; C. S. (MAIN) EXAM, 2009
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MATHEMATICS
Paper—II

[Time Allowed : Three Hours] [Maximum Marks : 300]

INSTRUCTIONS

Each question is printed both in Hindi
and in English.

Answers must be written in the medium
specified in the Admission Certificate
issued to you, which must be stated
clearly on the cover of the answer-book
in the space provided for the purpose.
No marks will be given for the answers
written in a medium other than that
specified in the Admission Certificate.

Candidates should attempt Questions 1 and
5 which are compulsory, and any three
of the remaining questions selecting at
least one question from each Section.

Assume suitable data if considered
necessary and indicate the same clearly.

Symbols and notations carry usual
meaning, unless otherwise indicated.

All questions carry equal marks.
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SF‘I‘ION—A
Attempt any FIVE of the following : (12x5=60)

(a)

If R is the set of real numbers and R, is the set
of positive real numbers, show that R under
addition (R, +) and R, under multiplication
(R,, -) are isomorphic. Similarly if Q is the set
of rational numbers and Q, the set of positive rational
numbers, are (Q, +) and @,, *) isomorphic ? Justify
your answer. 4+8=12

(b) Determine the number of homomorphisms from

(c)

(d)

the additive group Z 5 to the additive group Z 0"
(Z 1s the cyclic group of order n). 12

State Rolle’s theorem. Use it to prove that between
two roots of €* cos x = 1 there will be a root of
e’ sin x = 1. 2+10=12

+1 i X<l
Let f(x)=x< +1 if 1<x<2

+1 f 2=x

What are the points of discontinuity of f, if any ?
What are the points where f is not differentiable,
if any ? Justify yours answers. 12
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TFS—'F

Ffofaa & @ 281 o & 3¢ AT @ (12%x5=60)
(F) HﬁRWF@BﬁW@Eﬁ,EﬁTR+W

qrdfa®s g@ms w1 @ 8, qwnsy fF R O #
s (R, +) X R, 0 & = (R, -) Toaardl
BId & | 31 & A, 3k Q uRAw "&msh &1 @
B 3 Q, gATeHs UiRAg gEs &1 /¢, @ @\
Q. +) 3T @, -) ot Tegsrdt 8 ? 3o IWX &
98 A T S | 4+8=12

(@) q~T |E Z q AT g Z,, O FAIRATS

aﬁﬂ'@mﬁaﬂﬁruﬁwaﬂﬁm(z Hife n F TP
T8 2) 12

(M TS & TAY FT FUF FIC | T8 Fifgg s & fog

fF e“cosx=1% 3 &l & @ F e*sinx = 1
FT TH A BN, IH THT HT ICHA IO |

2+10=12
|—}—(—|+1 gk x<l
2
(=) SR f(x)=1 —"’2‘+1 R 1<x<2
X R 2<x
2
f = W% ¥ fag g, ik =12 & ar ?
®9 ¥ @ g g, wEl fCﬂW:ﬁ'J 81 8, ufe
FIS Bl A ? IGA ITU P UH H Tl S 12
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(e) Let f(2)=

b,+bz+........+b 2" "

Assume that the zeroes of the denominator are
simple. Show that the sum of the residues of f(z)

at its poles is equal to LIS 12
(f) A paint factory produces both interior and exterior
paint from two raw materials M, and M,,. The basic
data is as follows :
Tons of raw material per ton of | Maximum
Exterior Interior daily
paint paint availability
Raw Material M, 6 4 24
Raw Material M, 1 2 6
Profit per ton
(Rs. 1,000) 3 4

A market survey indicates that the daily demand
for interior paint cannot exceed that of exterior
paint by more than 1 ton. The maximum daily
demand of interior paint is 2 tons. The factory
wants to determine the optimum product mix of
interior and exterior paint that maximizes daily
profits. Formulate the LP problem for this situation.

12
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(a) Eﬁﬁ_q f(z)=ao+alz+ ........ +an_lzn . b 0.
b, +bz+........ +b,z

afye & BX @ Trg X 8| TwiEae & f(z) @
sEaSt FT IEH gar gx A Sl F gIER BN

n

=4 12

(@)ﬁzmwwﬂmﬁrmﬁfk&lsﬂ'{mzﬂ
Fiqftes 3T ST QA1 YST ®T IeareT HT 8 |
gfadt srws Frfafaa sErR €

iy = 9 F=T WIS & 29 | ATwaw
arer ATAREH EiRE]
Uz L3 IqAsEar
ﬁw_taTWMl 6 4 24
Hﬁ'ﬂTmﬁMz | 2 6
gfd e HATH
(1,000 &) 5 4

