 7. | : (March 201 1)
v. Every natural number is an integer. - S | (March 2012, 2013)
Solution SR o ' o

i. Chennai is not the capital of Tamil Nadu or
It is false that Chennai is the capital of Tamil Nadu



i, +/2 isacomplex numbet. oF

It is not the case that J2 is not a complex number

ii.  Alltriangles arc equilateral tr ingles.
iv. The number 2 is not greater than 7
v.  Every natural number is not an integer.

Example 4 |
\\ rite the negahon of the following statements. (NCERT)
. Both the diagonals of a rectangle have the same length. :

A7 s rational. (March 2010, March 2015)

Solution
i. Itis false that both diagonals ofa rectanOIe have the same length

il. ﬁ is not rational. or It is not'the case that ﬁ is rational.

Example 5
Write the negation of the fol lowing statements S o _ (NCERT)
i. p: Forevery real number x, x*> x. . ' :
ii. ¢- There exists a rational number x such that x* = 2
iii. 7- All birds have wings. ‘
iv. 52 All students study mathematlcs at the elementary level.
C'(h'utmn :
i.  The negation of p i is “It is false thatp or
~ p: There exists a real number x such that vc- <X.
ii. Negation of ¢ is “It is false that ¢” or
* ~gq: There does not exist a rational-number x such that x> =2 or
-~ g: For all real numbers x, x* # 2
iii. The negation of r is “It is false that #” o
~ r: There exists a bird Wthh have no
wings.
Civ. The«negaﬁon of s is “It is false that s
" or "
~ s: There exists a student who does
not study mathematics at the
elementary level.

If p is true then ~ p is f‘\lse
Ifpi is ﬁlse then ~p lS true

Exampl(_ 6 :
Are the following pairs of statements neg,atlons of each other? Justlfy your answer.
i. The number x is not a rational number - , - - (NCERT)

The number x is not an irrational number
ii. The number x is a rational number

The number x is an irrational number



qolutio wegation of the first stat is 7T,
. The ! atement is The number x is a rationdl number". It is th
: s the same

as the second statement. Therefore the pair of statements are negations of each oth
< €r.

“The negation of the first statement is ‘The number ¥ Is %01 a-rationdd numb 7
= mber’. is

.same as the second statement ‘Ther efore the 0
pair of statem :
o z ents are negations of each

ii.

[4.3.2 Compound statement

In mathematlcal reasonmg, we come acrossv statements |
whic
more statements. h can be broken into two or
[llustration 5
Con51der the statement |
p:A square is a quadrilateral and its four sides are equal
The statement p is formed by the followmg two statements.

q: A square is a quadrilateral. : The four sides of a SglLre are equal
g, r are connected by ‘and’. :
[llustration 6

Consider the statement =

p : All integers are either even or odd I

The statement p is formed by the following two statements

g-: All'integers are even r . All integers are odd

g, r are connected by ‘or’ ' -
Def inition

A compound statement is a statement whlch can be broken mto two or more
_statements. Here, each statement is called a component statement.

‘Many mathematical compound statements are “obtained by combmmo two or more state-
ments using some connecting word’s like and, or etc. : : »

A statement which cannot be broken into component statements is called a simple
statement. ) ' '

“The sky is blue’, €42 isa ratlonal number are examples of s1mple statements.

The truth or falsehood of a compound statement depends on the truth and falsehood of its
_ component statements :

Example 7
- Write the component statement of the compound statement “All living thmgs have two lecrs
and two eyes”. - A _ : o .(NCERT, March 2010)
Solution - '

- The component statements are
p:Al living thmgs have two legs



q : All living things have two cyes. .

Example 8 _ o
Write the component statements of the cqmpound statémcnp “A line is straight and exteng
indefinitely in both directions”. Also check whether the compound statement is trye of falses

Solution ,(NCERT)

The component statements are

p: Alineisstraight ‘

g : A line extends _illdeﬁllitely in both directions. - _

Here both p and g are true. Hence the compouhd-statément is true.

" Example 9 4 _ | 1 _
Write the component statements of the following qompO'und statements. Mention the connecting
word. ' : Lot _ : .

i Itis raining and it is cold _ii. Zero is-a positive or negative number -
Solution s | ‘ ' o
The component statements are”
i p:Itis raining - R g: It is cold
" Here the connecting word is and = | |
i. p: Zero-is a positive number  q. Zero is a negative number

Here the connecting word is or:



14.4. SPECIAL WORDS OR PHRASES

In section 14.3 we have studied that the compound statement is formed by combining simple
statements by using the words and, or etc. ' .
The words which combine simple statements to form compound statements are called
special words/phrases or connectives. The basic connectives are the words ‘And and Or " .
14.4.1. The word ‘and’

Two simple statements can be connected by the word ‘And’ to form a compound statement.



INustration 7
Consider the compo
p: All rational numbers arc real numbers
This statcment can be broken into two componc
are real numbers

und statement with ‘and’
and all real numbers are complex numbers,

nt statements as

q: All rational -numbers
- All real numbers are con

Wc observe that both the statements g and

Let us consider another statement.

3 6and 5

ken into 3 component statements as

r: 36 is divisible by 6 s: 36 is divisible by 5

while the other two statements are true.

plex numbers
» are true. Therefore, the compound statement is true

p: 36 is divisible by
T :is statement is bro
g: 36 is divisible by 3
We observe that the third statement is false,
Therefore, the compound statement is false.

