C. S. (MAIN) EXAM, 2009

Serial No. [ 194 ] [C—DTN—J—TUA]
STATISTICS

Paper—I}

[Ti’me Allowed : Three Hours] [Maximum Marks : 300] |

INSTRUCTIONS

Each question is printed both in Hindi and
in English. '

Answers must be written in the medium
specified in the Admission Certificate issued
to you, which must be stated clearly on the
cover of the answer-book in the space
provided for the purpose. No marks will be
given for the answers written in a medium other
than that specified in the Admission Certificate.
Candidates should attempt Questions I and 5
which are compulsory, and any three of the
remaining questions selecting at least one
question from each Section.

Assume suitable data if considered necessary
and indicate the same clearly.

The number of marks carried by each question
is indicated at the end of the question.
Notations and symbols used are as usual.
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SECTION—A

1. Answer any FIVE parts of the following : 12x5=60

(a)

(b)

(c)

(d)

In a two-tier competitive examination, only
candidates with a minimum score of x in the
prelifninary exainination are allowed to sit for the
inain examihnation. The score distribution in the
prelithitiary examination can be assumed to be
normal with mean p and s.d. o.

Derive the expressions for the mean and
the variance of scores in the preliminary
examination of the candidates sitting for the main
exatriihation.

2 sets of n cards, both numbered from 1 to n, are

randomly matched. Find E(X) and V(X) where X
is the number of matches realised.

State (without piroof) Tchebychev’s inequality. How
many times a fair coin must be tossed in order that
the relative proportion of heads lie between 0-4
and 0-6 with probability at least 0-9 ? (Upper 5%
and 10% points of standard normal vanate are
1-645 and 1-282 respectively.)

State the invariance property of maximum
likelihood estimator (m.l.e.). Use this to obtain the
m.l.e. of 1/0 in sampling from

m X £1_ aym—x _
f(x:0)= [X)B (1-9) , x=0(1)m
0 , Otherwise.
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12x5=60

oF Q- a9t gfamifaeas gfen &, e
ThEm A gTad GHE x, I A IS gegren 8
g@qﬁwﬁ%ﬁﬁqwﬁ%ngﬁfﬁﬁqﬁwﬁ
HB! BT §F HH p M 7AFF F=9e9 o T
AT B JAAT AT &l B

geg hem & 23 4 yeamnn ® yies
Tle ¥ @ESBI & ATe TAr q9IO R edes
TYed-— HITQ |
n HST & 3 B H, T B 1€ n T GEmitHd
g, ug=om gafaa B smr 21 EX) 3T V(X)
wig iy, S8t f&F Xyt gaAen 6 gen 8 )
NNT swiEeT F1 w4 (wEET Wrd) w7
F e o ® 04 T 06F fw FH R
7 widsar 0-9 % " g4 & e ww —ue [
= fFar T I|Ten 9T =@iEe ¢ (WEe 99Eeg
faat & JuiR 5% 3T 10% fa=g ww@: 1-645 X
1282 2 1) |
sftrraR gefaar she® (m.l.e) & rgaLar
TogH H FEA B | FEHT IIAA HIQ

£(x:6)= {( )9"(1 ™ *, x=0(1)m

0 » YT

T gidaos & 1/0 &1 Afteran ¥ faar smsas (m.l.e.)
T HIA B g
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(e) What is a size-a randomised test 7

For testing the null hypothesis that at most 50%
of the 500 ml. packs of hair oil of a certain brand
are underweight, against the alternative that the
percentage is more, it is desired to examine 8 such
packs chosen at random. Use the following
information to design a randomised test of size
0-05 :

X 1 2 3 4 5 6 7 8
f(x)| 0039|0312 1094 -2188| -2934} -2188( 1094 0312 0039
where f(x) is the probability mass function of a
binomial variate with parameters m = 8, p = 0-5.
(f) A group of 20 short distance runners were subjected

2.

to a month-long training. Discuss how you would
examine if the training was at all effective based
on their timings to clear 100 meters before and
after the training, clearly mentioning the underiying
assumptions, if any, the null and the alternative
hypotheses, as also the size-a critical region.