SO GH &0 ¥ gar °a1 & & srafs ¥ @ e
o, ST Y2 & 1 €9 € SUeT A B wHhdl 8
Iiafes Yo Y Aftmas ™ 7 2 29 8 | @
Iiafys 3T &= ¥2Y & U@ ™cad Icare- Ao
F1 Frafzor &1 @wa 2 & Red P g
sfers @ e B ¥ | @ Rafd & g LP g9&m
1 fama T 12
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(a)

(b)

(c)

(d)

(a)

How many proper, non-zero ideals does the ring

Z,, have ? Justify your answer. How many ideals
does the ring Z , ©® Z,, have 7 Why ?
2+3+4+6=15

Show that the alternating group on four letters A 4
has no subgroup of order 6. 15

Show that the series :

(5) (58]
— | +|—| +eeeeeeee. +
3 3-6

[1-4-7 ........ (3'1"2)]2 -

---------

converges. 15

Show that if f: [a, b] — R is a continuous function

then f([a, b]) = [¢, d] for some real numbers

cand d, ¢ < d. 1>

Show that Z[X] is a unique factorization domain
that is not a principal ideal domain (Z is the ring
of integers). Is it possible to give an example of
principal ideal domain that is not a unique

factorization domain ? (Z [X] is the ring of
polynomials in the variable X with integer.) 15
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2. ﬁ)wzlz%aﬁa,ﬁ—gﬁmﬁﬁﬁﬁﬁﬁg?
94 ITLT B U H dh oled | WZIEQZIZ%

fhaq ameet &0 & ? =y 7 2+3+4+6=15
(@) TEi f& aR FAT A, 9X THAX GYE FT FIE 6

T B II-GHE el 2 | 15
(M) <uise & Aof -

(5)-Ge)
=il| i) — Wi +
3 3-6

(1-4-7 ........ (3n — 2)]" .

ahEa a8t 21 15

(%) <uiisg & 3fk f: [a, b] > R TF dad &9 &),
a £® dRdiEas §@Rl c AT d,c<dd fIm
f([a, b]) = [c, d] | 15

3. (%) Twiste @& Z[X] o v sfedw poEesa e 2,
S HEd ueEe gid A8 2 (2 I F1 aed

2) | ¥ f&dl U8 g TueTEdt gia T IQET

<A1 §Wa B, W1 Ifgdm [uEEsT gig T 8 7

(Z [X] i &feq ¥¢x X # 9g9sl &1 aod 2 1)

15
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(b)

(c)

(d)

(b)

How many elements does the quotient ring

Zs| X]
X2 +1) have ? Is it an integral domain ? Justify

yOours answers. 15

Show that :

Lt _Z .
x>l n* + x* n* +1

n=I n=l

Justify all steps of your answer by quoting the
theorems you are using. 15

Show that a bounded infinite subset of R must have

a limit point. 15

If «, B, v are real numbers such that a® > B + e
show that :

T do - 27
o +PBcosO+ysin® [a? —B? —y?

30
Maximize : Z = 3x, + 5x, + 4x,
subject to :
2x1 2 3}{2 < 8,
3x, + 2x, + 4x, < 15,
2}:2 + 5x3 < 10,
X, 0. 30
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Z[X] .
(Xzﬂ)a‘»ﬁa—cﬁwﬁ%%?w

g UH QUIST Iiq 8 7 3T Ik 9H H TP
e | 15

(M) wursg &

(@) fawmr aem

I’l}{ _

Lt
= n* +x*

n=l

n+l.

n=I

3T R TAEl & IRHTE FL W 8, ST IEL
IFT, IO IO B g FeHl B 9 H Tl Qi |

15
(@) sy 6 R & ofeg 3Fd Sua=ad &1 Th dE
fag B=T S8 BT 2| ; 15

() Hﬁa,ﬁ,yﬁ@ﬁﬁ%@@ﬁ%az>ﬁz+y{
«"ﬁm fF

2n

27
5‘-&+Bcose+ysm9 \F — B =y
30

() Z:3x1+5x2+4x33~ﬁ FfREaHiFa g, Ford
Cl '

2){l + 3x2 < 8,

3x1 + 2)(2 + 4}-:3 < 15,

2x2 + 5x3 < 10,

x. 20, 30
1
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SECTION—B

5. Answer any FIVE of the following : (12x5=60)

(a) Show that the differential equation of all cones

which have their vertex at the origin is px + qy = z.

