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4. PRINCIPLE OF MATHEMATICAL INDUCTION(PMI)

The principle of mathematical induction

Let P(n) be a given statement involving the natural number n such that

(i) The statement is true for n =1, i.e., P(1) is true (or true for any fixed natural
number) and

(ii) If the statement is true for n = k (where k is a particular but arbitrary natural
number), then the statement is also true for n =k + 1, i.e, truth of P(k) implies
the truth of P(k + 1). Then P(n) is true for all natural numbers n.

Example 1 For all n = 1, prove that

nin+13(2n+1)
- .

Solution Let the given statement be P(n), i.e.,

.n(n+l}|{2n +1)
6
M+1)(2x1+1)  1x2x3 Ny
Forn=1, Plkl1= 5 =g =1 which is true.
Assume that P{k) is true for some positive integer k, 1.e.,
(ke +1)(2k +1)
1*+ 22+ 3P+ 42+ +k° = e e (1)
We shall now prove that Pk + 1) is also true. Now, we have
(1% +27 3 +4° + 4+ )+ (k+1)°

- ”"‘HjﬁmHjﬂk +1)° [Using (1)]

P+ 22+ 3+ 4+ . +0* =

Pin): P+ 22+3+4%+  +n° =

k(k+ 102k +1)+ 6k +1)°
6

(k+1) (22 +Tk +6)
6

(ke +D(k+1+D{20k +1)+1)
6
Thus P{k + 1) is true, whenever P (k) is true.

Hence, from the principle of mathematical induction, the statement Pin) is true
for all natural numbers n.
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Example 3 For all n = 1, prove that

1 1 1 1 n
+—+—+..+ =
1.2 23 34 nin+l) mn+l’

Solution We can write

L
mir+l) n+l

i 1
Pin: 12723734

11 1
We note that P(1); —=—=——_ which iz true. Thus, Pirn) is true forn = 1.

1.2 27 1+1
Assume that P(k) is true for some natural number k.,
111 1 k
— t—t—+..+ = (1)
1.2 23 34 klk+1) k+1
We need to prove that P(k + 1) is true whenever P{k) 1s true. We have
1 1 1 1

L+—+—+...+ +
1.2 23 34 Ek+1) (k+1)ik+2)

Le.,

- PR EPTR SRR S :
1.2 23 34 kik+1) | (k+D(k+2)

k ]

- -+ .

“ k41 (k+Dik+2) [Using (1)]
kk+D)+1 (P+2k+D)  (k+1) k41 k+1

T k+Dk+2) T kDK T [k+1)(k+2)  k+2 (k+1)+1

Thus Pik + 1) is true whenever P(k) is true. Hence, by the principle of mathematical
induction, P(#) is true for all natural numbers.
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Most repeated question (Example:4)
Example 4 For every positive integer i, prove that 7° — 3" is divisible by 4.
Solution We can write
Pin) : T - 3*is divisible by 4.
We note that

P(1): 7" - 3' = 4 which is divisible by 4. Thus P{n) is true forn=1
Let P(k) be true for some natural number k,
ie., P(k): T* -3 is divisible by 4.
We can wrnite ™ — 3* = 4d where d € N.
Now, we wish to prove that P(k + 1) is true whenever P(k) is true.
Now TJo+D_J0+D _Joe+D_F3k g TRk +N
=TT -M+(T7-3F =Tdd + (7 -3
=Tdd)+ 43 = 47d+ 3
From the last line, we see that 7® +1 — 3% + 15 divisible by 4. Thus, P(k + 1) is true

when P(k) is true. Therefore, by principle of mathematical induction the statement is
true for every positive integer n.

Q) For any natural number n, 7" — 2" is divisible by 5.

Let P(n): 7" — 2" is divisible by 5, for any natural number n.

Now, P(l) = 73-2! = 5, which is divisible by 5.

Hence, P(l) is true.

Let us assume that, P(n) is true for some natural number n = k.

.. P(k) = 7% -2 is divisible by 5

or 7¥—2=5m, me N (i)
Now, we have to prove that P(k + 1) is true.

P(k+ 1) 7K1 _ok+l

= 7K-7-2%-2

= (5+ 2)7k-2k-2

=5.7%+ 2.7 -2-2k

=5.7% + 2(7 - 2%)

=57+ 2(5m) (using (i))

= 5(7% + 2m), which divisible by 5.

Thus, P(k + 1) is true whenever P(K) is true.

So, by the principle of mathematical induction P(n) is true for all natural
numbers
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Example & Prove that
27"+ 3.5 -5 is divisible by 24, foralln e N.

Solution Let the statement P(n) be defined as

Pin): 27"+ 3.5"—5is divisible by 24.
We note that Pin) is true for n= 1, since 2.7 + 3.5 — 5 = 24, which is divisible by 24.
Assume that P(k) is true

e, 2T +353-5=24g3 whenge N v (1)
Now, we wish to prove that P(k + 1) is true whenever P(k) is true.
We have

IPH IS 52T T 435055
=T[2T*+ 3535353 +5]+35 . 5-5
=T[24g-35*+3]+ 153 35
=Tx24g-21.5*+35+ 153 -5
=Tx24g-63*+30
=Tx2Mg-6(5*-3)
=Tx 24g -6 (4p) [(3* - 5) 15 a multiple of 4 (why?)]
=T x24g - 24p
=24 (Tg-p)
= 24 x r; r=Tg— p, is some natural number, o (2)

The expression on the R.H.5. of (1) is divisible by 24. Thus P(k + 1) is true whenever
P(k) is true.

Hence, by principle of mathematical induction, P(n) is true forallne N.
PYQ & EXPECTED QUESTIONS

Prove the following by using the principle of mathematical induction for alln e N:

3"-1
1. I+3+32+...+3""=%.
| +1) Y
2. P+22+3+ . 4n'= {n(nz )J.
1 1 1 2n
3 14 - +..+ _
o (1+2) (1+2+3) (1+2+3+..n) (n+1)"
ln+1)(n+2)(n+3)
4. 1.23+234+...+ n(n+l) (n+2) = 1 X

5. 41" — 14" is a multiple of 27
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