(a) X, and X, are i.i.d. random variables with common

probability mass function

------

= 0 , otherwise.
Obtain the probability distribution of
Y = max(X,, X,). Also derive E(Y). 20
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(3) TH IMHMH-q I AgRBHF gdeor w1 gar & 7
el aRaEeaar Y B o wie * T
H A & S0 Ay o =t & aftws & sl
50% &9 T B 8 Iweum uReFedn #H gl
s & @ Reg avdem 5@ & e uw gilsa
gre f& ageodr g7 QW@ 8 sl w1 Siw W

Q| IFHY 0-05 F TFH Ugoaidd U0 =Y
Ao FW & fog A S=aed = 1 svEnT S

X 0 1 2 3 4 5 6 7 8
f(>x) | 00391 0312| -1094( -2188| -2934| -2188| -1094| 0312 0039

e FAx) I m=8,p=05 & s fg-ug
fera< =1 TiesaT segHT= weT &

(T 209 €8 I gEH F TH GHg B TF HoA
&7 ghavetor fRmr war | wigeTor ¥ 9B AR W@ A
100 ed 453 & I 9T F ATAHT UL AW
Y o w1 F yihew ywrasfiq o1, safHtea
of¥EmeTTEn T FHY-o Fifdsw SF &1 off Tseqw
Jool@ FW g T

(F) X, AT X, a6 g geuarT o

fx)=q%, x=0,1, 2, ......
0<p<1} q'=1""p
. =0 , Il
T AR quT wHENT: Sfed (ii.d.) TgfEew wR B
Y = max(¥,, X,) &1 W@ sz g a1 E(Y)
ff =gea iR 20
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(b)

(c)

(a)

(b)

In sampling from N{(pu, 0'2), B unknown,
derive 100(1 — )% shortest confidence interval
for 2. ' 20

Discuss how you would graphically f)erform the
sequential probability ratio test for a simple
hypothesis regarding the mean of a normal
population with known standard deviation against
a simple alternative. 20

Define probability generating function (pgf) of a
discrete random varia!:_)_le.

Let X be a random variable with p.m.f.
P{X =j} =pj,j=o, 1,2, ...
Set P {X>j}=qj,j=0, 1, 2, ......

and define Q(s) = Z%} q;s’.
J:
|

Show that Q(s} = {1 —P(s)] / [t —s], |s| <1,

where P(s) is the pgf of X. 20
For the p.d.f.
_ o2 .
f(x;0)= 1/[r{l+(x—-0)°}]), ~o<x <0
, elsewhere

derive Rao-Cramer lower bound of variance of an
unbiased ‘estimator of 0. 20
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@) N(p, 62), p 396, ¥ gh=as ¥ o’ 100(1 — )%

Wﬁwmmaﬁma%maﬂﬁml 20

@) == AR & v T Faed 9@ oF gEETy

(®)

aqfRe & mer @ g § @ @ aiwer r &
Rz axe dleaw e & Reg 3w srgplaw
TR I T F IFOE ahe ¥ B R

A ? 20

T IEad IgRew 9 & WhEar SE W (pgf)
1 afsrs Ao

W%X@Wﬁ%mﬂmw
w1 (p.m.f.)

aﬁ'{ﬂﬁwaﬁﬁmQ(S)— qus |

| 3=9
Rrg AR & Q(s)=[14+PE]/[1-slIsi<l,
W%P(s)xmqﬁwmqﬁa(pgﬂ%l

a1 20
t{l"i('q i (p_d_f')
f(x;9)={l/[ﬂ{l+(‘x_e)2}], — <X <
0 U
% forg 03 FAPET ITHAP P AT F YA-FHAI
e aftee =gea== s | 20

7 (Contd.)