Verify that this equation is satisfied by the surface

yz + zx + xy = 0. 12

(b) ()

(11)

(c) ()

Form the partial differential equation by

eliminating the arbitrary function f given by :
f(x* + y%, z — xy) = 0. 6

Find the integral surface of :
x’p+y'q+2°=0

which passes through the curve :

Xy=x+y,z=1. 6

2 4+ ax + b = 0 has two real

The equation x
roots o and 3. Show that the iterative method

given by :

Xei = —a X, + b)!xk, k=01, 2, ......

is convergent near x = o, if |a |> | B |. 6




o

wE—

e o @ 5381 o & 39T AT @ (12x5=60)

(&) <oitzq & 37 ot viwsl @1, Res oftd Igm WX
B0 &, g HIHT px + qy =z BaT 8 | g
e 6 o5 fiEer 8 yz+zx +xy =0
g §qse Bral 8 | 12

@ @)

(i1)

m )

fx2+y%, z—xy)=0
® U I9 Q=0 B A g 3 P
g, e IFeheT THERIOT F919C | 6
xX’p+yq+2z2=0
FT GHATHA S5 HH S, &I T
Xy=x+y,z=1
H @ qean 8 6
i x> +ax + b=0F qA FAEAS A
3T B & Twizg fF -

X, =—@x +byx,k=0,1,2, ...

® g0 <9 gEaghoes i x = o, % e
a2, ok |a | > | B 6
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(i) Find the values of two valued boolean

(d) @

variables A, B, C, D by solving the following

simultaneous equations :
A+ AB =0
AB = AC
AB + AC + CD =CD
where X denotes the complement of x. 6

Realize the following expression by using
NAND gates only :

g=(a_+B+c)Ei_(§+e)f

where X denotes the complement of x. 6

(i1) Find the decimal equivalent of (357-32)8.

6

(e) The flat surface of a hemisphere of radius r is

cemented to one flat surface of a cylinder of the

same radius and of the same material. If the length

of the cylinder be / and the total mass be m, show

that the moment of inertia of the combination about

the axis of the cylinder is given by :

Inrz(!+4r)/(1+2r}
2715 J 3 b 12
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AB = AC
AB + AC + CD =CD

® BT LA B G QA AFIDG go(id =TA A,
B, C, D& AMI @ AGH HIQ, T8l X Alfad
FLAT 8 x D GLH Dl | 6

(") (i) Had T EE R’ H FTHC HW Y,
frr=fafaa saws &1 9o FiNg -
g=@+b+c)yd(@+e)f

SEl X difad &ear 8 x ® 9@ Bl | 6

(i) (357-32), 1 THEE ToI HIGH FIC |
6
@) Brear r @ wdma P g9 g F I B iR
I vered § 97 uw fAfter & ™ w9 Uy &
g Frgemr gam 21 afe Rfiist # darg 13

® FSOAT m B!, @ ‘eisy & g9 @ ffesy
® ¥&T B geMd wgcea Irgel HEAfafEaa g g9

mrz(£+4r} (!+2r—)
2715 3 )° 12
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()

(a)

(b)

(c)

Two sources, each of strength m are placed at the
points (—a, 0), (a, 0) and a sink of strength 2 m is
at the origin. Show that the stream lines are the
curves :

(x* + y°)? = a%(x® - y? + Axy)
where A is a variable parameter.

Show also that the fluid speed at any point
1S (2ma2)/(rlr2r3), where r, T, and r, are the

distances of the points from the2 source?; and the
sink. 12
Find the characteristics of :

yzr ~x*t=0
where r and t have their usual meanings. 15
Solve :

(D? - DD' - 2D?)z = (2x? + xy — y?) sin xy — cos Xy

where D and D' represent % and g . 15

oy
A tightly stretched string has its ends fixed at
x =0 and x = /. At time t = 0, the string is given
a shape defined by f(x) = ux(/ — x), where K is a
constant, and then released. Find the displacement
of any point x of the string at time t > 0. 30
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@) A A AW, gAE m A F, @G (—a, 0), (a, 0)

(F)

()

