' 14.6. VALIDATING STATEMENTS

In this section. we shall discuss the validity of statements. Checking the validity of 2
eans to check whether it is true or not. The validity of a statement depends upon
“or" (ii) the implications Tf e then’ if and only y if
that appear in the given statement. The following

statement m
(i) the special words like ‘and’.

(iii) the quantifiers for all. there exists etc.,
techmque:are uSed to check the validity of statements
i 'ahdltv of statements with ‘and’ :

If p and g are two mathématical statements, then in order to show that the statemem

P ana'q is true, we follow the following steps

e e ———— T T T
S T E : —

Step i Show that p is. true
Step il Show that q is true _“:}; = e e

Example 23

Check the validity of the statement, 40 isa multlple of5 and 4.
Solution

The component statements are

p- 40 is a multiple of 5 qg: 40 isa multlple of 4

Here p and g are true.

Therefore the compound statement p and q is a valld statement.

i'i._ Validity of statements with ¢ or’ :
If p and g are two mathematical statements, then in order to show that the statement p orq '5

true, we must show that atleast one of'p, ¢ is true.
Example 26
- Consider the following statements |
p: 40 is a'multtple of 5 qg:40isa multtple of 7
Write the compound statement using or and check its validity.



tion! : i
golt e cnlﬂPO""d statement is 40 is a multiple of 5 or 7.

d() isa mu
ence the compound statement is vnhd

ltiple of 5 is true. ¢ : 40 is a multiple of 7 is false.

|I
|ﬂc 27

Exnﬂl ‘
Given below are two statements
pe 25 is a multiple of 5.
g+ 2. is a multiple of 8.

Write the compound statements connectmg these two statements with * And” and “Or”. In
both cases check the validity of the compound statement. '

-

Solution
Here p is true and ¢ is false. ‘

The compound statement with and is 25 is a multlple of 5 and 8
This is a false statement, since g is false.

The compound statement with or is'25 is a multiple of 5:0r 8
This is true statement, since p is true.
validity of statements with i | QTSR then ,
If p and g are two mathematical statements, then to prove the validity of the statement
“if p then q”’, we may use any one of the following methods.

1. Direct Method : _

.- Assume that p is true. Then prove that g must m :_- AREEEE —

- be true. =
;Dlrect method P :::> q
2. Contrapositive Method - b
Contraposntwe method
Assume that g is false. Then prove that p is false 1,

ass D) .
1. '

3. Contradiction Method Contmdlcmm me}:h(,d -
Step i: Assume that p is true and ¢ is false.. Assume S true i - 1s false 22
Stepu Obtam acontradlctlon from step | ObtalnacontradmtlgnL 2 255

Example 28 -
Check whether the statement If x and y are odd integers, then xy is an odd integer is frue

or false by i. dlrect method ,
ii. contrapositive method ' ‘ (August 2009, March 2010) '
iii. contradiction method SR :

Solution ,
The component statements are

p:xandy are odd integers ¢ : Xy is an odd integer
Therefore the given statement is if ? then q



Direct Method
Letpbetrue > x and y are odd integers
— x=2m+1andy= (’7n+1)for|nt

— xp=Cm+D@n+1) =7 Apm + 2m+2n+ 1
2Qam+m+m+1=XY < an odd integer.(*- 2mntarn is an integer)

egers m andn

= x¥=
= gistrue
Thus p is true implies g is true. Therefore 1f p then
Contrapositive Method N

Let g be not true =Xy is an even integer
— eitherxisevenory

g isa true statement.

is even or both x and y are even

— p is not true. :
Thus g is false implies p is false. Therefore if p then g isa true statement.
Contradiction Method ) , _
Assume that p is true and g is false. This means that ~q is true. _i.e., ~q: Xy is even -
pistrue = xandyare odd integers :

— x=Qm+1)andy=02n+1) for some integer »2 and 77
= xy=0Cm+1)(2n+ 1)
= xy=2Q2mn+m+ m+ 1
Therefore if p then q is a true statement.
Example 29 : - _
Consider the statement.
“If (31 +2) is an odd natural number then 7 is an odd n

i Write its contrapositive. -
i Check whether the given statement is true by the conn‘apositive-meﬂlod.