»ox




(c)

(a)

(b)

(c)

Show that the likelihood ratio test, for the
hypothesis that the means of K independent normal
populations with common variance are identical,
boils down to F-test. 20

The daily demand (in kg) of fish of a certain variety
upto 12 noon with a retailer follows exponential
law with mean 25. He makes a profit of Rs. 20
on an average for each kg he is able to sell by
12 noon, and incurs a loss of Rs. 10 on an
average for each kg that remains unsold after
12 noon.

What is the optimum daily stock he should
procure ? ' 20

For the Pareto distribution with distribution
function

1-(6/x)% , X220
0 R otherwise

_F(X)={

derive the p.d.f. Also obtain its harmonic mean and
variance. _ 20

Define (i) most powerful test, and (ii) unbiased
test of a simple hypothesis against a simple
alternative.

Show that a most powerful test is necessarily
unbiased. 20

8 (Contd.)




M

. ()

feamme & od gew 9@ K @[T g9 gateal
F Ter g § A aR@ea 1 & e wfaar seaw
ety F-adisor g1 St 2 20

wh gL # 9ET 12 99 9% T @9 R
& godt M gfafks @ " (froume H) wtew 25
I TEF FETaiEY m #r gras wwdr g1 ufa
T, ofe 98 98T 12 99 9F 99 9NT 2 39
ATT9 20 €AC FH ATH BT B AT 9L 12 99
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(=)

(ny

T g 10T &7 UreT Bl 21
yRafes =1 =oodw e Wil S99 &Il

Tfen, sar 2 ¢ - 20
N Fe7 & arr s v

— o
F(,x)={1 O/x)* , x=8
0 . I=gar

2, TiffihaT Uved oI @1 LI-A B FE D
g0cH® AT MY yaew &y +ff g sy 20

afysren QR (i) Teaaw ThEm, ST (i) TF G

Aelegxr gitseaTT & f8sg o 9 aRR&FeTHT &6

serferTe T | ‘
fRarey & usw waaay gdevr swanla: AET
BraT 2 | | 20
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SECTION—B

Answer any FIVE of the following parts :—

(a)

12x5=60

A committee of 5 is to be formed from amongst
86 officers, numbered serially from 1 to 86.
Draw a circular systematic sample for this purpose,
giving the procedure you have followed in
detail. You may use the following set of random
numbers : |

1349 0417 9311 9787 1284 0769 8422 1077.

(b) Examine, after deducing necessary result, if the

following set of correlation coefficients are
internally consistent :

r,= 0-62, T = 0-55 and r,,; = -0-42.

Locate 5 points at random on a rectangular
paddy field measuring 30 m x 20 m for
conducting a crop-cutting experiment. The points
are to be located using rectangular co-ordinates
to nearest decimeters with one corner of the plot
as origin. The following set of random numbers
may be used :

2292 2933 6125 2464 1038 3163 3569 7155
2029 2538 7080 3027 6215 3125 5856 9543

10 (Contd.)
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12x5=60

1 ¥ 86 aF FfAwd: sifka 86 sk ¥ & 5
o A g 21 sy w1 e s aed
o @ PR § avfe @@ gY, IUgEd SeW B
g uw g wAaEe wieee gt e aigied
gl ® Preafofag ggsam 1 IT T T
g

1349 0417 9311 9787 1284 0769 8422 1077.

sragaes o 1 B F#39 #% TeER §Wid
R aft gegsg vl F B FEET ST

-

r,=062,r,= 0-55 "’ﬂ_{{zs = _0-42.

TF HEE FTE T F IR B T 30 m x 20 m
AT @ g1 ® TH FEAER @a W ggesdl
s famg Praffa AR @@ @ 6 3 = @
Rrg A g Precan 3L @ A s et
w1 ITT F Regan 1 Frafia #3181 aghe®
e & AT wEay w1 I9dn e S aedl
B - '

2292 2933 6125 2464 1038 3163 3369 7155
2029 2538 7080 3027 6215 3125 5856 9543
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(d)

(e)

(H

(a)

For pps sampling without replacement, give
the Horvitz-Thompson estimator of the population
total. Show that it is unbiased. Also obtain its

variance.