()

qx @ g3 & R we 2 m &1 uF WE ST

T g 21 wese B g Y@@ I 2
(x2 + y?)? = a’(x* — y* + Axy)

w8l A T& gfiadl gred 8 |

7z ot Toiise & fe off Rig o a@ TR
(2ma®)/(r r.r,) 8, S8l rl,rZSﬁ'( rSEﬁFﬁ' T B

123

¥ fagel = g € 12

yzr—x2t=0
& ftrererr Aeqw FY et r 3T tH IR THY
sd B 15
B BT

(D2 - DD'— ZD'Z)Z = (23-:2 + Xy — yz) sin Xy — COS XY

wgf D a3k D freflg s 8 _‘?-a?r{ia?n 15
ox oy

ot & |y Y g TF 9 d R x =03
x =19 I3 U E| AF t=0 WX, T B
f(x) = px(l — x) g aRwiee sHfa @ o 2,
wel uuF Pradis g i IEd 9" oy B Sl
SIST T 2| T t> 0 9T Too & fher ot &g
x &1 A" Aem ST 30
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(2)

(b)

(©)

(a)

Develop an algorithm for Regula-Falsi method to
find a root of f(x) = 0 starting with two initial
iterates X, and X, to the root such that sign
(f(xo)) # sign (f(xl)). Take n as the maximum
number of iterations allowed and eps be the

prescribed error. 30

Using Lagrange interpolation formula, calculate the
value of f(3) from the following table of values
of x and f(x) :

X 0 1 2 4 5 6

fx) | 1 (14 | 15| 5 6 | 19

15

Find the value of y(1-2) using Runge-Kutta fourth
order method with step size h = 0-2 from the initial

value problem :

y' = Xy
y(1) = 2. 15

A perfectly rough sphere of mass m and radius b,
rests on the lowest point of a fixed spherical cavity
of radius a. To the highest point of the movable

sphere 1s attached a particle of mass m' and the

16 (Contd.)




(F) T 9T A IRPS gAAgE x, M x, F TE FW

(#)

(M)

()

gL, f(x) =0 TF HoA AH B4 @ forg, e

Rafa (Grer-wredl) fafyr & forg, o wemien &0

fapra Hifrg, T AT (f(x,)) # WT (f(x) |
AT n AT gAUGREl H1 sfeeran §&n 3T
eps FrafiRa =Zfe | 30
AUTS JTAI HHAT BT FTAAT HE Y, x A
f(x) ® @ = eafefaa aroft &, f(3) & =79
®1 IR BT

X 0 1 2 4 5 6

fx)| 1 |14 ] 15| 5 6| 19

15
IR A7 wHE
y' = Xy
y({l)=2
¥ 97 MHR h=02F | -l aqepiie &
FEATT HLd Y, y(1-2) F AF HAHA DT 15

GEOHT m 3T B=ar b &1 UF guia: GREU M,
fPreur a® uh Mg M Sex $ Fear f[@g
= fewr g3 2 el Mo & I==waw g o1
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system is disturbed. Show that the oscillations are

the same as those of a simple pendulum of length

o d
4m'+—m
(a—b) - 30

m+m'[2—£]
b

(b) An infinite mass of fluid is acted on by a force

% per unit mass directed to the origin. If initially

the fluid is at rest and there is a cavity in the form
of the sphere r = C in it, show that the cavity will

1

2 )2
be filled up after an interval of time [5—) %
K

F RV

30
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SEATT m' FT TH FHT ST A1 & | aF & Beman
SraT 8 1 gunse & e @@ € S e

4m'+zm
(a—b) 3 F XA AAD D I
m+m'[2—aJ
b
FIA B 30

(@) a3 9 T e gefa 93, ufa g1s gefa, so

r%wgm%,ﬁﬁﬁwmaﬁsﬁ%
gfe Iy ¥ g J{FumEer 7 8 3k 399 Mo
r=C® &9 § UF HIcT 8, o goise &F a7y

5 5
(S—Fi]z-cz F AU B FqQ HreT T ST |

30
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T

TIA-97—I1
[am? s dT 'av??] [gvn% ; 30ﬂ

s

gcde 99 f@=et 3T U s § 89T 8 |
g9+l $ IoT I qremH ° foa a3 9ise
forgeT Iooi@ 395 9I9T-9F H fagr mar
g IV 39 HILmH FT TYST Jod &
IUT-JFaF P JAYS U7 3fda [Afdse
19 yT fegr w7971 9iev) 9Ie-uA
g7 Ifecafad Aregq @ 3faliee 34 [t
gregy # for@ T ITT 9T HIZ HF Ael
fea STar |

gg gegr 1 37 5 faard &1 st 9941
g d yde @vs § FH-G-FH TF §99
gAFY fH-8l o7 ge9l # IO g
gfe 3maegs & ar TFSI HT IIT
FIforT Tar ITHI HIfora |
gdisl 3T hadl & gaiorad 34 8, 99

& F=guT T FBT TGT 8l
gft goar & 3F gurT &

Note : English version of the Instructions is printed on the
front cover of this question paper.
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