— xyis odd, which is a contradiction

atural numberf’.
(October 2011)

Solution
i Ifn is not an odd natural number,
If n is an even natural number, then (3
i Let p:(3n+2)isan odd natural number.
g : nisanodd natural number.
Assume that ¢ is false.
ie. n is an even natural number.
= n =2k, for some integer k.
- 3n+2 =32k +2
=2 [3k+ 1] is an even integer.

then 3n + 2)is not an odd natural number OR
3n+2)isan even natural number. o

ie., p is false. ,
.. The given statement is true.



validity of statcmcms with if and only if
ive
In order to prove the validity of the statement ‘p if and only if q°, we prm.eed a5

fo||0“’_5 )
Slep a . Show that it p is {rue, then g is {rue

Step. n. Show that if g is true, then g is true,

Example 30
Consider the statement

statement is true.

The iiteger X is add zf and only if x* is odd. (,heck whether the
(NCERT)

So[ufwﬂ i
The component statements are p: integerxisodd ¢: x? is odd

- The given statement is p if and only if q

Case i Checkthe validity of if p then g.
The statement is given by If the integer x is odd, then x* is odd We use the direct method to

prove the validity of the statement.
Let us assume that x is odd -

ox=0Cm+ 1) for some integer m = X =@m+ 1)

— x2=4m(m+1)+1 — x? is an odd integer

" Thus x is odd implies x* is odd. Therefore if p then q is a true statement.
Case ii : Check the validity of if g thenp
The statement is given by If x is an integer and x* is odd,-then x is odd.-We use the
contrapositive method to prove the validity of this statement. .
Assume that x is even — x = 2m-for some integer m = x*=4 . .

— x? is.an even mleger — x?is not an odd integer
. Thus x is not odd implies x* is not odd. Therefore zjq then p is a true statemcnt

p if and only if g is true.
v. Validity of statement by contradiction

To check whether a statement p is true o
arrive at some result which contradicts our assum ption.

r not, we assume that p is not true. Then we
Therefore, we conclude that p is true.

Example 31

Verify by the method of contradiction that «,/5 is irr atlonal (March 2009, 2011)

Solutmn

To prove«/f is irrational.
Assume that J2 isnot 1rratlonal That is -\/5 is rational.

a : -
\/_2- = —, where a and b are integers having no common factor .



-

-

a " 2
—  or a

Squaring. we get, 2= 5 = 20’

since 2 is a prime number

i.e. 2 divides a* — 2 divides a
Let a = 2k for some integer & :
=a’ = 4K —2b% = 4k’ .
—,2 divides b

= b* =27 — 2 divides b
s b. That is 2 is a common factor to both ¢ znd  44....
‘ : L=

o

Thus we get 2 divides a and 2 divide
o common factor. Hence our assumption that .f5 -
. Ve 1

contradigts the fact that @ and b have n

L
. ravional is false. Therefore J2 isirrational

Validity of statements by using a counter example
In order to show that a statements is false, we may give an example of a situation whey.

the statement is not valid. Such an example is called a counter example.

Example 32 3 _ |
By giving a counter example, show that the following statement ‘if n is an odd integer, they
n is prime’ is-false. (NCERT)". e _ T A

Solution - .;_.,fi N Seke
We observe -that “In Mathematics, to disprove 2.5
integer, which is not prime. So the “‘-90‘1’"&? example is sufficient. But
-statement is not valid. , “number of examples in favour of a
. - n=15 is a counter examp'l . state__mcntﬂdo‘not prove the vahdlty
' of the statement. -

n = 15 is an odd tatement a
any @,ﬂj

€

“SOLUTIONS TO NCERT TEXT BOOK EXERCISE14.5.

1. Show that the statement

p: If x is areal number suchthat
ii. method of contradiction

¥ + 4x = 0, then x is 0 is true by
iii. method of contrapositive

i. difect method -
 Solution -

The compbnént statements

p:xisareal number such that L+4x=0

I
o

q:x
: Then'the'statemeht is ‘If p then ¢’
j.  Direct Method

Assume p is true.
= +4x=0. = x(*
— x=0, since x> +4 # 0

+4)=0 :>x=00rx2+4=0

p is true
s — g is true




i

Thug pis trué impﬁes q is true.