Suggest a balanced confounded design of
a 2% experiment in 3 replicates, each
replicate containing 4 incomplete blocks
of size 4 each, retaining full information
on the main effects and the 2nd order

interactions.

Give the complete lay-out of one such
replicate indicating the factorial effects confounded
in it.

Define a BIBD. Show that for a BIBD with
parameters v, b, r, k and A, '

i) A(v—1)Y=r(k - 1) and

(1)) bzv+r—-k.

The vector variable X follows p-variate normal

distribution with mean vector ¢ and dispersion

matrix »_ . Obtain the distribution of
Q=(X-p 2.7 X-p). 20
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6.

(@) g feT s Y FEEER TifsEar giasa

@)

= forg, gafle O & giflde-ggaT seeas 6l
ffe | g g & a5 7= bma 2 9% ga@

w4 gT Feig

3 wfasgfadl & o 2° v A o Wit @E e
sfrreTT gaee, giw whagky ¥ smm 4 @
4 Iqut TS, Teq WHE AR hY PR AN s=h"-
Brmslt = T gEAT e g |
W WHRA wg-IIRrE gAE F Fad gU

e A uRERy w1 qol e A

(@) wF wgfo agef w@es afwFea1 (B.IL.B.D.) I

ey SR ReEmsg & ar=el v, b, r, k3T A
TR T wgRE Sl wew e (BAB.D.)
& forg

@) Av-D=rk-1)IM

(i) b2v+r—k.

(F) afRwm =z X A GRw p M ARSI AT >
IR p-AL YHTHTFI FTT &I I HIT 8 |
Q=X —-ny Z_' (X~ &1 dcq g g

20
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(b) Based on a set of data (x,, yij), j = 1{1) n,
i = 1(1)p, discuss how you would use the technique
of Analysis of Variance for testing the hypothesis

that the regression equation of y on x is linear.
20

(c) Use the following set of random numbers to
obtain the lay-out of a randomised block design
with 5 treatments and 4 blocks, giving the outline
of the procedure you have followed :

5711 7343 7539 3684 9397 5335 4031 1486
2588 3301 0553 2427 3598 2580 7017 9176
20

(a) The joint p.d.f. of X and Y is given by

n!
n—x—y

= XY — —
f(x’Y) x!y!(n—x—y)! pl P2 (l P! pz) s

XyYy=01)n, x+y<n
0<p,,p, <1,
P, +p, <1

= 0, otherwise.

Find the correlation coefficient between X

and Y, as also the regression equation of Y on
X. 20




@) T (x,y)0 = 1n,i=1(Dp F T FL==
gz Imaifig =99t e & x 9T y =1 99T
gl U 8 59 9fEerar & ThEe % fog
gao-fgaeer w3y Y s A Iy § aEn ?

20

@) 5 IyErd MY 4 TSt T T ygEesEd
 EvEsH ARTEFCTAT B @R @7 Ut H7 & Y
agfres dems # Freafafem ags=a &1 3w
R Bt N, B s qe= o 8, s
éﬁg‘:{:

5711 7343 7539 3684 9397 5335 4031 1486

2588 3301 0553 2427 3598 2580 7017 9176
20

7. (F) X AT Y F Gy widwar s R 8

n!

HOey)= x!'y!l(n—x—y)! plx pzy(l Py~ Py
L

N—X—Y

X, y=01)n,x+y=<n
0<p,p, <1, |
p, *+p, <1
=, 3I=gdT| |
| X @R Y A7 gedEd [OE AT X W Y
H1 gaTEer g ft s R 20
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8.