Rule for thc compound statement w1th “and” & 3
Thecompound statement with ‘and’ is true, lf al] its component statements are true.
all of its component statements are

I
i The compound statement w:th and ]S fa]se if any or

Example 10
‘Write the component statements of the following compound statements and check whether

the compound statement is true or false.

i. Keralaisin India and Trivandrum is in Kerala.

ii. Zero is less than every positive integer and every negative integer (NCERT)
. All living thmgs have two legs and two eyes. ' '

Solutlan '

The component statements are

i. p: Kerala is in India  q: Trivandrum is in Kerala.
Both these statements are true. Therefore the

o compound statement is true. : f STUDY.TIPST

ii. p: Zero is less than every positive integer S T
gq: Zero is less than every negative inleger
Thc first statement is true and the second
statement is false. Therefore the compound
statement is false. -
. p: All living things have two Iegs q: Al Ilvmg things have two eyes
Both these statements are falsc Therefore the compound statement is fal

se.
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2 The word ‘Or’

musﬂ‘atlon 3

Consider the compound statement with or. S el . -

p All integers are positive or negative

This statement can be broken into two statements as

g: All integers are positive r: All integers are negatzve

Consider the statement p: The sun shines or it rains.

This statement can be broken into two component statements as
g: The sun shines It rains : A

Con51der the statement
p: Two lines in a plane either intersect at one point or they are parallel

r

_ This statement can be broken into two component statements as

g: Two lines in a plane intersect at a point.  r: Two lines in a plane are parallel

< mclus;ve or’. Sometimes ‘or’ is use
one of the two altemattves oceurs. Then we call 1t as c,;tduwve or

It should be noted that the wond or’ is used thh othei meamm,s in Enﬂhsh ldnﬂuaﬁe

_‘ ;For example. In the statement two or three children are playmo in the pla) -ground, here the
~word ‘or’is used to indicate an approximate number of children. It isnotused as a connective.

' Asaconnective the word ‘or’ is used intwo distinct ways.
" of ‘p or'q or both’. That is, atleast one of the two alternatives occurs, then we call it as’

;
!
{ >y A
’
f

Sometimes it is used in the seme ;

d in the sense of p or ¢ but not both’. Fhat is, exactly

| v

Example 11

For each of the following statements, determine whether an ‘inclusive or’ or ‘exclusive or’ is

used: Give reasons for your answer.

‘i The school is closed if it is a holiday or Sunday

ii. To apply fora driving licence, you need a Ration Card or a Voter Identity Card.
iii. The students can take Malayalam or Hindi as their second lang3ua0<3 _ '
iv. All Integers are positive or negative. ' # S (NCERT)



Solution
i Here ‘orisinclusive sin
falls on Sunday. then also the school is closed.

Here “or " is inclusive, since a person can app

or Voter ldemlty Card or both.
Here ‘or " is exclusive, since a student can take Malayala

but not both.
Here ‘or ' is exclusive since all integers can be posmve or negatlve but not both.

ce the school is closed on -holiclny as well as Sunday. If a holiday

i ly for driving licence if he has a Ration Carg
iil. m or Hindi as second language
v.

Rule for the compound statenent with ‘Or
i.  Acompound statement thh or’is true when any or -all of ltS component statements are

true. 'l :
A compound statement Wlﬂl or JS false when d]l of ltS component statements are false

Example 12
Check whether “Or” used in the following compound statement is excluswe or inclusive?

Write the component statements of the compound statements and use them to check whether
‘the compound statement is true or not. Justify your answer. (NCERT)
t: You are wet when it rains or you are in a river.

Solution ,
“Or” used in the given statement is mcluswe because it 1s p0531ble that 1t rams and you are

in the river.
The component statements of the glven statement are
p : You are wet when it rains. q : You are wel when you are in a river.

. Here both the component statements are true and therefore the compound statement is true.
Example 13

Con31der the statement «/S isa ratlonal number or an 1rrat10nal number

i. Find the component statements and check whether they are true or false.
ii. Check whether the compound statement is true or false. '

\

(March 2010, October 2011)

Solution

i. The component statements are . :
p: +/5 isarational number q: /5 is an irrational number

" Here p is false and ¢ is true
i. The eompound statement is true since g is true.

Example 14
Write the component statements of the following compound statements and check whether
' the compound statement is true or false. o

i. Two lines in a plane intersect-at a pomt or they are parallel
-1251isa mu]tlp]e of 7or8 '



. 3618 divisible by 6 or9
" -8 is divisible by3or6 (March 2012) - (NCERT)
So "‘"”',Thc component statements are ,
' p: Tivo lines in a plane intersect at a point q: Two lines in a plane are parallel
Here we observe that when p is true, q is false and when g is true, p is false
. The compound statement is true. :
"rhe component statements are -
p:125isa multiple of 7
g:125is a multiple of 8
Here we observe that both p and g are false
statements.
. The compound statement is false
iii. The component statements are , .
- p: 36is divisible by 6 - q: 36 is divisible' by 9
Here we observe that both statements p and g are true statements
. The compound statement is true. ‘
v. The component statements are
p:48isdivisible by 3 ~g:48isdivisible by 6
Here we observe that both p and g are true statements. ,
" Hence the compound statement is true.

.

Example 15
1. Write the component statements “All prime'numbers are either even or odd.
ii. Check whether—-ihese component statements are true or false. ,
iil. Write the negation of the statement. ' (March 2011)
'Solm'mn - : ' ‘
i. The component statements aré
p: all prime numbers are odd numbers.
g - all prime numbers are even numbers.
ii. pis false, since 2 is a prime number which is even.
q is false, since 3 is a prime number which is odd.
iii. ~p :All prime numbers are not odd numbers.
~q : All prime numbers are not even numbers.