Henc® the statement ‘If p then ¢ is true or valid.

Method of contradiction

Assume P s true and g is false. This means that ~ ¢ is true.

Thatis~q: % #0 o
c202x 20 — x(x*+4) = 0 = pisfalse -

-~

'This s a contradiction -
Hence the statement “If p then q”,ié'tr_ue'or valid.
Method of cloutrapositiv_e ' :
Assume that g is false.

gis false = X 20 =>x (@2
e 4) # 0 sincex2+4 = 0andx # 0 = pis false

+4)%0  sincex’ + 4 is non zero for any real x.

L =2
Thus g is false implies p is false. .
Hence the statement “If p then ¢” is true.

Show that the statement “For any rea
a=b" isnot true by giving a counter-example.

| numbers « ‘and 'b, & = b? implies that

~

Solution

-p:xisan inte
‘The given statement is
~ Let us assume ¢ is not tr

"Thus~g —> ~P

Let us take two real-numbers a and'b asa=2,b =5
_Then o®=(2)* =4 and pr=(2p=4 i it
"Soat=b* . - B .

Bit g # b since 2 # (-2)
So the given statement is nO

Show that the following statement is
p:Ifx is an integer and x* is even, then x is also even.

t a true sfétement.

true by the method o f contrapositive.. .
(March 2012)

‘ Sélu{ion

The component statements are
ger and x* is even
‘If p then ¢

ue. _ o :

o integer - = x isanodd integer

some interger n. = X° =(2m + IR = R=4m+m)+ 1

g : x isaneven integer.

~q = x is not an eve

— x=2m+ 1 for
- —sx?is odd integer = P is true

Hence the given statement ‘I p then g’ is true or valid.



By giving a counter example. show that the following statements are not true.

a,
i. p: Ifall the angles of a triangle are equal, then the triangle is an obtuse angled
triangle.
ii. g: Theequation x*— 1 =0 does not have a root lying between 0 and 2.
Solution ‘L
i Consider an equilateral triangle. Then all the angles of the triangle are 60”.. So it is no an
obtuse angled triangle. So by this counter example, we can show that this Statement i
false. :
ii. Letx=1then x is lying between 0 and 2.
Alsox*=1=(1y-1=1-1=0
ie..x=1is lying between 0 and 2 and x* =1 = 0.
So by this counter example, we can show that this statement is false.
5. Which of the following statements are true and which are false? In each case give a valig
reason for saying so. ' o : _
i.. p: Each radius of a circle is a chord of the circle. - |
ii. g: The centre of a circle bisects each chord of the circle. -
ii. r:Circle is a particular case of an ellipse. | h
iv. s:If x and y are integers such that x >y, then —x <—y.
v. t: /11 isa rational number. )
Solution }
i.  False. The radius of a circle is the line se'gmeritjoining centre of a circle to any point on it,
- where as chord joins two points of a circle. ' o
ii. ~ False. Consider a chord other than the diameter. Then the chord is not bisected by the centre
of the circle. ' :
ii. True.Inthe eduation of'ellipse
x? },2 ,‘('2 2 |
EZT T I, puta= b then we get 2 t 2 I = x*+)*=a? the equation of a circle.
iv. True. Letx>y Multiplying by (~1), we get —x < -y
v. False. Let +/I1 be rational number

a
Then V11 = 3 whgre a, b are integers with no common factors.
' p _ : :
= 11= = a* is divisible by 11 = a is divisible by 11 = a= 11k for some k

= @ =(11kP = 110°= 1218 = b= 11k = b*is divisible by 11

= bisdivisible by 11



Thus we get both a and b are d1v131ble by 11, which is a contradiction to the fact that aand b
have common factors.

Hence our assumpti on : V11 s rational is false. )
- /11 is irrational - '
Alternate Method
We know that 11 is a prime number since it has factors 1 and 11. - :

- /11 is an irrational number since the square root of a prune number is an irrational number.