(b) A rural block in a district was divided into

3 strata. The following table gives some relevant

information :
Stratum No. | Numberof | Area X, under | S.D.S, 0
(h) Villages wheat (hectares)
(Ny) (hectares) 4
1 - 20 620 100-5
2 - 15 580. 90-8
3 25 - 825 140-7

(©)

(a)

A sample of 10 villages is to be drawn. How
many villages should be selected from different
strata using (i) proportional allocation, (ii) optimum
allocation, and (iii) allocation proportional to area
under crop ? - | 20
3 factors, each at 2 levels, are to be tested in a
single experiment using.r randomised blocks. Using
standard notation, give the expressions for the sums

of squares due to different factorial effects. Also
give the ANOVA table. 20

You are to estimate the proportion of school-going
students (Classes V to XII) using mobile phones
in a metropolitan city. Suggest a two-stage
sampling scheme. Using a suitable notation, give
the estimator to be used, and check if the estimator
1s unbiased. 20




C () R W e e e @ 3wt X R R
Ty e ot § g des g & 7 —

8.

WX g U W | NG, T AFARA | WA e
(h) ey X, Sx,
(Ny) (hectares) |(hectares)
1 20 620 1005
2 15 580 30-8
3 25 825 140-7

)

10 Tt #1 uw whiest gAT 21 B
g fra 1 gF3 =ty IwEm & (1) I
Froas &1, (ii) srpmaan PFraas &1, A (i) w6
% e ¥ gAY fAEE & o0 20

3 IUIETAY, geO® 2 WA 9, W rAigirosga E@st
FT I FIF TF THA TAH A qOET FIAT 2 )
HAE Gha-] T I @ gy, e IarerT guma
F g $ s G gaoer-fAsdser |qreoh
Y JeTT | 20

(F) AMIHT TF AN A HERA B=a FT I FI3

T THA W T Sl (FET VR XI) FIE
F1 AT FET 8 1 OF B=wor yid=g= 1 g
T IIgad @b B ITAT Hd Y I A

IS Lol e B o o ) - D L

& as AT 2 20

\\-
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(b) Write_ down the random effects model for a set of

two-way classified data with one observation per
cell, stating the underlying assumptions completely.
What are the hypotheses that can be tested using
the ANOVA technique ? '

Give the ANOVA table with explicit
expressions for the different sums of squares, and
the test statistics for the above hypotheses. 20

(¢) Compare completely Randomised  Design,

Randomised Block Design and Latin Square
Design in terms of flexibility for number of
treatments and number of replicates per treatment
on the one hand, and error-control on the other.

20




(@) siaHRa aifSraroomst &1 couseqar oo w3 EE{,
i SiRsET T Q& g fegr aiffga <9 &
gg=ay & fou ggPos gwm fFreef «1 [ifem
HId o] € st saxo-fedeer gfafy
HT IYAT Heh gOeTor B s ogwar @07

R ot o & o wose et % 3R SagEa
afteal & forg gder Qi & | e RAvder
areolt Afsma 20

(T) T AT O ITER AW FE S 9 I gt
# der ¥ =R gEh Ax A FeEn @
o # e gy guid: agfedma s,
HT gAAT A | | 20
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Serial No. | ] [C—.DTN—J—TUA]

LG ET
| TEA-TF—I
e - e av2) ( gorf= - 300]

I

g ¥ fB=dt 3 seft | ® owr 21
g9t $ IO I gregw 7 | w3 91y
Rrasr Ieder Jr9s 93vr-gx 7 foar
7T 8, 3R T9 "I H T Joord IU-JIF
F gEgss g3 dfda FAffsz T 97 33 A7
HIf8T | Y39r-9% 9T Ifeafaa Aregq F AR
g fdt aregw 7 @ 7T 3T 9T FE HE
F8F k3 st | |

99T g@&r 1 3t 5§ sfyard &1 st gea1 &
T gaF @9 § FH-T-F7 @F 97 FIH
fa=2T &7 gt & Iox gy

gfe snavas 8 OY IgFd Ales! F 99T FHIQ
aur I [Afdse ST
- gedw gvT P o Fya s yvw & sa H
Ry mq &1

ygFT dad I Fdlw Fafaq ggly F IqarR
g1 .

- Note : English version of the Instructions is printed on the
front cover of this question paper.
20
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